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Preface to the Third Edition 


Whenever a teacher teaches a course every year for many years an evolu- 
tionary change in the course takes place. If he follows a particular book 
for his course, his course will no longer be as closely related to that book 
as it was before, This is one of the reasons for revising the book. Besides, 
new material is added at appropriate places in relevant chapters in order to 
keep up with the revised curricula. These extensions in coverage are also 
treated at an introductory level so that the title of the book remains the 
same. This book is primarily meant for studies at the postgraduate level in 
the Indian universities. It can also be used by the senior undergraduate 
students in USA, Europe and Japan. 

Among the extensions in coverage the concept of tensor, for example, is 
introduced at an introductory level in Chapter 3 (Appendix 3B) as the 
students deal with properties such as moment of inertia, quadrupole moment, 
etc. This book, therefore, differs from earlier books (for example, Quantum 
Chemistry by Eyring, Walter and Kimball, Wiley, 1944) where vectors and 
determinants were introduced at the elementary level. I feel now that these 
are too well known to be given in a book primarily meant for the post- 
graduate students. 

Several chapters have been thoroughly revised. For example, Chapter 7 
is completely rewritten. Chapter 10 on Semiempirical and Ab initio Theories 
is a new chapter and gives the detailed technology of the molecular orbital 
calculations. Chapter 11 (Chapter 10 in the previous edition) is rewritten 
with the latest advances in the applications of the Hellmann-Feynman 
theorem in chemistry. Treatment of chemical bonding cannot be complete 
without a discussion of the force concept in chemistry. Most books on 
quantum chemistry, however, avoid the detailed applications of the Hell- 
mann-Feynman theorem to chemical bonding and molecular structure. 
Teachers also avoid dealing with the force concept. I have now tried to 
equip this new edition with the pedagogic paraphernalia. 

I would like to thank my students and colleagues at the Department of 
Inorganic and Physical Chemistry. My special thanks go to Dr Saraswati 
Vishveshwara of the Molecular Biophysics Unit for going through 
Chapter 10. My sincere thanks are due to Prof. M S Gopinathan, Indian 
Institute of Technology, Madras, who read several chapters, especially those 
which underwent thorough revision. Thanks are also due to Prof. N F 
Stepanov, Moscow State University, Moscow for his critical reading of 
Chapters 10 and 11, when he was here as a Visiting Scientist. 

Finaly, I would like to record my appreciation for the assistance of 
Mr S Srirama who typed the manuscript and Mr Venugopal for preparing 
the diagrams. 

; A K CHANDRA 


Preface to the Second Edition 


It is gratifying to note that most chapters in this book have received 
endorsement by a considerable number of students and teachers of various 
universities in India, I am grateful to all who have written to me, some 
drawing attention to minor errors and other suggesting addition of a few 
more chapters on certain special topics. Most of them strongly recommended 
including a chapter on “Symmetry”. This new edition has, therefore, a 
chapter on the principles of symmetry and their applications in chemistry. 
Besides, a few additions, such as the simple Hückel treatment of the cyclic 
conjugated systems and aromaticity have been incorporated in Chapter 8. 
For the new chapter a set of problems are given and worked out in detail 
in the “Answers to the Problems” section. These problems are so chosen as 
to supplement the knowledge already acquired by the reader from the text. 

I would like to thank my colleagues Dr D N Sathyanarayana and 
Prof. K. Venkatesan for their careful reading of the new chapter (Chapter 
9) and making several critical suggestions. Finally, I would like to record 
my appreciation of the assistance of Mr S Srirama who typed the manu- 
script and Mr Venugopal for preparing the diagrams. 


A K CHANDRA 
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Preface to the First Edition 


When I started writing this manuscript, I did not have the honest intention 
of ever completing this for a university level textbook on quantum 
chemistry, Thanks are due to the University Grants Commission (Govern- 
ment of India) not only for providing me with enough funds for the 
preparation of the manuscript but also for their asking me to submit 
progress reports every six months. I found a great difficulty in writing a 
progress report for them without making any real progress in this work. 

The basic material of this book is based on my lectures to the post- 
graduate students in the Department of Pure Chemistry, Calcutta Univer- 
sity, for several years, in the Department of Chemistry, Indian Institute of 
Technology, Bombay, for a year or so, and at present in the Department of 
Inorganic & Physical Chemistry, Indian Institute of Science, Bangalore. 
This book is therefore primarily intended for students of chemistry at the 
M.Sc. level in India, and possibly at the senior undergraduate levels in the 
British and American universities. Teachers and research workers who are 
not actively engaged in this particular field of chemistry but wish to keep 
up with the recent trends in chemical education will find this book very 
useful. This book contains chapters that are basic to an understanding of 
the important concepts that quantum mechanics has introduced in chemistry. 
Since an adequate and critical comprehension can only be achieved if they 
are presented in mathematical language, considerable efforts have been 
made to make the mathematics simple and comprehensive. However, I have 
assumed that a typical reader has been exposed at some time to an intro- 
ductory course in physics, calculus, vectors and determinant. 

This book covers the most ‘recent advances’ in this field in various 
chapters, especially in the last two chapters which explain the Woodward- 
Hoffmann rule and describe the chemical applications of the Hellmann- 
Feynman theory. These are important and significant topics, and at the 
same time simple enough for a typical reader to follow. 

Every chapter, except the last one, is followed by a set of problems most 
of which are worked out in detail in the “Answers to the Problems’ section. 
These problems are chosen so as to supplement the knowledge already 
acquired by the reader from the text. 

My sincere thanks are due to Dr. N.G. Mukherjee, Calcutta University, 
and Dr. B.M. Deb, Indian Institute of Technology, Bombay. Dr. Mukherjee 
read the entire manuscript in depth, made many suggestions for improve- 
ment and suggested many problems for several chapters of this book, while 
Dr. Deb was the main author of the chapter on the Hellmann-Feynman 
theorem and some of its chemical applications. I would like to thank 
Dr. C.D. Flint, Birkbeck College, London University, for his careful read- 
ing of the chapters 5, 6 and 7 and making several critical suggestions when 
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he was here as a visiting scientist. Thanks are due to Professor P.T. 
Narasimhan, Indian Institute of Technology, Kanpur, for his critical read- 
ing of the Chapters 3 and 4 and pointing out many obscurities in the 
previous version of these two chapters. Although various scholars, including 
my own students (Dr. D.C. Mukherjee of Calcutta University, and 
Mr. R. Sundar and Mr, B.S. Sudhindra, both of the Indian Institute of 
Science, Bangalore) have gone through some portions of this book, it is too 
much to hope that this book is free from any errors and obscurities. But 
the responsibility for these is entirely mine, and I shall be grateful to be 
told of the places where I could do better. 

I could not end this Preface without an acknowledgement to the several 
lecture courses which I followed during my stay at Oxford, especially those 
of late Prof. C.A. Coulson, F.R.S., whose ideas and derivations may be 
found in several pages of this book. However, I feel, my greatest debt goes 
to my teacher, Prof. Sadhan Basu, Palit Professor of Chemistry, Calcutta 
University, whose lectures on various topics of quantum chemistry on 
various occasions at the University College of Science, Calcutta, when I was 
one of his pupils, created in me an immense interest in this field. Prof. A.B. 
Biswas, Indian Institute of Technology, Bombay, had the-great kindness to 
advise me with many helpful suggestions concerning the plan and emphasis 


of this book, I would also like to thank Prof. Satish Dhawan, Director, and . 


Prof. A.R. Vasudeva Murthy, Chairman of the Division of Chemical and 
Biological Sciences, Indian Institute of Science, for their positive encourage- 
ment and general help in this endeavour. 

Finally, I would like to record my appreciation of the assistance of 
Mr. C.R. Sreenivasa Murthy who carefully typed and retyped the entire 
manuscript, and of my wife, Bani, for reading the proofs. 


A K CHANDRA 
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Introduction: 
Waves and Quanta 


1.1 Wave and Particle Nature of Radiation 


Radiation is known to be composed of electromagnetic waves with electric 
and magnetic fields perpendicular to each other and perpendicular to the 
direction of propagation. By definition, wavelength A is the distance between 
the successive crests and the phase velocity w is the velocity at which a given 
crest moves (Fig. 1.1). 


Fig. 1.1 ` Electromagnetic wave at time t and t + At 


There are quite a number of optical phenomena, notably the diffraction and 
the interference of radiation, which provide the strong evidence in favour of 
the wave nature of radiations. 

There are, however, two other phenomena which provide equally strong 
evidence in favour of the particle nature of radiation. They are the photo- 
electric effect and the Compton scattering. In the photoelectric effect 
electrons are emitted from a metal surface illuminated by the ultraviolet 
radiation. If the kinetic energy (KE) of the emitted electrons is plotted 
against the frequency v(= c/X, where c is the velocity of light) of the inci- 
dent radiation, a graph of the type shown in Fig. 1.2 is obtained. It has 
been observed that increasing the intensity of the incident radiation at 
constant frequency does not affect the KE. of the emitted electrons but 
increases the number of electrons emitted in unit time. The equation of the 
straight line shown in Fig. 1.2 is 


KE = hv — vo) i (1.1) 
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KE +h (9-3) 
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Fig.1.2 Kinetic energy of photoelectrons 


where vo is the minimum frequency below which no electron is emitted and 
his called the Planck constant. This photoelectric phenomenon was explain- 
ed by Einstein using Planck’s quantum hypothesis that the energy of radia- 
tion is not distributed through waves, as the classical concept leads to, but 
is concentrated into corpuscles or photons of energy Av. It is further assum- 
ed that the emission of an electron from the metal surface takes place only 
when the electron receives a certain minimum energy, say Avo, equivalent to 
the energy with which the electron is bound to the surface. Therefore, the 
KE of the emitted electrons is A(v — vo). 
^Since the energy E of a photon, according to Planck, is given by 


E = hy (1.2) 
and the mass, m of the photon can be calculated using Einstein’s relativistic 
equation 

E = mc 4 (1.3) 
where c is the velocity of light, the momentum p of a photon is given by 


p — mc (1.4) 
This momentum equation was tested by Compton in an experiment where 
photons were observed to be scattered at all angles by electrons of the 
scattering material. So, the electromagnetic radiation has both the particle 
and wave aspects. If the radiation can be treated as waves as well as parti- 
cles then how do the real particles behave? One should expect that the 
behaviour of real particles must be capable of description in terms of waves. 
In 1924, de Broglie combined the ideas of Planck (Eq. 1.2) and Einstein 
(Eq. 1.3) into a relationship between mass and frequency. 


me = hy (1.5) 
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Hence, the relationship between velocity v, and momentum p, becomes 


h h 
pomo (1.6) 


Thus, it was possible to associate waves with every moving particle in 
nature. This relation should hold also for heavier particles which we are 
able to see. But, on account of heavier mass, À becomes so small that there 
isa great difficulty in discovering the wave phenomenon associated with 
heavier particles. This concept of the wave-particle duality of matter was 
subjected to experimental test by Davisson and Germer in 1927 and 
independently by Thompson in 1928 who showed that a beam of electrons 
did indeed behave as if it were waves and underwent diffraction from a 
suitable grating. 


1.2 Wave Equation 


If electrons have the wave properties then there must be a wave equation 
and a wave function to describe the electron waves just as the waves of 
light, sound and strings are.described. Let us consider the motion of a string 
which is held fixed at two ends x — 0 and x — a. It is possible to excite 
with care certain kinds of vibrations in which all points of the string move 
so that their displacements vary with time in the same way and all points 
are at their maximum displacements at the same time and have their maxi- 
mum velocity at the same time. If the displacement occurs in the y-direction, 
mathematically these motions can be described by functions of the form 
y, t) = foe) (1.7) 
where f(x) is independent of t and ¢(t) is independent of x. Such motions 
are called normal modes of vibration. The wave equation has the general 
form 5 
d?y 1 dy 
ae d dà (1.8) 
where c is called the wave velocity. Substituting for y from Eq. (1.7) in 
Eq. (1.8) one obtains 
c dfx) 1 d*(0 | w2 (1.9) 


In Eq. (1.9) the variables are separated and they may be equated to the 
same constant, say —«?. This gives us two ordinary differential equations 


en + w(t) = 0 A (1.10) 
2 w? - 
fe), AC) o a11) 


(For solutions of the second order differential equations of this form, see 
Appendix 1). 
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Equation (1.10) has the solution i 
9(t) = A sin wt + B cos wt (1.12) 


where the two constants A and B are determined from the boundary condi- 
tions, and w is called the circular freguency which is related to the ordinary 
frequency v as 


w = Inv (1.13) 
Equation (1.11) may therefore be written as 
4n2y2 
e tou = (1.14) 


Setting à = c/v, the general solution of Eq. (1.14) may be written as 


f(x) = Ai exp {+ ua + 42 exp -2x (1.15) 
À 
or as (see Appendix 1) 
Jœ) = C sin Zx +D cos 25. (1.16) 


where 41, 42, C, and D are constants. Let us consider Eq. (1.16) and impose 
the boundary conditions 


G) f(x) =0 at x = 0; and i 

(i) fx) =0 atx=a 
where a is the length of the string. From the boundary condition (i), D=0 
and from the condition (ii), 


D nt wd 


A 
or sin 774 = 9 
or n, 172,3, 55 (1.17) 


where n is a positive integer. Thus 


RUM 
a—n- (1.18) 
The normal modes are thus the stationary sine waves given by 
f(x) = Csin c (1.19) 


and the wavelengths À are such that the length of the string is an integral 
number of half waves. The complete solution for a normal mode in a 
stretched string therefore follows from Eqs. (1.17), (1.12), (1.13) and (1.19), 
and is given by 


oct ess... LUMINE. 


a T 
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v(x, f) = C sin = x-(A sin 2avt + B cos 2nvt) (1.20) 


Equation (1.20) isan expression for the amplitude of waves generated dur- 
ing the normal modes of vibration in a stretched string. The same equation 
should represent the amplitude of a de Broglie wave associated with a 
moving particle. We are, primarily concerned here, with the time-indepen- 
dent or stationary waves. Therefore, the equation for a standing sine wave 
of wavelength A is given by 


$ = Csin 2. (1.21) 


where $, called the wave function, is the amplitude of the wave varying 
sinusoidally along x and C is the maximum amplitude. Double differentia- 
tion of Eq. (1.21) with resepect to x gives 


4m. 2 4n? 
Dee wC sin [x =— Sy 


(1.22) 


The kinetic energy T of a moving particle of mass m and velocity v is 
given by 


T= pmi. 5 (1.23) 


Following the de Broglie relation [Eq. (1.6)], T becomes 
k 

= Im 

By using Eq. (1.22) to eliminate X from Eq. (1.24) we get 


p (1.24) 


(1.25) 


If the particle moves in a field whose potential energy is V, then 


Xz. k 1 d4 
E TE A Gem Ut di: (1.26) 


where E is the total energy. This is Schródinger's equation for a particle in 
one dimension. It is usually written as 


ap, 87m Q2 n 
de ae Um. (E— V9 =0 (1.27) 
In three dimensions this equation becomes: 


Pp , dh , dh , 8am e. 
dà * dg + ga + p E- 00 (1.28) 
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1.3 Interpretation of / and Heisenberg's Uncertainty Principle 


Tn classical mechanics the square of wave amplitude associated with electro- 
magnetic radiation is interpreted as a measure of the radiation intensity. 
This suggests that we should make a similar association for de Broglie 
waves associated with electrons or any moving particle. Let the solution of 
the wave equation [Eq. (1.28)] be a function (x, y, z), called wave function. 
We may anticipate that some physically observable property of the electron 
is connected to "x, y, z) or more generally #*(x, y, z). (x,y, z) if 4 is a 
complex wave function!. For a system having electrons there are two ways 
in which | /? | or | 4*4 | can be interpreted. Either | /? | may be regarded 
as a measure of the density of electrons or | Jj? | dr be interpreted asa 
measure of probability of finding the electrons in a small volume dr? in a 
certain region of space. The Born interpretation of / is that | * | dr or 
|42 | dr is proportional to the probability of finding the electrons in an 
infinitesimal region between r and r + dr. This implies that even if we know 
y: exactly we cannot say precisely where the electrons can be found. This 
destroys the classical concept of a precise trajectory. 

Let us consider an electron of mass m, with momentum p, moving in a 
zero potential field along the x-direction only. The wave equation for such 
particle according to our gas in (Sec. 1.2) is given by 

d 


$t + ae a —0 (1.29) 
Set k = pon one writes 

dh 

TE + ky =0 (1.30) 


The wave function J(x) is given by either exp (ikx) or exp(—ikx) [see 
Appendix 1]. We now ask whether the electron whose momentum is p can 
be found. The answer is given by 


| 9*6) 962 | 
which can be written as 
$*(x)p(x) = exp (—ikx) exp (ikx) = 1 (1.31) 
According to Born interpretation, this result implies that the probability 
of finding the electron in a region dx is the same wherever dx is situated. 
Thus quantum mechanics says that if any part of the space is inspected, 
probability of finding the electron remains the same. In other words, if the 
momentum of a moving particle is precisely known, its position is totally 
uncertain. 
In 1927 Heisenberg derived a famous principle known as uncertainty 
principle which is the most fundamental point on which the conclusions of 


1. If ý= a + ib where i = 4/ —1, then J* — a — ib, so that wey =at + b°, a real 
function. 
2. dr — dx dy dz 


1 
i 
l 
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quantum mechanics or wave mechanics diverge from those of classical 
mechanics. In classical mechanics one can simultaneously determine as many 
properties of a system of any particle as one wishes, to any degree of accu- 
racy. This is not true in wave mechanics. 

Suppose a tiny particle is at rest. We want to find its exact position by 
looking through a microscope. To see a particle we must hit the particle 
with photons. If the light has a wavelength A, we cannot expect to deter- 
mine the position within a distance shorter than A because of diffraction. 
So A is the order of the uncertainty in the measurement of position. But a 
photon of wave length A hasa momentum | A/A | . When a photon collides a 
particle it transfers this much momentum to the particle and the uncertainty 
in momentum is | 4/A | . The product of the uncertainties of the position 
and momentum is A(h/A) = h. 

According to more accurate treatment of Heisenberg, his principle states 
that if the momentum is known to lie within a range 4px along, say, the 
x-axis then the position of the particle on this axis must be uncertain to an 
extent of 4x where 

Apex > È (1.32) 

Under such circumstances the best thing one can do is to accept the Born 
interpretation of the wave function. For this reason | %2 | or | 4*4% | may be 
called the probability function. Since the electron must be somewhere in space, 
the integration of | /? | or | ¢* | over all space must be unity, so that 


| PO dr = 1 (1.33) 


Such wave functions are said to be normalised. For every system which 
is bound, every wave function must satisfy Eq. (1.33). 


1.4 Properties of / 

A second-order differential equation like [Eq. (1.28)] may give rise to several 
solutions though not necessarily all of them correspond to any physical or 
chemical reality. Such wave functions are therefore considered unacceptable. 
Acceptable wave functions are those which satisfy the following conditions: 

1. V is single valued, i.e. for each value of the variables x, y, z, there is 
only one value of the function V. If one of the variables is an angle, 
say 6, then it requires that 

$(0) = H0 + 2n) 
where n is an integer. 

2. V and its first derivative with respect to its variables are continuous. 
In other words, there must not exist any sudden changes in % as its 
variables are changed. 

3. For bound states // must vanish at infinity. If / be a complex function, 
then /*) must vanish at infinity. 
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If the above three conditions are satisfied the function # is called a well- 
behaved function, 


APPENDIX 1 


In this appendix we will show how a simple differential equation of the 
second order of the following form 

d'y P 

dà + hy =0 (A1.1) 
can be solved. In Eq. (A1.1) k? is constant. Such an equation is satisfied 
by a function of an exponential form. Let us assume the solution of 
Eq. (Al.1) as 

y — exp (mx) (A1.2) 


Then substituting for y, exp (mx) in Eq. (A1.1), we obtain the auxiliary 
equation 


m+ k2 = 0 (A1.3) 
The roots of Eq. (A1.3) are given by 
m = +ik (A1.4) 


where i= y ZT. The particular solutions of Eq. (A1.1) are exp (+-ikx) 
and exp (—ikx). On adding these particular solutions there results a 
solution with two independent arbitrary constants and therefore the comp- 
lete solution of Eq. (A1.1) is written as 
y = Aiexp (ikx) + 42 exp (—ikx) (A1.5) 
On expanding the exponentials in sines and cosines we obtain the following 
equivalent form 
y = 41 (cos kx + i sin kx) + A2 (cos kx — i sin kx) 

= (Ai + 42) cos kx + (41 — A3) i sin kx 

= C cos kx + D sin kx (A1.6) 
In Eqs. (A1.5) and (A1.6), 41, 42, C and D are arbitrary constants. 


PROBLEMS 


- 


. An electron moves in an electric field with kinetic energy of 2.5 eV. What is its 
associated de Broglie wavelength? 

Find the energy jump in electron volts for the emission of visible light of wave- 
length 7500 À. 


N 


3. Show that as x increases by A in the wave 
ý =A exp (5E 


the amplitude, y goes through one cycle. 

. When x-rays of wavelength 1.5 A are allowed to hitanatom they eject an inner 
electron which moves after collision with the velocity of 2.14x 10° cm/s. Find the 
binding energy of that electron in the atom. 


a 


2 


Operator Concept in 
Quantum Chemistry 


2.1 Operators 


We have learnt in the previous chapter that wave function describes the 
state of a system so that any observable quantity can be derived from it. 
The mathematical process for carrying out the derivation involves the 
concept of operators. To every physically measurable or observable quantity 
like position, velocity, linear momentum, angular momentum, energy, etc. of a 
system there corresponds an operator in quantum mechanics. This may be 
treated as one of the several basic postulates of quantum mechanics. 

An operator is a symbol for a certain mathematical procedure which 
transforms one function into another. For example, the operator of evaluat- 
ing the derivative with respect to x is represented by the symbol d/dx. 
When this operator is applied to the function x" we obtain a new function as 


d ES n-1 
P (x^) = nx 


A list of typical examples of different mathematical operations along with 
the results of the operations on the function, x? is given in Table 1. 


TABLE 1 
Operation Operator Result of operation on x* 
Taking the square C» x8 
Taking the square root Vv Ma 
Multiplication by a constant k k K 
Differentiation with respect to x ES 3x? 
Integration with respect to x [C )dx atj 4- c 


Evidently, an operator is a set of instructions embodied in the definition 
of the operator and the operations can always be written in the form of an 
equation 


(Operator) (function) = (Another function) (2.1) 
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The function on which the operation is carried out is often called an 
operand. The left hand side of Eq. (2.1) does not mean that the function 
is multiplied by the operator. In a sense an operator therefore does not 
have any meaning when it stands alone. However, it is possible to formu- 
late an algebra of operators with operators in a manner analogous to the 
manipulation of numbers in ordinary algebra. An operator, unless it is 
otherwise obvious, is hereafter written with a symbol ( ^ ) overhead. 


Addition and Subtraction of Operators 
New operators can be constructed by adding and subtracting operators. 


If A and Ê are two different operators, then new operators A + B and 


ZN 
A — B can be defined as 


AN Reta 
(4 + B) f — Af + Bf 


(2.2) 
YEN AA 
(A — Bf = Af — Bf 
where f is an operand. 
It is also true that 
14 =+ Â 
i (2.3) 
AN by, Ak 
A—B=—B+A 
Multiplication of Operators 


The consecutive operations with two or more operators on a function may 
be called the multiplication of operators. Let Â and B represent two diffe- 
rent operators and f, an operand. Then, the expression ABS means that the 
function fis first operated on with B to obtain a new function, f' as 


=f 
Then f" is operated on by A to obtain the final function f" as 
Ap =f" 
so that 
ABf — f" 


The order of application of operators is always from right to left as they 
are written. 

If the same operator is applied several times in succession, it is written with 
a power. Thus 


AAf = AY 


ee er 


— 


——— 
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Let us suppose that the operator A stands for taking the derivative with 
respect to x and the operator B for the multiplication by x. Then 


Alio) = Aeon = Abo] = x T9 + px) 


Bao = Bro = AEL] - x 49 
Therefore 


ABf(x) + BAf(x) (2:4) 


This shows that the result of a series of operations is often different depend- 
ing on the sequence in which the operations are performed. If the result of - 
two operations is same regardless of the sequence in which the operations 
are performed, the two operators are said to commute. The above two 


operators A and B do not commute. This distinguishes an operator algebra 
from the ordinary algebra where for any two numbers a and 5 


axb — bxa 


Linear Operator 


If in operating on the sum of two functions an operator gives the same 
result as the sum of the operations on. the two functions separately, then 


the operator is said to be linear. Thus the operator A is linear if for any 
functions f and g we have 


A + g) = Af + Ag (2.5) 


and Ácf = cAf where c is a constant. 
The operation of taking square root is non-linear because 


Vite# VE +Ve (2.6) 
Commutator 
Using any two operators A and B, it is possible to construct anew operator 


AN A A 
(AB — BA), called commutator of the two operators A and B usually 
written as [A, B]. If these two operators commute then 


[4, B] = AB — BA = 0 


and therefore, this commutator means the multiplication with zero. Clearly, 
every operator commutes with itself or any power of it. Thus, for an 


operator 4 


AA* — Âh =0 (2.7) 
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On the other hand, the operators (d/dx) and the multiplication by x, 
written as Y do not commute as shown earlier in Eq. (2.4). We may write 
the commutator of the operators (d/dx) and X as 


Ho-o- [zx] = 


In other words, this commutator is an unit operator. 


Vector Operator 

Operators are not necessarily limited to operate on functions of one 
variable. The differential operator 2/2; can operate on the function f(x, y, z). 
An important group of operators are the vector operators. A vector opera- 
tor V (‘del’) is defined in Cartesian coordinates as 


.9 2 ð 
YE tdt ke (2.8) 


where i, j, k, are unit vectors alongthe x, y and zaxes. Operating on a scalar 
function ¢, this operator generates a vector called the gradient of 4. 


Vé = £e + if + st (2.9) 


Laplacian 
Of particular interest in quantum mechanics is the Laplacian operator V? 
defined as 


à 2 
V= + Ete (2:10) 


Eigenfunctions and Eigenvalues 
Since V? is an important operator used in quantum mechanics we shall 
Study the behaviour of such an operator in more detail. Consider the 
following expression 

Op 

a35-M (2.11) 
where ^ is independent of x. This is a simple second-order differential 
equation. 
The general solution of Eq. (2.11) may be written either as 


Y = Ay exp (N/A +x) + 42 exp (~iV/A-x) (2,12) 
Where 4i and A2 are two arbitrary constants, or as (see Appendix 1) 
V = C-cos VA «x + D:sin VA -x (2.13) 


For A> 0, "VÀ is a non-vanishing positive number, and the general 
solution given by Eq. (2.13) is well-behaved, since it is continuous, single 
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valued and never increases to infinity because the magnitude of sin 0 or 
cos 0 always oscillates from +1 to —1. Y 

For À <0, VA is a non-vanishing imaginary number. Let, VX = ia, 
where a is a real positive number. Then % of Eq. (2.12) may be written as 


= A1 exp (—ax) + 42 exp (ax) (2,14) 


This function is single valued and continuous but increases to infinity at 
x = +o, Such a function is not well-behaved. 
For A = 0, Eq. (2.11) becomes 

oul 

Ox? 


(2.15) 


and therefore, 
= Ax +B (2.16) 


where A and B are two arbitrary constants. The function % of Eq. (2.16) 
cannot be well-behaved because it increases to infinity at x = --oo. Since 
A and B are two arbitrary constants, we may assume A = 0, then =B 
which is again a well-behaved function. 

Thus we have seen that for À > 0, the general solution of Eq. (2.11) is 
well-behaved and for A = 0 a particular solution is well-behaved while for 
A <0 there is no well-behaved solution. If, for certain values of A, the 
operand V is well-behaved, then A is called the eigenvalue (or characteristic 
value) and 4%; the eigenfunction of the operator [in Eq. (2.11) the operator 
is —0?/0x?). 


2.2 Second Postulate of Quantum Mechanics 


According to another basic postulate or law of quantum mechanics, the only 
possible values that can be observed of a physical property like angular 
momentum, energy, etc. of a system are the eigenvalues À, in the operator 
equation: 


Âp = M (2.17) 


where A is the operator for the physical quantity and is the well-behavéd 
eigenfunction. However, we shall see later, that the. form of operators for 
various physical quantities can be derived from the direct physical consi- 
derations and then by solving the above Eq. (2.17), the eigenvalues and 
eigenfunctions can be found. 

Since the observable physical quantities have obviously real magnitude, 
the eigenvalues, A of Eq. (2.17) must be real. 


Hermitian and Unitary Operators 
There are two types of operators which obey the eigenvalue equation (2.17). 
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They are the hermitian and unitary operators. An operator A is said to be 
hermitian if 


I vf uae = Í (Apt -ðr (2.18) 


where 1 and 2 are two eigenfunctions of the operator A. This is known as 
the ‘Turn-over rule’, The asterisk as superscript indicates the complex 
conjugate of the quantity immediately to its left. Hermitian operator is 
linear and has real eigenvalues. If A is a hermitian operator and j, an 
eigenfunction with eigenvalue a, then 


Ab =a-p (2.19) 


Multiplying both sides of the equation with ¥* and integrating over all 
space we get 


[ot aver = af oar (2.20) 
Taking the complex conjugate of every quantity in Eq. (2.19), 
A*j* = gh ye (2.21) 
and then multiplying both sides with V and integrating, one gets 
Í V AMWtar = at J var (2.22) 


The left hand side of Eqs. (2.20) and (2.22) are equal according to the 
definition of a hermitian operator, so that 


af er = at Í 4*jðr (2.23) 


In other words, a — a*, which is true only if a is real. This guarantees 
that any physical quantity (often called dynamical variable) represented by 
a hermitian operator is observable and physically measurable. 


A unitary operator Ü is also a linear operator and defined as 
[tóm = [rowa (2.24) 


where the operator Ü-! is the inverse of U, such that 0-10 = 60-1 and yj, 


and Jo are any two eigenfunctions of U and the asterisk stands for the 
complex conjugate quantity. Consider the equation 


Op = ay (2.25) 
where À is the eigenvalue. Then 


Uy = 9 = a- Ô- 


3 
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or Ü-w = ef (2.26) 


Inverse operator Ü-! has the same eigenfunction as U but with reciprocal 
eigenvalue. Multiplying both sides of Eq. (2.26) with * and integrating 
over all space one gets 


Í yp% Û-ðr = X1. Í pyar (2.27) 
Taking the complex conjugate of Eq. (2.25) 
Ü*)* = Mut ; (2.28) 
Then 
f b-Utptar = a+ phar (2.29) 


Following the definition of unitary operator, the right hand sides of 
Eqs. (2.27) and (2.29) are equal, so that 

Amt = M (2.30) 
or A*A-I (2.31) 
Thus eigenvalues of an unitary operator have modulus one. 


2.3 Setting up of Operators for Different Observables 


It has been already mentioned that every dynamical variable is assigned a 
linear operator. According to classical mechanics, most dynamical variables 
may be expressed in terms of the position and momentum coordinates such 
as X, Y, Z, Px, Py, OF pz. The rule for setting up their quantum mechanical 
operators is simply to take the classical expressions and replace x, y, z, Px, 
Py and pz, by the corresponding operators. Operators corresponding to 
positions along x, y and z axes are simply the multiplication by the variable 
itself. Operators for linear momenta may be found from the following 
considerations. 

A beam of electrons travelling along the x-direction can be treated as a 
wave propagating along the x-axis. Taking these waves to be sinusoidal, the 
wavefunction may be written as 


y = Asin Ed (2.32) 


where À is the wavelength. An equivalent form for the gehen d 
wave is 


y = C-exp (zo) (2.33) 
Then. a EE EE = Cep (zz 2 (2.34) 
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Using de Broglie's relationship, i.e. A = h/Px, one may write 
pau (2.35) 


Therefore, the operator corresponding to the linear momentum in the 
x-direction is written as 


BEEN UR ^P TRUE h à 
ipea "3 Tr az. ES 
Similarly for P, and P. one can write 
a ho ne _ —h 0 
% ~~ Qwi dy’ ELE 2ni az Qan 


That the operator, say px, is hermitian is shown as follows 


oo * +œ Oy, 
iar ro 2zi A dx = dh J2 a tf TE dx 
The first term on the right hand side is zero since both / and #2 vanish at 
infinity. The second term on the right hand side can be written as 


f Jas (42) ES ) yra 


Thus, the linear momentum operator is hermitian, hence linear momentum 
is observable, 

The classical expression for the total energy of a single particle of mass 
m is called the hamiltonian, usually denoted by H and is given by 


1 
H= me +V 
TOUT 
0 i FE 
Scy (5 
mot (2.38) 


where v is the linear velocity, p the momentum, and V the potential energy 
of the particle. Written in terms of the components of the linear momentum 
pH becomes 


2 2 2 3 
= Pzt Py t ps 
H= +y (2.39) 


The operator, say Pli is taken to mean that the corresponding operation 
P, is to be repeated twice, so that 


us h ð h ð 
Ë+ Ë y+ Pi -(Ż xJGs z)* t6 ss 5) 


+(e oz 3s; =) 


iie. 


——— 


Operator Concept in Quantum Chemistry 17 


pe 22 Gd 


-malat Bye 
E iv (2.40) 
Substituting Eq. (2.40) in Eq. (2.39) 
A nm 
Ê= -ty : (2.41) 


which can be proved to be hermitian and linear. If there are several particles 
then 


Huc SEE ay, (2.42) 


where m, is the mass of the i particle and Vj is the Laplacian operator 
containing the coordinates of i particle. 

Another important dynamical variable is the angular momentum. For a 
single particle moving around a fixed point, the angular momentum L is 
given by the vector product of r and p as 

L=rxp (2.43) 
where r is the radius vector from a fixed point and p, the linear momentum 
vector. Both the vectors r and p can be written in terms of their components 
as 

r — dx 4 jy t+ kz 

= ip. + jpy + kp: (2.44) 
where i, j and k are unit vectors along x, y and z axes. Therefore, in terms 
of the components of r and p, the angular momentum, L is 
L = i(yp: — zpy) + (px — xpz) + k(xpy — yp») (2.45) 
Replacing the p’s by the corresponding quantum mechanical operators, the 
operators for the SUR of vane momentum are as follows: 
^ ô 7 
ees 5 XE 5) 


^ 


| 
eae E d xz) r (2.46) 


^ a 
Lh oe A xc x) J 
The total angular momentum is obviously given by 
L = iL. + jL; + kL: (2.47) 


However, more important in quantum mechanics, is the scalar product of 
L with itself, 


LL=P=24B4+L (2.48) 
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The angular momentum operators are usually expressed in spherical polar 
coordinates. By means of transformations shown in Appendix 2, we find 


^ 


L: = #{- sin $4 — cot 8 cos $24] | 


^ h m 
L= x" $zz za ~ cot 0 sin A (2.49) 
^ h KA 
= Oni ô$ 
^ g[1 e à 1 @ 
ye AY SR cl 
k 4x2 sin 6 20^ e) + sin? 0 23$ 


Let us consider the component of angular momentum about z-axis, i.e. ti 
That this operator is hermitian can be shown as follows 


ine (km) ag)” 9 = mal - [ naga a} ved 


Since the functions ¥:(¢) and y/(¢) must be single valued i.e. for any $, 


Yl) = Qr + 4) (2.51) 


the first term on the right hand side of Eq. (2.50) must vanish. Therefore, 
Eq. (2.50) can be written as 


I 41. G a)^ d$ 


2m LA ‘29 
= X n2 a = L b (4, E a) Vi dé (2.52) 


Because of the equivalence of È L, and Is. an operator corresponding 


to any component of angular momentum is hermitian. So 7? must also be 
hermitian. This shows that not only any component of angular momentum 
about any axis but also total angular momentum in a system is observable 
from the quantum mechanical view point, 


Eigenvalues of Ê, 


In accordance with the basic postulate embodied in Eq. (2.17), the possible 
values of the component of angular momentum about z-axis, the axis of 
rotation, are given by the solutions of equation 


L4 = Mb (2.53) 
or E = 22h. op 


or ý = exp (74) = cos (7) + isin (29) (2,54) 


if a a nly g (Sa y 
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Since the function / must be single valued, it follows from Eq. (2.51) that 


exp (529) = exp ari, + 21) 


exp (ik$) = exp (ikl + 27]) (2.55) 
where k= za 
or exp (27ik) = 1 (2.56) 
In other words, 
cos (27k) + isin (27k) = 1 (2.57) 
which is possible only if 
k= 0,4, 42,413 05 n (2.58) 


Or, A must be either zero or integral multiple of h/27. This result is exactly 
what Bohr postulated about angular momentum of an electron in an atom. 
In other words, the component of angular momentum about any axis forms 
a discrete eigenspectrum. On the other hand, it can be shown that in the 
absence of any restrictions, the component of linear momentum along any 
axis forms a continuous eigenspectrum. (See answer to Problem 2 of this 
chapter.) 


2.4 Third Postulate of Quantum Mechanics 
In accordance with the second postulate given by Eq. (2.17), the eigenvalue 


À, which a measurement of an observable characterised by an operator Aa 
leads to, ought to be written as 


Lá 
à= 7 (2.59) 


But this form of expression is not used in quantum mechanics, because the 
expression Auli will be a function of the coordinates of the system and as 
such it varies from place to place and cannot be equated to a constant A. If, 
however, both the numerator and the denominator on the right hand side 
of Eq. (2.59) are multiplied with /* and integrated over the entire space 


accessible to the system then the expression Í b* Adar] | J*)ór no longer 


becomes a function of the coordinates and can then appropriately be equat- 
ed to an average value of the constant A. The third postulate may then be 
stated as follows: 

When a great many measurements of any observable represented by an ope- 
rator A are made on a system characterised by a function 4, the average result 
obtained is given by 
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| ev ' 


The bar over A is used to indicate the average result. 


2.5 Fourth Postulate of Quantum Mechanics 


In this section we shall briefly discuss the question of the time evolution of 
a quantum mechanical system. If the wave function ¥ of a physical system 
is given at a certain instant, not only all the properties of the system at that 
instant are described but its behaviour at all subsequent instants is also 
determined. The mathematical expression of this fact is that (0/1) (deriva- 
tive of the wave function with respect to time) at any given instant must be 
determined by the value of the function itself at that instant. Thus, the 
fourth postulate may be stated as follows: 
The time development of a wave function is given by 


ih ap i a 
= e = Hb (2.61) 


which is Schrodinger's equation where H is the hamiltonian operator. 
If we substitute for H from Eq. (2.41) in Eq. (2.61), we have 


E ih OU 


K ve wj- (2.62) 
The wave function in Eq. (2.62) is obviously a function of the space co- 
ordinates of a particle, i.e. x, y, z and time t. Using a collective symbol r 
for the space coordinates x, y, z, one can write Eq. (2.62) as 


h ih à 
— Ex a + VO) = = Lt (2.63) 


We have supposed that the potential V is independent of time. Such an 
equation can be solved easily by assuming the separation of variables, Thus, 
the wave function ¥ may be factorised into two functions, one depending 
only on r and the other on ¢. One may try the following: 


yr, t) = voy" (t) (2.64) 
Wed L yey HO) 


or 
or ow D yq) 5 eso (2.65) 
Similarly 

cum t) = yo) HO = W (2.66) 


NO Sh prey: 


penn 


——————— thls pe 


TOE EON MON ae eer eee ate 


[See 
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Using Eqs (2.65) and (2.66) in Eq. (2.63) one obtains 


- wo 2 + voveo = Zu D 2.67 
Dividing Eq. (2.67) by #(r)}'(t) we have 
R 1 Wy) dh 1 W 
lem m ot vo} = Ero m ad 


In Eq. (2.68), terms in the parentheses on the left hand side are independent 
of t while the term on the right hand side is independent of r. Thus the 
variables r and f are separated and each side of the Eq. (2.68) may be 
equated to a constant, say E, giving 


— di. AO + voy = B40) (2.69) 
and A AO -—EU) (2.69b) 


Suppose Eq. (2.692) has the solution (r). Eq. (2.69b) has obviously the 
following solution 


j h 
So the wave function V/(r, f) may be written as 
Wr, t) = Vr): C*exp [- er 
The constant C may be absorbed in #(r), and we may write y(r, t) as 


Hr, ) = Hex [- Her] en) 


w(t) = C exp (- ori pi ) (2.70) 


2.6 Derivative of an Operator with Respect to Time 

The differentiation of an operator (hence the derivative of a physical quan- 
tity), with respect to time cannot be defined in quantum mechanics in the 
same way as in classical mechanics. In classical mechanics the derivative of 
any quantity with respect to time involves the consideration of the values of 
the quantity at two closely spaced intervals of time. In quantum mechanics, 
aquantity which has a definite value at a certain instant does not necessarily 
have definite value at other instants. It is therefore necessary to define the 
derivative of an operator with respect to time differently in quantum 


mechanics. The derivative of an operator Fis usually defined as the quantity 
whose mean value is equal to the derivative, with respect to time, of the 


* 
mean value of F, i.e. 


OF OF : (2.72). 
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Since pe Í J*- Pdr 
where [99 -i 
we have 
s Í 99* ae + f pP (2.73) 


Here the operator F depends on time as a parameter. Substituting for 
9/* [0t and O/6t using Eq. (2.61), one gets 


aro jon dro 20 faroh- 22! IZ 


(2.74) 

Since the operator A is hermitian 

| drm fe =f 4*. HEjo- (2.75) 
Thus 

w DE +22 un. lr E — Biüyo- (2.76) 
Combining Eqs (2.72) and (2.76) we have 

OF OF Patan ata 

w= fv H + ap — Phuar 2 


Eq. (2.77) leads to an interesting conclusion. If the operator F is explicitly 


independent of time and commutes with the hamiltonian H, then F is ac 


constant of the motion. In other words, the mean value of the quantity 
remains constant in time. 


2.7 Some Important Theorems 


2.7.1 If% and Va be the eigenfunctions of a hermitian operator A, with 
eigenvalues a; and a; Tespectively, then the eigenfunctions are orthogonal, 
ie. |Vijadr = 0 


Hence, the integral fiiha, often called the non-diagonal matrix 


element of the operator Â vanishes, 


I 
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Proof: By hypothesis 


Ads = aii (2.78) 
Ada = aya (2.79) 
Take the complex conjugate of Eq. (2.78) and remember a1 is real 
à AK = adi (2.80) 
Multiply Eq. (2.80) with %2 and integrate 

| eibi = onf ene (2.81) 

Likewise multiply Eq. (2.79) with /1 and integrate 
Í Vida dr = a f ive dt (2.82) 


By definition of the hermitian operator, the left hand sides of Eqs. (2.81) 
and (2.82) are equal, thus 


m f duds [rine 
a (eor [vids inf (2.83) 


Unless a1 = az, the integral fin dr must vanish. Hence the integrals 


appearing on the left hand sides of Eqs. (2.81) and (2.82) must also vanish. 
If /; and %2 have the same eigenvalue a, i.e. if the eigenfunctions are 
degenerate, then the two functions /; and /2 may not be orthogonal. If 


UA = ay and Ada = aa then any linear combination of /1 and #2 obeys 


the eigenvalue equation, i.e. At + ch) = a(/i + che) where c is a 
constant. However, it is possible to make the function (#1 + c/2) orthogonal 
to V. Then, the requirement 


[iw + cf2)dr = 0 


| bith dr 
c=— (2.84) 


| Jta dr 


This procedure can be repeated indefinitely as required by the degree of 
degeneracy of the eigenvalue a. This method of orthogonalisation is known 
as Schmidt orthogonalisation process. 
2.7.2 If we have a set of eigenfunctions 

Ju das Ya... 


gives 
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such that any two functions in the set are orthogonal, i.e. 


y f vit dr — 0 
and each function is normalised, i.e. 
Í Hd = 1 


the set of functions is called orthonormal. The orthogonality and normali- 
sation conditions can be conveniently combined in the expression 


f yip dt = ôy (2.85) 


where ôy, is called Kronecker’s delta, which is zero unless j = i, in which 
case it is unity. The great importance of the set of orthonormal functions 
lies in the possibility of expanding any arbitrary function in a series of these 
orthonormal functions. That is 


= Zeihi (2.86) 
where the c;’s are constants. The function © is exact if the summation is 
taken over all the eigenfunctions which may constitute an infinite set. The 
proof of the statement has not been established in general but is found to 
be valid for the hermitian operators used in quantum mechanics. It will be 


shown later that this expansion method is the most common approach to 
getting approximate solutions of the Schrodinger equation. 


2.7.3 If two operators A and B commute then they have the same set of 
eigenfunctions. 


Proof: Suppose, the operator A has eigenfunction ¥;, then 
Adi = ai 
where ar is the eigenvalue. Since AandB commute 
AB, = BA; = Bay = ab, (2.87) 
This shows that Bh, is an eigenfunction of the operator 4 with the eigen- 
value a. This is possible only if (By) is a multiple of Vi, i.e. 
[A (2.88) 


In other words, /; is also an eigenfunction of B. 
2.7.4 Conversely, if there exists a set of orthogonal functions J; which are 


eigenfunctions of two operators 4 and B, then they commute. 
Proof: Let us expand any function Ó, in terms of the set of functions / 
and then operate on ® with the commutator [4, B]. 
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YN YN 
[A, B]® = (AB — BA)® = (AB — BA)ZCW; 
ZN 
= ÁBòcih = BAZCW 
= Zc4(Bp) — BCA) (2.89) 


Since Ath = aj; and Bl = bili, we can write Eq. (2.89) as 
AN " 
(AB — BA)® = ZCA(bib;) — 2C,B(ait) 


= ZCb(A)) — ECia(BY;) 
= ECKbiai — abi ` 


=0 (2.90) 


ZN 
Since Ó is an arbitrary function, AB — BA = 0. 

The physical implication of these last two theorems is important to note. 
If two operators are hermitian as they should always be if they are to 
represent two different physical properties and commute, then it is possible 
to have a system in which both the physical properties are simultaneously 
observable. 

Let us consider the momentum of an electron in x-direction and its total 
energy. They are represented by the operators as 

^ POLN IA poo 
Pa c md ne 
It can be shown for a function ¥(x) describing an electron, that 


sA h k px) h OV O 
PoE) = Iri 8mm 0x? A ri Ox 40) + Iri Ox 
and 
ATA A k h ðY(x) 2 
HP boy = 872m 27i ôx? = ers 
If = = 0, then 
x 
HP, = PH (2.91) 


If the potential energy does not change in the direction of the momentum 
of an electron, then it is possible to have the definite values of both the 
momentum and energy. On the other hand, the operators Py and XY are 
related as 

AL AA h 

PX — XP, = Ont (2.92) 
This shows that it is not possible to locate the position of a particle and to 
determine its momentum simultaneously without a certain degree of 
uncertainty. This is Heisenberg's uncertainty principle. 
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2.25 If Bis an operator which commutes with an operator A (both being 
hermitian), V; and Ja are the eigenfunctions of 4 and a; and a2 are the 
corresponding eigenvalues respectively, then the integral if yi- Bp dr 
vanishes, 

Proof: We have Ahi = aw, and Aja = 2/2. Consider the integral 


[ibis = [ibat = a frina (293) 
Since B and A commute, we can write 
[ i) = | dioses = foi Aaya or 


= | Bty-Aeyier = ay | doo 


- a: Vi Byer (2.94) 
Therefore 
a Í Yi Bpðr = ay f Ji - Byaðr 
or (a. — a) | iba =0 (2.95) 
If "IPS Í Villas = 0 (2.96) 


However, this argument may not be valid if a = a. 


2.8 Eigenfunctions of the Position Operator and Dirac 
Delta Function 


In quantum mechanics most of the Properties represented by hermitian 
operators have discrete eigenvalues. In such cases we say that the property 

' has a discrete eigenspectrum. Any arbitrary function can be expanded in 
terms of the orthonormal functions as given by Eq. (2.86). Since the function 
® must be normalised we have 


Zi C [-1 (2.97) 


If we multiply both sides of Eq. (2.86) by an eigenfunction V; and then 
integrate over all space 


Í Dj; dr = E Ci Í tity dt = ECà, — C, (2.98) 


where 8j; is Kronecker's delta defined already in Sec. 2.7.2, 


— a 
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There are, however, some properties like the positional coordinates of a 
particle whose eigenvalues may have a continuous range. In such cases an 
arbitrary wave function (x) can be written as 


Hx = [eas (2.99) 


where we consider the position of a particle onthe x-axis and (x) is the 


eigenfunction of the position operator x with the eigenvalue a. In Eq. (2.99) 
the integration is extended over the whole range of eigenvalues of the posi- 


tion operator X. Here the eigenfunctions of a continuous eigenspectrum 
cannot be normalised to unity. Instead, we normalise the function V4(x) in 
such a way that | Ca |? da gives the probability that the physical quantity in 
the state given by (x) has a value between a and a + da. Since the sum of 
the probabilities of all possible values of a must equal unity, we have 


[1e 2-1 (2.100) 
One can normalise the arbitrary function ¥(x) of Eq. (2.99) as 
Í #* (x)Y(x) dx = | Ca Pda (2.101) 
From Eq. (2.99) one can also write 
[eoa = f| 000022 (2.102) 
By comparing these two equations we find 
C= f PWE) dx (2.103) 


in exact analogy to Eq. (2.98). 
We shall now deal with Dirac delta function. Let us first define the 
Heaviside step function H(x — a) as shown in Fig. 2.1. 


where H(x — a) =1 x>a 
H(x — a) = 0 x<a (2.104) 

H(x — a) = 0.5 x=a 
1.0 


0.5 


0 
x=0 "^ xza 


Fig.2.1 Heaviside step function. 
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i by 
We, then, define Dirac delta function 8(x — a)as the first derivative of im 


the step function of Eq. (2.104). 
Thus 


8x — a) = HG — a) (2.105) 


One may now write 
$x—a)-20 x>a 


&(x—2)-0 x«a (2.106) 7 


i ôx- a) =o x=a 
Consider the following integral 
E fG98(x — a) dx 
which we evaluate by parts. We have 
f A080 - gar = [fon — al - [ne - oda. 
=No) - fo) |" i - a Dax 


Wes ML) 
Í : H(x — a) B dx 
Since A(x — a) =0 forx<a 
H(x — a) =1 forx >a 
= fee) - Dep 
= f(x) — fle) + fla) 
= fla) (2.107) 
If we compare Eq. (2.107) with Eq. (2.98) we see that the delta function 


Plays the same role in an integral as Kronecker's delta does in a summation, 
When f(x) = 1, we can show that 


he B(x ~ a) dx = 1 (2.108) 


This means that the delta function is zero everywhere except at the singular 
Point x = awhere its amplitude becomes infinite [Eq. (2.106)] so that the 
function has unit area. It is often convenient to place the origin at the 
singular point in which case the delta function can be written as 


ips (x) dx = 1 


We can take any numbers as limits of integration but the point x = 0 must 
lie between them (see Fig. 2.2). Thus, we can write 


+b 
E $6) dx = 1 (2.109) 
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S(x) 


x=-b x=0 x=+b š 


Fig. 2.2 The area under the curve is unity, 


Now we consider the operator equation for position as 


Lex) = abo) (2.110) 
where a is the eigenvalue, One may write Eq. (2.110) as 
(€ — auo) = 0 (2.111) 


Since the operation corresponding to position is simply the multiplication 
by the variable itself we have 
=x (2.112) 


and conclude that if x # a, a(x) = 0. Since that an eigenfunction is zero 
everywhere is unacceptable we have %a(x) # 0 for x = a. This means that 


if (x) is an eigenfunction of x with eigenvalue a, measurement of the posi- 
tion on the x-axis gives the value a in the state described by a(x). This is 
true if the probability density, | a(x) P? is zero everywhere except atx = a. 
It is, thus, clear that one can now write the eigenfunction alx) as 


tax) = 8(x — a) (2.113) 
To verify this we deal with | Ca |? da which may be written from Eq. (2.103) 
as 


| Cada =| [^ WH dx Pda 


i) J * a(x — aM) dx P da [Using Eq. (2.113)] 


= | J(a) |? da [Using Eq. (2.107)) (2.114) 


Since the quantity a in 5(x — a) can have any real value, the eigenvalues of 
x form a continuum in —oo < a < oo. The continuum eigenfunctions are 
not quadratically integrable, we have 


I: | 8(« — a) P dx = f. — a)8(x — a) dx 
= &(a — a) = &(0) = © [From Eq. (2.106)] 
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One can summarise the eigenvalue equation for position as 


F(x — a) = a&(x — a) Q.115) 
where a is any real number, 

It is also instructive to note that ifa Property has a discrete eigenspectrum 
in one range and in another range a continuous spectrum the complete 
System of functions is formed by combining the eigenfunctions of both 
spectra. Any arbitrary wave function which can be expanded in terms of the 
eigenfunctions of such a property has the form 


We) = ZC) + | Cabala) da (2.116) 


where the summation extends over the discrete spectrum and the integral 
over the continuum. 


APPENDIX 2 


Equations for the transformations from three dimensional rectangular co- 
ordinates to spherical polar coordinates are as follows (Fig. A2.1) 


x = r sin 0 cos $ 
y = r sin ô sin 4 (A2.1) 


z —rcos6 


Fig. A2.1 


where the new coordinates r, 0 and ¢ are shown in Fig. A2.1. From the set 
of equations (A2.1), we obtain 


P=Pt pis 
Mi CET ar WIL 


tan $ — y/x 
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Any quantity expressed in spherical polar coordinates will be a function of 


r, 0 and d. Let us suppose 


$= 0, 4) 
z 
then of = ot ar + 36 dé +$ a4 
a à ôr , 0 00 4 [3 
OD = op A E. 
ð ð ôr ô 00 ô og 
ues dy ryt 203, + Bp dy 
Using the set of equations in (A2.2) and in (A2.1) we obtain 
& = X sin 8 cos $ | 
| 
F= Lo sntsng | 
90 _ cos ê sin » 20  cos6cosó 1 
dy r *àx p 7 | 
9$ ^  siné | 
Óx so sin 8 
9$ _ cos $ | 
ôy  rsin& 
Therefore, 
^ h ô à 
L; = ro x y d ox 
= zil sin cos (sin 0 sin $2 FA Set sing 3 
Eh Ed opa ; 9 , cosÓcosó ð — 
r sin 0 sin $ (sin 0 cos oy + a 38 
aie) 
— 2mi ð$ 


(A2.3) 
(A2.4) 


(A2.5) 


(A2.6) 


cos ¢ 3) 
r sin 0 0 


uod 


+ 


Following the similar procedure, the expressions for Lx and Ly and hence 


Ê? can be obtained. 


PROBLEMS 


1. Show that the eigenfunctions belonging to different eigenvalues of a unitary opera- 


tor are mutually orthogonal, 


2. Find the eigenfunctions of a linear momentum operator, say( 2 EO 2) Show that 


in the absence of any restriction eigenvalues of linear momentum form a continu- 


ous spectrum. 
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3. Show that if y is an eigenfunction of Awith the eigenvalue a, thenit is also an 
eigenfunction of exp (A) with eigenvalue exp (a). 


4. Show that [x*, Px] =e where n is a positive integer. 

5. Show that (a) the product of two hermitian operators is hermitian if they com- 
mute, and (b) the inverse of a hermitian operator is hermitian. 

Find the normalised eigenfunction of the operator É: [see Eqs. (2.53) and (2.54)]. 


. Show that the operator Ê, commutes with with £1. 
. Show that the following mathematical function has the properties of. Dirac delta 
function 


A 


on 


B(x) = Lt (=) sexp (=n), 


9. We define a translation operator 7 by 
2.6) = fx + a) 
(a) Is 7 a linear operator? 
(b) Evaluate ( 71 — 37, + Dx" 
10 An operator P has discrete eigenvalues and a property 


Ê= Ê 
Find its possible eigenvalues, 


=e 
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Wave Mechanics of Some 
Simple Systems with 
Constant Potential Energy 


3.1 Introduction 


It is possible to deal with, by the methods of quantum mechanics, certain 
simple systems for which the Schrédinger equation can be solved exactly 
and in which the potential energy can be chosen either constant or zero. 
These systems may be so different from the naturally occurring systems of 
physical and chemical interest that one might think that they can hardly be 
of any value. However, this is not the case since the exact solutions of most 
physical and chemical systems have not been obtained. On the other hand, 
the exact quantum mechanical solution of the simple and ideal systems 
provides us with sufficient insight that helps in the interpretation of the 
behaviour of more complex systems occurring in nature. 

As an example, we consider the exact solution of Schrédinger’s equation 
for a system of an electron confined in a box in which the potential energy 
is either zero or constant and infinite everywhere else outside the box. The 
mathematics is simple for this system but the results illustrate some impor- 
tant properties of quantum mechanical systems, such as quantisation of 
energy, quantum numbers, zero point energy, etc. In fact, this system pro- 
vides the basis of the free electron approximation to molecular orbitals which 
we shall deal with in a later chapter. 


3.2 One Dimensional Box 


Suppose an electron of mass Me is constrained to move in the x-direction 
from x = 0 to x = a. Outside this region the potential energy, V is taken 
to be infinite, and within this region it is zero (Fig. 3.1). 

Outside the box (Fig. 3.1) the Schrédinger equation is 


d? 2m 
TE EU uy = 0 (3.1) 
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x=0 x-a 
Fig.3.1 One dimensional box 


This equation is satisfied if is zero at all points outside the box. In other 
words electron cannot be found at all outside the box. 
Inside the box (Fig. 3.1) the wave equation is 


d? Lud 
DE + ey = o (3.2) 
Equation (3.2) may be written in the operator form 
ce gu ui qa 
Hj = Eb where H = Bim, dà 


According to one of the postulates of quantum mechanics (2.4), the mean 
value of E is observable and independent of the coordinate of the electron. 
Henceforth, we refer to E as the mean value of energy and assume, 


87?m 

mu =k (3.3) 
where k? is a constant independent of x. Eq. (3.2) can be written as 

La 

PE EE = 0 (3.4) 


which is identical in form to the equation solved in Appendix 1 and has 
the solution that may be written as 
ý = C cos kx + D sin kx (3.5) 
According to the laws of quantum mechanics, / must be a continuous 
function of x. Therefore, it must be consistent with the solution found for 
the outside of the box, hence at the walls of the box, i.e. at x = 0 and at 
x = a, } must be zero. " 
From the boundary conditions,  — 0 at x = 0 we see that C= 0 and 
from the condition, V = 0 at x = a, we have 
D sin ka = 0 (3.6) 
or sin ka — 0 or -ka= nz (3.7) 
n=0, 1,2, 3,4,... 


——————————————————————————————————— € € € € —À 


Maia, fid e 
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where n is called quantum number which is either zero or a positive integer. 
Thus, the permitted solutions are 


dn = D sin =r (3.8) 


and the energy E follows from Eqs. (3.3) and (3.7) and is given by 
3g eminus 
~~ BSEm., 8m 


(3.9) 


If the potential energy inside the box is not zero but constant equal to say, 
V, then the energy spectrum is given by 
: n 


m 8m.a* 


Although the value zero for z is permitted it is not acceptable because the 
function Yn of Eq. (3.8) then becomes zero; but an electron is assumed to 
be always present inside the box. Therefore, the lowest kinetic energy, called 
the zero-point energy, of an electron in a box is given by [substitute n = 1 


in Eq. (3.9)] 


seats (3.10) 


Ezero point = a (3.1 1) 


This shows that the electron inside the box is notat rest even at 0°K. There- 
fore, the position of the electron cannot be precisely known. Since only the 
mean value of the kinetic energy is known, the momentum of the electron 
is also not precisely known (see answer to problem 2 of this chapter). The 
occurrence of the zero-point energy is therefore in accordance with the 
Heisenberg uncertainty principle. 

If the walls of the box are removed and an electron is free to move with- 
out any restriction in a field whose potential energy may be assumed to be 
zero then Schrédinger’s equation and its solutions are respectively given by 
the Eqs. (3.2) and (3.5). The arbitrary constants C, D and k? can now have 
any value one chooses to give them. Therefore, the energy given by 

gen 

E= ehm, 
is not quantised in this case. Thus, when an electron is bound in a system 
it has quantised energy levels given by Eq. (3.9) or (3.10) and it leads to 
discrete spectrum. On the other hand, a free electron moving: without any 
restriction has the continuous energy spectrum. This qualitatively explains 
the occurrence of continuum in the atomic or molecular spectra on ionisa- 
tion because an electron lost by an atom or molecule is free to move with- - 
out any restriction. 


(3.12) 


3.3 Normalisation and Orthogonality 
The wave functions for the various states of an electron in a box are given 
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by Eq. (3.8). The probability distribution is 

| Ya | = D? sin? x (3.13) 
The integral of this wave function over the entire space in the box must be 
equal to unity because there is only one electron and at all times it is some- 
where in the box. Therefore 


a a 
Í PIE D? sin? x dx = 1 
0 o a 


But, sin? 0 = 3(1 — cos 28) 


a h a 
So [ristiae = efa f aa f cos 2 x as] 
0 0 0 a 
= Dua2—0]-1 
E 
or D = J ey (3.14) 
Thus, the normalised wave function of an electron in a one-dimensional 


box is given by 
7. nm 
tn = [oid x (3.15) 


Consider the normalised wave functions Yn and /, corresponding to two 
different states of an electron in a box. It is found that for n ¥ n’ 


fouet =0 (3.16) 


The wave functions for different states of this system are thus orthogonal. 
This can be shown as follows! 


: EAE Om, E 
f Pinpni dx = ^ f: sin 7 xsin dx 


S (n — ny: E 
[ a sain yn a *Sin 


(n — n) a (n+ n) 

=0 (3.17) 
Since the hamiltonian for an electron in a box is a hermitian operator, the 
wave function ¥, and J/ corresponding to two different states should be 
orthogonal in accordance with the theorem of Sec. 2.7.1. This property 
of orthogonality between any two different states ensures that the various 
states are truly independent of one another. 


(n+ DR I 


0 


1. sin nô sin nð = Mcos (n — n6 — cos (n + n'y. 
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3.4 Characteristics of the Wave Functions 

A few energy levels and the corresponding wave functions ate shown graphi- . 
cally in Fig. 3.2. Imagine a one dimensional mirror which is parallel to the 
walls of the box and situated at the centre of the box as shown by the dotted 
line in Fig. 3.2. It should be noted that the wave functions are alternately sym- 
metrical and antisymmetrical with respect to reflection from such a mirror. 


Fig. 3.2 Energy levels and eigenfunctions 

for a few lowest levels of an electron ina 

one-dimensional box of length a 

Besides the points on the walls of the box, there are points inside the box 

where the wave function is zero. These points are called nodes, It is evident 
from Fig. 3.2 that as the quantum number, n increases, the number of 
nodes on the wave increases. For example, the state whose wave function is 
Yn has (n — 1) nodes inside the box. This type of behaviour is general for 
all systems. Increasing the number of nodes decreases the wavelength, which 
corresponds to increasing the kinetic energy. 


3.5 Discussion of the Factors Influencing Colour 


The wave mechanical treatment of an electron in a box gives rise to large 
number of discrete energy levels. On suitable excitation the electron may 


undergo transition from one level to another. The transition energy for the 


transition 
nt — Yn is given by 
ni? = 
4E = "rudi qu (3.18) 


The frequency of transition obtained through Bohr's relation, v — AEJh, is 
given by 


ULL 
a mA h (3.19) 
or the wavelength of the transition is 
(o ee (3.20) 


y (n? — mh 
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This relation shows that the longer the length of the box a, the longer the 
wavelength at which the optical transition in such a system occurs. Thus, 
* by suitably adjusting the length of the box, the wavelength of an electronic 
transition can be made to appear in the visible range of the spectrum (roughly 
from 4000-8000 A). The system then becomes coloured. However, it should 
be emphasized now that transition between any two levels is not always 
permissible, because the transition probability for an electric dipole transition 
(which is the most important cause of light absorption) depends on the 
‘magnitude of transition dipole moment integrals defined as 


e Je dx 
` The relationship between the transition probability and the transition dipole 
moment will be discussed in a greater detail in a later chapter. Here, it will 
be shown, under what condition the transition dipole moment integral is 
different from zero for an electron-in-a-box. Consider the integral 


f Viae xfa dx = — zf sin ^7 x. x sin Tx dx (3.21) 
Letting = = 6, we may write 
f; nxa dx = EIN sin nô sin n'0-0 d0 


"Mee rta nentes] 


= Sih — h) (3.22) 

where 
h he (n — n') 0-6 d0 
o. sin (n — mel -f sin (n — ny 4 
(n — n') n-—n 

= [o + sc if (n — n') is an odd number 

=0, if(mn — n) isan even number; 
and 


h = fi cos (n + n’) 0-6 qo 


-[¢. sin sin try soe xy" f atay Sety 2 ap ap 


= [o cL cy] if (n + n')is an odd number (3.24) 
=0,  if(m- n)isan even number. 


| 
| 
| 
| 
| 
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This simple argument shows that the transition dipole integral Jom dx 


does not vanish if (n + n’) is an odd number. Then the selection rule for 
an electric dipole transition in this system may be stated as follows: A 
transition between a pair of states is possible if the sum of or difference in 
quantum numbers is an odd number. If both are even numbers the transition is 


said to be strictly forbidden. 


3.6 Symmetry Arguments in Deriving the Selection Rule 


Instead of evaluating the transition dipole integral, simple symmetry argu- 
ments may be used to predict whetheran electric dipole transition is allowed 
or forbidden. A symmetry operation is a process, such as rotation about 
an axis, reflection from a plane mirror, etc., that transforms a system into 


o0 
a form indistinguishable from its original. Any integral, say f f(x) dx, 


which stands for an observable quantity such as energy, must be independent 
of the coordinate system and invariant to any symmetry operation, For 
example, in Fig. 3.3 is shown the transformation of rotation about z-axis 
on the coordinate system. The area under the curve determines the magni- 


tude of the integral 5 f(x) dx, which remains unchanged on rotation. If the 


integrand changes sign under a symmetry operation, it will have a value in 
one part of space, equal and opposite to that in another part of space. 
The integral overall space would then be zero. Hence a non-vanishing 


transition moment integral, [es must remain unchanged on a 


symmetry operation. 


Fig. 3.3 Rotation of the X-Y coordinate system by 
an arbitrary angle about Z-axis which is perpendi- 
cular to the plane of the paper 
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Let R represent the reflection from a plane mirror situated at the centre 
of, and parallel to the walls of, the box in the system of an electron in a 
box (Fig. 3.2). An eigenvalue equation for such an operator may be 
written as 


Ry = aj (3.25) 


where « is the eigenvalue of R. Since the repetition of this operation yields 
the original ) one may write 


RN = RR = Rub = ay = c = yp (3.26) 
or 
a= l, e=+1 (3.27) 


Thus, there are only two possible eigenvalues of R. When « = + 1, the 


eigenfunction is said to be symmetric with respect to the operation R and for 
a = —1, the eigenfunction is antisymmetric. Let the symmetric and anti- 
symmetric wave functions of the electron-in-a-box system be, respectively, 
denoted by /s and pa. 


Consider the integral Í VaXU, dx. On operation with R, one has 
af Ve, dx = [itv 8i. dx 
= [c2 
=- [om dx (3.28) 


Thus the integral changes sign and therefore a transition from a symmetric 
State to another symmetric state is forbidden. Similarly, it can be shown 
that a transition from an antisymmetric state to another antisymmetric state 
is also forbidden, while the transition from a symmetric state to an antisym- 


metric state is allowed because the integral [ots dx is unchanged under 


the operation R. It is apparent from Fig. 3.2 that the wave functions charac- 
terised by odd quantum numbers are symmetric and those by even quantum 
numbers are antisymmetric, Therefore, a transition can take place only from 
a state characterised by an even quantum number to a state characterised 
by an odd quantum number or vice versa. This is in agreement with the 
conclusion drawn in 3.5. 


33.7 Three Dimensional Box 


We now consider an electron in a three-dimensional box which for simplicity 
is taken to be a cubic box with edges of length aand volume of a? (Fig. 3.4). 
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The potential V may be put equal to zero within the box; at the boundaries 
of the box and in the remainder of space outside the box, we assume, 
V = co. We choose the Cartesian coordinate system with the origin at one 
corner of the box and the x, y and z axes along the edges of length a each, 
as shown in Fig. 3.4. The potential energy is then 


V.—0, 0<x<a, Ve= © otherwise 
V,=0, 0<y<a, Vy= 2 otherwise 
V:=0, 0<z<a, V:= © otherwise 


ery 
Fig. 3.4 Electron in a three-dimensional 
cubic box 


The Schródinger equation within the box is then given by 
ap , Ah , 0M Schm. my i 
a tips eae TN E 


We assume the possibility that the wave function which is a function of 
x, y, z lie. J(x, y, 2)] is a product of three parts separately dependent on 


X, y, and z, as 


d(x, y, 2) = feo fo» fo (3.30) 
Therefore 
ae roe e | 
ap Hf(y) 
a = fefc E i (3.31) 
[i 


D ô? 
A foso Z| 


Substituting Eqs. (3.31) in (3.29) and dividing throughout by 
802m. 
Ta Se) f0) fo 


one gets 


poa Af), Pod Of), P AAD, pig 


Schm, f(x) x2. | Bam. JO) ay? ^ Bam f(z) 02 


(3.32) 
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The first term is a function of x only, and independent of y and z, the 
second term is a function of y only and independent of x and z, and the 
third is a function of z, independent of x and y. The fourth is a constant. 
If y and z are kept constant and x varied, the second, third and fourth terms 
remain constant. Therefore first term must remain constant. Let this constant 
be—E,. By a similar argument the second must be constant, say—Ey, and 
the third, say—E;. We may, therefore, write 


R 1 ox) 


TES TO oF = +Ex (3.33a) 
02, 
x Pj x ape (3.33b) 
Fis), Caio 1 C2 BL. 
Tem. 3 TE C33 
and also 
E = E; + Ey + E: (3.34) 


Each of the Eqs. (3.33) is of the form of Eq. (3.2) and subject to the same 

boundary conditions as assumed earlier for the one-dimensional box. There- 

fore, the normalised wave functions and the energy spectrum associated with 
. Eq. (3.33a) are given by 


fe) = | sin x 6.35) 
and 
2 
E-25 (3.36) 


where m. is an integer not including zero as this value of nx would make 
f(x) equal to zero everywhere. There are similar solutions for f(y) and 
f(z) which involve the quantum numbers ny and nz. The final result is 
therefore, 


Y Gy, 2) = fH) 


SS na n na 

= | Sin sin 2 y sin 2 (3.37) 
zu (nz + n + n? 

and E= Es + Eyt Ed e o (3.38) 

where mz, ny, n; — 1, 2, 3, 4,... The Occurrence of three quantum 


numbers is characteristic of a three-dimensional problem in wave mechanics, 
The zero point energy is three times that for a one dimensional box, there 
being a part associated with each of the three coordinates. Since each state 
is characterised by three quantum numbers it is Possible to construct several 
excited states of same energy. For example, there are three independent 
states having the quantum numbers (2, 1, 1), (1, 2, 1) and (1, 1,2) for (nx, 
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Ny, Mz). All these three states have the same energy 6h?/8mea?. Such a level 
is said to be three-fold degenerate or triply degenerate. In Fig. 3.5 is shown 
a few energy levels illustrating the degeneracy and the zero point energy. 


(1, 2, 3) (1, 3, 2) 
1 (2, 1, 3) (2. 3, 1) 
(3, 1. 2) (3,2,1) 


n (2, 2, 2) 

" (3,1,1) @,3,1) (1,1, 3) 
E (2.2.1) (2.1, 2) (1.2, 2) 
(2.1.1) (12,1) (1, 1,2) 
: (1,1. 


= 


Li Zero point energy 


Fig.3.5 Energy (in units of h*|Bm,a*) and degeneracy of the 
various states 


The wave functions of the three members of the above triply degenerate 
levels are different. Consider a slight distortion of the cube by da along the 
x-axis. For the state (2, 1, 1) the energy of electron in the undistorted cube 
may be written as 


E =E; + E; + E: 


4h? h? k? 
EPE t SAIS, 3 
Sma? ^ 8mea* y^ 8mea* en 


The new energy on distortion along the x-axis is 
E + dE = Ex + dEx + Ey + Ex 


ET o A atom 
Sma ma 7 gau inue 
TORQUE 
= gma mæ a ow) 


whereas the new energy for the other two states, ie. V (1, 2, 1) and 
#(1, 1, 2) is 


O R 

8m? — 4m 
Thus, the initial three-fold degenerate levels are split on distortion of the 
cube into a non-degenerate level and doubly degenerate levels. It isa 
common phenomenon in chemistry that the electronic degeneracy is reduced 
or removed on slight distortion of a system. This is analogous to the 
Jahn-Teller effect which states that in a non-linear molecule where electronic 
degeneracy occurs there always exists a vibrational mode which can remove 
the degeneracy. The molecule can, therefore, spontaneously distort from its 


E+dE= da (3.41) 
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most symmetric configuration until it assumes a configuration of lower 
symmetry and lower energy. 


` 3.8 Electron in a Ring 


Let an electron be restricted to move along a circular track on which the 
potential energy is constant. The angular coordinate may be used but we 
shall use the one-dimensional equation as 


p M 
so M (E Veo | 42 


As shown in Fig. 3.6, an woor point on the ring is chosen as origin 
(i.e., x = 0) and the coordinate x varies around the circular track. Let C 
be ‘the length of circumference of the ring. Since wave Serine must be 
single valued, we have 


W(x) = Wx + C) (3.43) 
(x «0) 


Y 


Fig.3.6 Electron moving ina ring of constant 
potential energy 


Setting the potential energy, V equal to zero and assuming 


2; 
p Pop (3.44) 


the general solution of Eq. (3.42) becomes 


V) = A sin kx + Boos kx (3.45) 


The boundary conditions are now different from those of a one-dimensional 
box (Fig. 3.2). According to Eq. (3.43) 


WO) = ¥(C) (3.46) 


B = Asin kC + B cos kC (3.47) 


With the particle in a box there was a discontinuity in óJ/Óx at the walls 
of the box because at those points there was a discontinuity in the potential 
energy. In such a situation while 4 is continuous, Ó//Ox is not. Where there 
is no discontinuity in V, as is in this case, both % and 0/@x must be conti- 
muous. Thus, we have another condition 


(o x-0 -(E B Gs 


Therefore, 
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This leads to 
Ak = Ak cos kC — Bk sin kC (3.49) 
Multiplying Eq. (3.47) with Bk and Eq. (3.49) with A and then adding 
them, we obtain 
coskC = 1 (3.50a) 
or kC = 2n» (3.50b) 
where n = 0 + 1, 42, +3, +4,..., because cos (0) = cos 6, The 
energy levels are, therefore, given by 
wh? 
E = mC 
which follows from Eqs. (3.44) and (3.50b). These results may be compared 
with that of an electron-in-a-box (Sec. 3.2). They differ in two important 
aspects. In this case n can have values of zero, positive or negative integers 
so that each energy level, except that for n = 0, is doubly degenerate. The 
unnormalised wave functions may be written as 


(3.51) 


Visi Duas xb B cos x (3.52) 
which follows from Eqs. (3.45) and (3.50b). For a state having n = 0 (for 
which E — 0), the wave function is 


Vo = B = constant - $ (3.53) 


There is, therefore, no variation of f round the ring in the lowest state. 
Thus, the zero point energy is not encountered with when the potential 
energy does not change round the circular track. This does not violate the 
uncertainty principle because the particle can be found anywhere in the 
ring with equal probability and therefore the uncertainty in. position is 
infinite. 

The normalisation requirements provide a relationship between A and B 


as follows: 
i SY d 2m y 
INC sin^c- x + B cos Brod x) dx 


c c 
= A?| sin? dus xdx + B? | cos? pf xdx 
0 € 0 C 


Cle ant 2nv ux 
T 248 |, sin —G_ x cos -c xx =1 
or (4 + B?) C/2 = 1 
or A2 + B= 2/C (3.54) 
The simplest way of representing A and B to satisfy Eq. (3.54) is to put 
2 J2 NE E 
4- 2 cos «, s= /2 sin « (3.55) 


where « may have any value. 
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Therefore the wave function 


= fZ cos a sin 2 [E sine 2n 
= cos « sin x g sin a cos —G 
= J£ sin t x+ a) (3.56) 


satisfies the wave equation (3.42) and is normalised. 


3.9 The Rigid Rotator 


More important and somewhat more complex than the systems discussed 
in the previous sections is the one dealing with the rotation of a diatomic 
molecule in space, where the bond length is assumed to remain unchanged 
during rotation. The theory of such rigid rotator in space is useful in deal- 
ing with rotational spectra of diatomic molecules. We consider a diatomic 
molecule which consists of twoatoms of mass m and mz rigidly joined by 
a weightless link of length R. Assume that the centre of gravity of the 
system is fixed at the origin of our coordinate system. Let the distance of 
mı from the centre of gravity ber; and distance of mz be r2, then 


muri = mora 
and n+n=R 
where 
mR 
S mtm 
mR 
and = 
n= im +m 


. The kinetic energy of rotation of the atoms joined together by a link is 
given by 


KE = dui + doi (3.57) 
where v; and v? are the linear velocities of mass mi and mz respectively. 


Since r; and rz are assumed to remain unchanged during rotation about the 
centre of gravity, one can write . 


2 
KE = meri + pma? = potr = T (3.58) 


where w is the angular velocity, 7, the moment of inertia about an axis 
passing through the centre of gravity and normal to the line through the 
masses, and L (i.e. wI), the total angular momentum of rotation. If no 
forces act on the rotator, we may put V = 0 and the hamiltonian may be 
given by 


to 
m 


H-z (3.59) 


N 
`~ 
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To solve this problem it is most convenient to use the expression of È? in 
spherical polar coordinates (see Eqs. 2.49). Therefore, Schródinger's 


equation Hy = E may be written as 
ETE Hs y ] 2M I 
and an ? ra) + Sin? 0 ag 
This equation contains two angular variables 0 and 4. It is solved once 


again by the method of separation of variables. We look for a solution of 
the form 


— Eb 0 (3.60) 


y = 6(0) o ($) (3.61) 
After making this substitution we may write Eq. (3.60) as 
0 E ar? 2 
S (sin 5) E simo = -3 P4 (3:62) 


Setting both sides of Eq. (3.62) equal to a constant, say m?, we obtain the 
pair of differential equations, each in one variable, as 


12, 
ie + md = 0 (3.63) 
121503528. 0B, n? 
Ein aon f o) + G SRA 3) 9 RU (3.64) 
2 
where B= SE (3.65) 


Equation (3.63) has the solution 
9(9) = C-exp (im) (3.66) 


This is an acceptable wave function provided m is an integer (see eigen- 
values of Lz, Sec. 2.2). This condition arises because Ó is required to be 
single valued. Thus 


$(4) = D(27 + 4) 
or exp (im$) = exp [im + 27)] (3.67) 
This requires exp (27mi) to be unity, in other words 
cos 27m + isin2zm = 1 
This is true if m = 0, +1, +2, +3, ... etc. The normalisation condition 
gives C the value (27)-!2, The normalised solutions of Eq. (3.63) are 
in($) = P exp (img) (3.68) 


(ons 00 123 119) 


Equation (3.64) is identical with Eq. (A3.9) of the Appendix 3 when £ is 
replaced by /(/ + 1). Therefore, Eq. (3.64) has as its solutions the associated 
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Legendre polynomials P,'"! (cos 8) where ‘P is either zero or a positive 
integer and further / > | m |. The normalised solutions are given by 


241 = Tm)! 
eo = e. = JOTI pmo) (63.69) 


The restriction on ‘/’ leads to quantisation of the kinetic energy of rotation, 
whose values are given by ; 
(3.70) 
Equation (3.70) is obtained from Eq. (3.65) by substituting /(/ + 1) for B. 
The total wave function of a rigid rotator is then given by 

YO, 4) = 91,4m(8) Pm($) = Yi,sm(8, $) (3.71) 


The functions Yı+m are called spherical harmonics. The following are a 
few spherical harmonics (see Appendix 3). 


Yoo = DNI Yiz = e sin 0 exp (+i¢); 
V3 


Yi,0 = Az ——= cos 9; Ya,o = M (3 cos? 0 — 1); 
Y2,41 = ES sin 20 exp (t i$); 
Yaya = zx sin? 0 exp (£2i6) ——— (3.72) 


It is to be noted from Eq. (3.70) that the energy of a rotator does not 
depend on the quantum number m. Moreover, the lowest state (for which 
1 = 0 and obviously m = 0) has zero energy and this is permissible accord- 
ing to the uncertainty principle because there is no variation in wave func- 
tion, Yo,o, on the surface of sphere. 


Since the hamiltonian operator of a rigid rotator is given by L?/2I (see 
Eq. 3.59) and has the eigenvalues /(/ + 1) }?/87?I as shown in Eq. (3.70), 
the functions Yim (8, 4) are also the eigenfunctions of the angular momen- 


tum operator £^. The eigenvalue equation then is given by 


I4, 4) = EY joy, $) (3.73) 


Since L? and Ê; commute, the eigenfunctions of both operators can be 
chosen to be the same. Thus 


is Yam 0,9 = 32, zoo —— y exp — 


£ ims) |= i7 
& Po Leo (im) | = 2 to 
(3.74) 
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For a given value of /, m can take (2/ + 1) integral values 7, 7 —1,...,0 
2.2. — (1L — 1), — L We have seen, therefore, that the solution of the pro- 
blem of the rigid rotator gives us directly the solution of the angular 
momentum operators. 


3.10 Systems with Discontinuity in the Potential Field 


Let us consider an electron (or any particle) of mass me moving in one 


een, in the direction of positive x-axis in a potential field defined by 
Fig. 3.7. 


V=0 for x<0 
V = Vo for x >0 


Vi Vo 


Fig. 3.7 A simple potential barrier 


The Schrédinger equations for regions I and II are respectively 
Bh, 8z^me 


da + apt Bh = 0 (3.75) 
ay 8mm 
o y SEM (E — vola = 0 (3.76) 


where ¥ and #2 are the wave functions of the particle in regions I and II 
respectively. Suppose, the energy is such that 0 < E < Vo, and let ` 
_ 87?m. .. 2. 87m, 


ke p E; ki = 


(Vo — E) (3.77) 


The appropriate wave functions for the two regions will clearly follow from 
Eqs. (3.75) and (3.76). Equation (3.75) has the solution: 
yi = A exp (ikx) + B exp (—ikx) (3.78) 


where A and B are arbitrary constants. 
Equation (3.76) has the solution: 
J2 = C exp (—kix) + D exp (4- ix) 
where the constant D has to be set equal to zero because #2 must vanish at 
infinity. Thus 5 
y2 = C exp (—kix) (3.79) 
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where C is another arbitrary constant. In (3.78) the first term, i.e. exp (ikx) 
is an eigenfunction of the linear momentum operator (h/27i-2/@x) with the 
eigenvalue, kh/27, while the second term exp (—ikx) has the eigenvalue 
—kh/27. This suggests that the first term represents a wave travelling in the 
positive x-direction, i.e. the incident beam, and the second term represents 
a wave travelling in the negative X-direction, i.e. the reflected beam. Both 
the functions % and ĝ%/ðx are continuous and the boundary conditions are 
therefore 


je Oji — Oda Es 
yı = Ja and ju». awe) 


which give the following equations 


A+B=C (3.80) 

A— B= —Ckilik (3.81) 
ae ad ca EHE. Re ca Amm (3.82) 
Therefore, 


The intensities of the reflected and the incident beam are in the ratio 
| B}: | AP, but from Eq. (3.83) | « |? = «x* = 1. Hence, the intensity of 
the reflected beam equals that of the incident beam. That the wave-function 
in Eq. (3.79) in the region II decays exponentially is indicative of the 
particles suffering almost total reflection in the region I. 

However, there is a small but finite probability of particles being trans- 
mitted in the region II, which is not predictable from the classical mechanics. 
We define the transmission coefficients by | C/A |? and it follows from 
Eq. (3.82) that 
BE. xk 2k | 4g 

ik —kiiktk Rat 
Substituting for kı and k (see Eq. 3.77) 


IST 
a 


The transmission coefficient is not zero unless the potential energy of the 
barrier is infinite. A study of more complicated barriers such as that depicted 
in Fig. 3.8 reveals a striking feature, known as the ‘tunnel effect’. Consider 
a beam of electrons moving in a potential field defined as 

V=0 for x<a 

V= Vo fo ac€x«b- 

V=0 for x>b 


4E 
milit (3.84) 


with E « Vo 


— 
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x-a x=b 


Fig. 3.8 A potential barrier with a finite thickness 


If we define 
op = Sem, p en — p) (3.85) 
then Schrödinger equations for the three regions are as follows: 
A + 0% = 0 (Region) | 
oe — Bh; = 0 (Region II) | G36) 
T + «Aj, =0 (Region III) J 


The wave functions for the three regions are 
Ji = At exp (ax) + Azexp (—iax) 
Ja = By exp (--Bx) + Ba exp (—Bx) (3.87) 
3 = At exp (iax) + Ad exp (—iax) 
Since in region III there is nothing to cause reflection of the electron, 
43 = 0. Since the potential energy is either finite or zero, a according to 


the wave equation is finite. So there cannot be any sudden change of Op/dx. 
In other words 2j/óx must be continuous, in addition to % being continu- 
ous. The continuity conditions for ¥ and 0p/dx at x = a (i.e. #1 = a and 
OJa/üx = Ojo[Ox at x = a) lead to the following equations: 


Ai exp (ixa) + 4a exp (—ixa) = Bi exp (Ba) + Ba exp (—Pa) (3.88) 
A1 exp (iaa) — A2 exp (—iaa) = fu exp (Ba) — Bzexp (—8a)] (3.89) 


2A, exp (ixa) = Bi exp (Ba)(1 + B/ix) + Ba exp (—BaY1 — Blix) - (3.90) 


The continuity conditions for y and ô%/ðx at x = b give rise to the following 
equations: 


Bi exp (Bb) + Ba exp (—Bb) = Ai exp (ib) 691) 
Bi exp (Bb) — Ba exp (—Bb) = z4 exp (iab) (3.92) 
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o Bi = AAB + ia) [exp (iz — BÀ (3.93) 
Bo = i — ix) [exp (ix + 8)5] (3.94) 


Inserting Eqs. (3.93) and (3.94) in Eq. (3.90) one obtains 
24i exp (ixa) = 525 exp (i2b)[B? (exp (—dB) — exp (dB) 


+a? {exp (dB) — exp (—dB)} + 2i«B (exp (df) 
—exp (—dB)}] (3.95) 
where d is written for (b — a) which determines the thickness of the potential 
barrier. Since à 
exp (0) + exp (—6) = 2 cosh 6 
exp (8) — exp (—6) = 2 sinh 6 
We may write Eq. (3.95) as 
A= -——À — P?) sinh (dB) + 4ixB cosh (48)] (3.96) 
exp (— ied) 


GEL LOC MM z (3.97) 


>> 


2 
is, therefore, given by 


The transmission coefficient 


2 


Ai exp (id) exp (—iad) 
A 


= [G2 — 83) sinh (48) (x? — B?) sinh (d 
[E— 2 sinh «P + cosh a] cosh (dB) — ir mr e] 


1 
icit 2 — gy? sinh? (E 
(x? — B^y sinh? (Ba) 3.98 
cosh? (Ba) + Se (3:38) 


For very large value of Bd, both cosh (Bd) and sinh (Ba) becomes } exp (Ad) 
and Eq. (3.98) may be reduced to 


Ai? _ 160282 exp (—2f4) 
4| * wm (3.99) 


showing that Aí is generally non-zero and there is a finite probability of 
the particle tunnelling through this potential barrier. This equation shows 
that the transmission coefficient diminishes exponentially as the thickness 
of the barrier increases. It also Shows how the transmission coefficient 


through « and £. This result that the particles are able to tunnel through 


the barrier although their kinetic energy is not great enough to allow them 
to pass it cannot be predicted from the classical mechanics. 
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There is enough evidence to demonstrate that the tunnelling phenomena 
occur in nature. The most direct evidence is found in the radioactive 
disintegration of atomic nuclei by alpha decay. It is important in many 
chemical processes in which electron transfer takes place from one atom 
to another. The emission of electrons from metals at low temperatures and 
high electric field strengths is also controlled by tunnelling. 


3.11 Rotation of Molecules 

Rotation of ja molecule can be treated, to a good approximation, as rota- 
tion of a rigid body for which one can find a Cartesian coordinate system. 
We shall first define the moment of inertia of a rigid body. The moment of 
inertia is a tensor and defined in a Cartesian coordinate system as 


Ty = E ma(rady — Xai Xaj) (3.100) 
d 


where ma is the mass of the particle « in a molecule, rx is the distance of « 
from the centre of mass, X«,;, Xaj and Xa,k are the x, y and z coordinates of 
the particle « (see Appendix 3B). Thus, from Eq. (3.100) one may write 


Ix = Z mara — xa) = zZ malxa + ya + za — xa) 
= z ma(ya + za) 
hy =2 ma(xe + za) 
Testers Z maxa + yi) (8.101) 


where each sum is taken over all the atoms in the molecule. Since the 
matrix Iy (i.e., Ixy, Iyz, etc.) can be shown to be symmetric and real, the 
matrix Jy is diagonalised. The eigenvalues are called the principal moments 
of inertia and have the form given by Eq. (3.101), Its eigenvectors are called 
the principal axes. The kinetic energy of rotation of a rigid body is then 
determined by the moment of inertia Ji; about the axis of rotation, i, and 
the angular velocity w; about the axis i (i = x, y, z) [see Eq. 3.58]. 


Exo = Miet = 57 (3.102) 
If rotation about all three axes is allowed, the total kinetic energy is given 
by 

LAT. JU. 

= pues Se 3: 
We Dopod m 13103 
where Lx, Ly and Lz are the three components of angular momentum. 
Equation (3.103) is the key equation which can be used to break the 
discussion according to the type of molecules being considered. u 


Case (1): l= kx SI = Lz 
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Such a system is known as spherical top. Symmetry of this type is found in 
molecules like CH4, CCls, SFe, etc. For such systems the rotational energy 
levels are given by Eq. (3.70) and the corresponding wavefunctions are the 
spherical harmonics (Eq. 3.71). 

Case (2): I= Iss = Iy Z Iz 

Such a system is called the symmetric top. Symmetry of this type is found 
in all diatomic and linear polyatomic molecules, NH3, benzene, etc. For 
linear molecules the internuclear axis is used as the z-axis. For molecules 
like NH3 (pyramidal), the axis of three-fold symmetry can be used as the 
z-axis. The rotational energy of a symmetric top is given by 


Di DE p de 


Erot T 21 
dh Li+ LS +L, RE 4] 
2I 2 Lis: I 
ms uy 1 1] 
ba) Slm T 104) 
Replacing L? and 72 by their quantum mechanical operators we have 

ae epa a 1 3 (3.105) 
Be or oii. 


We then apply the eigenvalue equations [Eqs (3.73) and (3.74)] to Eq. (3.105) 
Bec Yran, $) = È ant, D + [3 — HEY, 6 
az 


I 
= ErotYi,zm(9, $) (3.106) 
where 
I 3 1) (5-3) 
Exot = 8 [e Tm ra I (3.107) 
with 1-0,1,2,... 


m= 0, +1, +2, ... 


Above equations show that while wavefunctions of the spherical top and 
symmetric top are given by the same spherical harmonics, the energy levels 
of the symmetric top, unlike the spherical top, depend on m, i.e., on the 
Projection of the angular momentum vector on the z-axis. Each energy 
level is therefore doubly degenerate because +m and —m lead to same 
energy. Unlike the spherical top where each level is (27 + 1) fold degenerate, 
the +m and —m correspond to clockwise and anticlockwise rotations about 
the z-axis, respectively. When m = 0, it means there is no component of the 
angular momentum about the z-axis. This is Possible if the angular 


momentum vector L is perpendicular to the z-axis, In the case of a diato- 
mic molecule, AB, m = 0 corresponds to the end-over-end rotation, i.e., the 
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7 molecule rotates about an axis perpendicular to the z-axis (Fig. 3.9). Since 
there are two such axes (x and y), the molecule AB will have two degrees of 
rotational freedom. 


z Fig.3.9 End-over-end rotation of a 
diatomic molecule 


When m = +l there is a large component of angular momentum vector 
on the z-axis and the molecular rotation is almostabout the z-axis as shown 
in Fig. 3.10. If the molecule AB is imagined to be a cylinder, then the 
cylinder rotates about its axis when m = +/. In real molecules the only 
rotation about the z-axis is rotation of each atom about its own nucleus. 
Thus a diatomic or any linear polyatomic molecule has only two degrees of 

^ rotational freedom. 


T 


Fig. 3.10 Rotation of a molecule about the bond axis 


Case (3): Tex F Ly $ Iz 


Such a system is called the asymmetric top—a molecule in' which all 
three moments of inertia are different. Molecules like H20, SO», etc. belong 
to this category. In the asymmetric top there is no axis around which 
angular momentum is conserved. Although there are still (27 + 1) levels 
for each value of / the levels are not degenerate and the wavefunctions are 
not spherical harmonics!. 


3.12 Rotational Spectra 


When a dipole rotates in a plane perpendicular to the axis of the dipole, an 
observer also in the plane of rotation will see the fluctuating dipole 
(Fig. 3.11). The fluctuating dipole can interact with the electromagnetic field 
of radiation. Therefore, molecules with permanent dipole moment can 
emit or absorb radiation by making a transition between different energy 
levels of rotation. According to classical theory one should observe radia- 
tions of continuous frequencies. But the rotational spectra of molecules 


1. G.W. King, R. Hainer and P.C. Cross, J. Chem. Phys., 11, 27, (1943): 12, 210, 
(1944); 15, 820, (1947); 17, 826, (1949). 
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consist of discrete lines which are observed in the far-infrared or microwave 
Tegion. 


! 1 
V E | 
=) 


Fig. 3.11 The +, —, and 0 refer to the positive, negative and zero 
charge. The dashed line is the axis of rotation 


The energy of rotation of a diatomic molecule is given by Eq. (3.107). In 
a diatomic or any linear polyatomic molecule, the only contribution to Iz 
arises from electrons and from the non-zero radii of the nuclei. Both are 
very small compared to J. The energy term associated with L2 is therefore 
either very large when Lz ¥ 0 for electrons or very small when L, = 0 for 
electrons, For a given electronic state this part of energy can be included 
in the electronic energy. We therefore disregard the second term of 
Eq. (3.107) and consider the transition /’ > | in a non-vibrating molecule. 
4E is then given as 


AE = En — Ey = BUU + 1)— Ki + 10] (3.108) 
where 
A 
B= racy] (3.109) 


If po be the permanent dipole moment of the diatomic molecule, it has 
three components in spherical polar coordinates as [see Appendix 2] 


Hz = Mo Cos 0 
x = Ho Sin Ó cos à (3.110) 
Hy = Ho Sin 0 sin $ 


We consider the Z-component of the dipole moment of transition. Each 
rotational state is characterised by two quantum numbers / and m [see 
Eq. 3.71]. Then the z'component of the transition dipole is given as 


Re = wf f Yussmi(®, $) cos 9¥ im (0, d) sin 8 d dj (3.111) 


Writing the functions in terms of the associated Legendre polynomials one 
obtains ' 


r 4 
Ri = Boi m Nim , Pi") (cos 0), cos 0. pf? (cosi) sin 6 d0 


[T oxo lim ~ maa TRO 


aiio aedi 
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where Numi, Nim are the normalising factors given in Eq. (3.69). In 


Eq. (3.112) the integral over exp [i(m' — m)$] vanishes unless | m | = | m'|. 
Thus, for the rotational transition to be observed 
Am — 0 (3.113) 


i.e., there should be no change in angular momentum along the main axis 
of the rotator during transition. The recurrence relation for the Associated 
Legendre polynomials is given by 


Im} l jn! 1— m +1 im! e 
cos 0P; " ' (cos 0) = Tx (cos 0) + 314-1 Pii (cos » 


(3.114) 
Substituting Eq. (3.114) for the integral over @ in Eq. (3.112), we have 
* [51m | LIM aim' cos 6 
f. [n (cos 0) WA PI^ (cos Ne 


4 PI” (cos 0) = n E 17! (cos o] sin 0 dð (3.115) 


This integral is nonvanishing when 
-1—1 or l-l41 


In other words, the selection rules for rotational transitions are 


4m — 0 
Al — +1 (3.116) 
and to * 0 


The energy of the transition / + 1 — / can therefore be expressed as 


AE = Bil + y + 2) —Kl+ 1) 
= 2B(l + (3.117) 


Thus, we find that the id spectrum consists of discrete lines of 
frequencies 2B/h, 4B/h, 6B/h, etc. (Fig. 3.12) with separation of 2B between 
the successive lines. By measuring the spacing between the lines one obtains 
B, hence the moment of inertiaand the internuclear distance. Typical values 
of B are in the range 1-10 cm-!. For example, for HCl, B = 10.6 cm-!; 
HI, B = 6.5 cm^!; and NaCl, B = 0.2 cm-!. Thus the rotational spectra 
of heavier molecules appear in the microwave region. The spherically sym- 
metric molecules do not have any permanent dipole moment. The pure 
rotation spectrum of such molecules cannot be observed. 

We have so far assumed that the internuclear distance in a rotating mole- 
cule is fixed. This is questionable because the molecule is always vibrating. 
When the vibrational quantum number is high, because of the asymmetry 
of the potential energy curve the average value of R (i.e., the inter-nuclear 
distance in a bond) increases and the moment of inertia increases. Besides, 
there is a possibility of stretching of the bond by centrifugal force during 
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rotation. Both effects lead to somewhat lower values of the rotational 
energies, and thus reduce the separation between the two successive lines in 
the rotational spectra. 
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APPENDIX 3A 
Consider a function 
Y —(1— xy (A3.1) 
Then 
dY 2xl 
— n X210 Ea Le 
x 2xK1 — x?) eS) E 
adY 
or (i — xx +2xY = 0 (A3.2) 


Differentiating this equation (m 4- / 4- 1) times, using the Leibnitz theorem 
and rearranging, we obtain, 


(1 FZ — 2«m D e LIE mz o (A3.3) 


ml im 
where z= e S Y-cÓ Sy = Pe (A3.4) 
1 
ad PG) = CK — wy = nad — s» (A3.5) 


The particular function P(x), defined in (A3.5), is called Legendre's poly- 
nomial of degree 7, 


Let us assume a function 
Z = U1 — 32)-1" (m, a positive integer) (A3.6) 
Inserting this function into Eq. (A3.3) we obtain a differential equation 


ac TS - n2 + [rt 9 ng Je-0 (A3.7) 


i = 
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This equation is known as Associated Legendre equation and the function 
U usually written as P7(x) is called the Associated Legendre polynomial of 
degree / and order m(/ > | m | ). Thus 


dim 


PY" (x) = (1 — xmz = (1 — x2)mt2 das PO) (A3.8) 
When we write x — cos 0, Eq. (A3.7) becomes 
od (eee dU m ly 
sind (sin 6 w) + [u +1)— ale =0 (A3.9) 
and the solution of this equation becomes 
= pU! = sin I"! Ai 
U = PY" (cos 0) = sin ™ 8 d (cos m?! (cos 8) (A3.10) 


In the following we work out for a few values of / and m the Associated 
Legendre functions in x. 


Pox) = Po(x) = 1 7 
PUx) = Pi(x) = #(—2x) = —x 


Plo) = — 22 Zeya) = —( = 9)!" 
(A3.11) 
Pig) = Pa) = 4 St - P 2102 - 0! 
a) 
Plo) = 0 — 392 Ep) = (1 = w)" 
Px) = (l ~ x?) P) = 31 — x j 
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In this section we shall outline the concept of tensors. When a vector, say 
velocity, v of a particle moving in a particular direction is multiplied by a 
scalar K such that 
vi = Ky 

The new velocity vı has a different magnitude but refers to the same 
direction of v. If the medium in which the particle is moving is not isotropic 
itis necessary to replace the scalar K by a more general mathematical 
device that can change the direction of the vector as well as its magnitude. 
Such a device is called tensor. For example, if an electric field E is applied 
to a molecule along any axis of the molecule, a dipole moment can be 
induced perpendicular to the direction ofthe applied field. This can be 
expressed as 


Bing = XE 
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rotation. Both effects lead to somewhat lower values of the rotational 
energies, and thus reduce the separation between the two successive lines in 
the rotational spectra. 


l23 
6B 
l=2 
4B 
t=1 
2B 
l=0 
ID es 
keo Fig. 3.12 Rotational spectra with discrete 
2B 2B lines separated by 2B 
APPENDIX 3A 
Consider a function 
Y = (1 — xy (A3.1) 
Then 
dY 2xl 
—= — — Set) IMT ag RE 
dx 2xK1 — x?) TEENS Y 
or (L= oo + 2kY=0 (A3.2) 


Differentiating this equation (m + 1 4- 1) times, using the Leibnitz theorem 
and rearranging, we obtain, 


ü -= PZ am 4 07 + m+1+)U—mz=0 (A33 


CU Dem INE E AA 
where wc ion ye ERE aa = Zen (x) (A3.4) 
and Pi) = cS — x=) o uy (A3.5) 
dx JI! de 


The particular function P;(x), defined in (A3.5), is called Legendre's poly- 
nomial of degree /. 
Let us assume a function 

Z = Ul — x2)-1" (m, a positive integer) (A3.6) 
Inserting this function into Eq. (A3.3) we obtain a differential equation 


(1 39 0 — 2,88 [u+ Dis Je=0 (A3.7) 


dx 


m. 
D 


C — — 
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This equation is known as Associated Legendre equation and the function 
U usually written as P7 (x) is called the Associated Legendre polynomial of 
degree / and order m(/ > | m | ). Thus 


Imi 
PG) = (1 — imaz — (1 — ya 2 p(x) (A3.8) 

When we write x = cos 0, Eq. (A3.7) becomes 

IX dU. m? Br 
ais (sin 0 a) + [u + 109 RM =0 (A3.9) 
and the solution of this equation becomes 
Iml 

U = PI" (cos 6) = sin n @ TE’ (cos 8) (A3.10) 


In the following we work out for a few values of / and m the Associated 
Legendre functions in x. 


PO(x) = Po(x) = 1 7 
PW) = Pi(x) = 4(—2x) = —x 

Plo) = 0 — 392 Zeya) = —( = 33)!" 
(A3.11) 


Pl) = P3) = V Sa — y = qox — 10 


Pix) = (1 — x2 4 pax) = (1 — x23 


P(x) = (L — x?) # Pax) = x1— x? j 


APPENDIX 3B 


In this section we shall outline the concept of tensors. When a vector, say 
velocity, v of a particle moving in a particular direction is multiplied by a 
scalar K such that 
vi = Kv 

The new velocity vı has a different magnitude but refers to the same 
direction of v. If the medium in which the particle is moving is not isotropic 
itis necessary to replace the scalar K by a more general mathematical 
device that can change the direction of the vector as well as its magnitude. 
Such a device is called tensor. For example, if an electric field E is applied 
to a molecule along any axis of the molecule, a dipole moment can be 
induced perpendicular to the direction of the applied field. This can be 
expressed as 

Bing = 2E 
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where « is called the polarizability tensor of the molecule. Similarly, an 
angular momentum vector L can be generated in a direction perpendicular 
to the plane of rotation of a moving particle with angular velocity €» and 
this can be expressed as L = Jw where / is the moment-of-inertia tensor. 
Tensors like «, 7, etc., can have more than three components in a system of 
rectangular axes. A vector has three components and may also be called a 
tensor of first rank. 

We shall first consider the background for the definition of a tensor of 
second rank. Consider any two systems of rectangular axes with common 
origin as shown in Fig. (3B.1). The equations of coordinate transformation 
can be written as 


xt] hi è h d xi 
xi | =| hi bi hy xa (B.1) 
xi hi h bs x 

x 


, 


Fig. 3B.1 Two systems of rectangular 
axes with common origin 


where /; denotes the cosine of the angle between ox; and oxj. One may 
write 


xi = duxi + hx + hx 
Similarly, for xz and x3. More compactly, one can write the whole set of 
equations as single equation in the form 
xj = Wixi i= 1, 2,3 
(B.2) 
j=, 2, 3 
where the summation over the repeated index, i, on the right hand side of 
Eq. (B.2) is implied. Let us now consider two entities, a; and b; in one 


system of axes and ap and bz are the components of the same in the other 
system of axes. One can write using the convention of Eq. (B.2) 


ap = Ipiai 
(B.3) 


b, = lub; 
where /,; and ky have the usual meanings. 


n Bini aactor 2663026 
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We consider now the product ap b; which is given by 
ap bg = lpailojb; 

= Ipilajaibj (B.4) 
One can now visualise that the right hand side of (B.4) has nine terms 
obtained by giving the suffixes i and j all possible pairs of values (i = 1, 2, 
3; j = 1, 2, 3). We now see that an entity can be represented by a two- 
suffix set. If one such entity is denoted by A47; in one system of axes and by 
Aj in the other system of axes, they are connected by the relation 


Ap, = lplajAu (B.5) 
Such an entity is called a tensor of second rank. In fact one can think of 
an entity representable by more than two suffixes and develop its algebra. 
We introduce a symbol «x which can be used to simplify equations. If 
i, j, k is an even permutation of xı, x2 and x; (or x, y and z) then ey, 
takes on the value one, while an odd permutation gives ej, the value minus 
one. 


Ejk = ki = ey = 1 


€ikj = yi = Sik = —1 (B.6) 
If any pair of the subscripts i, j and k is identical, then 
cyk = 0 (B.7) 


This symbol ej. is the unit tensor in three dimensions. One can easily 
show that Kronecker’s delta, 5y is a tensor in two dimensions or of order 
two (or second rank). 


sy =0 if i7*j 
=1 if isj (B.8) 
For an arbitrary vector a;, the tensorial character of 5y is revealed as 
aj = Sya; (B.9) 


where the summation over the repeated index i is implied. We may encoun- 
ter the product of two Kronecker's deltas having a common subscript, i.e., 
8,8, = Six (B.10) 
This sort of relation is referred to as sum rule, It should be noted that ôx is 
not unity but equal to 3 as the sum over i gives 
Ôu = Bxx + 5, + 8:2 = 3 (B.11) 
Here i can be x, y and z or xi, x2 and xs of Fig. (3B.1). 
One can use the symbol ej; to define the vector product of a and b. The 
ith component of the vector product may be written as 
Ci = eykajby = eiuajbi + eujaib; + euxaiby + eyiajbi + eujajb 
-Feukajbk + eiiakbi + eigakbj + einkakbk 
eykajbk + eijakb; 
abe — axby (B.12) 


l 


62 Introductory Quantum Chemistry 


Similarly, the jth component of the vector C can be written as 
C, = ejakbi (B.13) 
The vector product C — axb can also be written in the form of the 
following determinant. 


C —axb 
i j k 
= | a: My de (B.14) 
by b, b: 


where i, j and k are the components of the unit vector e on the three axes 
(Fig. 3B.l). The permutation symbol ey. can also be expressed as a 
determinant. 


Six by 5, 
cyk = | dix 8, 9. (B.15) 
9. Sky 8k: 


One can show that this definition is consistent with Eq. (B.6). If any pair 
of the subscripts i, j, and k are identical, the determinant is zero and con- 
sistent with Eq. (B.7). Using the rule for multiplying two determinants and 
Eq. (B.10) one obtains i 


ô by B 8x by 9i, 
€ijk€Imn = | Sjx 55 Siz 85x M Smz 
Chiu Paria ICT ae S S a a T 
ôu Šim Bin 
= | Sj jm Öja (B.16) 


We now consider the product «yx ej Where summation over i is implied. 
We have 


Ŝi Sim 9 
€yk€imn = | Sj Sim Sin 
9 Sim Sin 


= 81i(3jm3kn — Sjem) — Sim(8j Bn — Sindki) 
+8 in(8j:8km —Sjmdki) 
= 3(5jmdkn — 9/8945) — (8mjSkn — 991m) + (8njSkm — Symdkn) 
= SimBin — Sinden (B.17) 
where we recalled that 6,, = 3 and Eq. (B.10). 


hac a iin i a amt m RE c i tm tt nea RR 


E S E NORIS TRY A IR S 


ee 
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We now consider the moment of inertia tensor of a rigid body about a 
line OM. In the Fig. (3B.2), P is the position of a particle of mass ma and 
PL is the perpendicular distance of the point P, from the line OM. 


P(xi) 


0 E M Fig. 3B.2 Momentof inertia of a rigid 
body about the line OM 


By definition, the moment of inertia about the line OM is 
= me(PL)* 
a 


We assume O as the origin of a system of three rectangular axes OXi, OX2, 
and OX;. Let /, be the direction cosine of the line OM. The direction OM 
can be defined by the unit vector e = ih + jh + kl. Then the vector PL 
is given as 
PL — OP sin 0 — OPxe 
or using the property of eyg one writes 
PL = eyljxk (B.18) 
PL? = (Ceukljxik)CeimnlmXn) 
= eujkeimnllmXkXn 
(jmôkn — 9j9km)ljlmxkxs [using Eq. B.17] 
=, (jm ll m) BknXkXn) ^u (Syl jxnY(Bkmlmxk) 
= ljlxkxk) — (Inxo)mXm) 
= XkXk — (InXn)(ImXm) [because /7 = 1] 
= XkXklnÜnnln — ImXmlnXn 
= dmiXkXk&Óma — XmXala — (B.19) 
Thus, the moment of inertia of a rigid body about the line OM is given as 


y 


Z mal scsedon — xama] In 


or In [z mo (X5 kmn zn xe] he 
where Xa,m, Xa,» are the coordinates of the particle «. We write 
Ims = E ma(r23mn N^ Xa.mXasn) (B.20) 


and the moment of inertia about a given line with direction cosines /» is 
LnImnln: 
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Clearly, Jma is a symmetric tensor of second rank independent of the 
direction cosines of the line OM and depends on the configuration of the 
system relative to the point O in Fig. (3B.1). 


PROBLEMS 


2. 


9. 


10. 


Determine the reflection coefficient of a particle from a potential barrier described 
in Fig. 3.7 with the energy of the particle E > V. 

Show that a particle in a one-dimensional box cannot have a definitely known 
momentum and that the average value of the momentum is zero. 


. Find the lowest kinetic energy of an electron in a rectangular box of dimensions 


1x107?* cm, 1.5x 10- cm and 2x 107? cm. 


- Show that the quantum mechanical mean value of the square of the positional co- 


ordinate of an electron in-a-box agrees with the classical results when the system 
is in highly excited quantum states. 


. Using angular coordinates, obtain the solutions of the Schródinger equation for 


an electron moving on a circular ring of radius r in a constant zero potential. 


. Obtain the first few rotational energy levels of HBr and point ouf the degree of 


degeneracy of each level, Calculate its lowest transition energy in A. [Use Eq. (3.70) 
for this problem]. 


. Find the moment of inertia tensor for H,O (nonlinear) and OCS (linear) molecules. 


The masses of the atoms are mH = 1, m, = 16, mc = 12, ms = 32 in units of the 
mass of the proton, i.e., 1.67 x 10-** g. The bond length and bond angle are 


Rou = 0.96 A 

Hon = 105° 
Roo = 116 À 
Rcs = 1.56 A 


. For 1H" Cl the rotational constant B is 10.6 cm~}, Find the period of a rotation in 


a rotational level characterised by / = 4, 

Find the degree of degeneracy of the energy levels for a particle in a cubic box 
with edges of length a and volume a? with the following values of 8/1, a*/h*; (a) 12, 
(b) 14, (c) 17. 

Calculate the first five (/ = 0, 1, 2, 3, 4) rotational energy levels of a spherical top 
whose moment of inertia is 4.6 x 10-** g cm? and find the number of spatial orienta- 
tions the top may adopt in each case. 


^n 


AT 2 


4 


Wave Mechanics of Some 
Simple Systems where the 
Potential Energy is not. 
Constant 


4.1 One Dimensional Harmonic Oscillator 


There are a. few simple systems where the potential energy is not constant, 
yet the Schrödinger equation for such systems can be exactly solved. The 
simplest examples are given by the vibrations of a diatomic molecule and 
motions of an atom in a crystal lattice. A model for such systems is a particle 
of appropriate mass m attracted to a point by a force f proportional to the 
displacement of the particle as 


f-2-kx (4.1) 


where k is the force constant for the vibration and x is the displacement 
from the point of equilibrium. Equation (4.1) is known as Hooke's law. A 
force of this type is called ‘harmonic’. Whenever the motion of a particle can 
bedescribed by this simple law, the system is referred to as a *harmonic 
oscillator’. The potential energy (V) of such a particle equals the integral of 
this force over the distance it acts: 


-= fira = fiet = thx? (4.2) 
Classically, the equation of motion is 
Ux oe 
ma = kx (4.3) 


with the general solution 
x = a cos 2zw(t — to) (4.4) 


where a and to are constants and vo = x A: E called the fundamental 


frequency of the oscillator. The total energy E is given by 
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E = (1/2)m 2 42 kx? 


= 2mm'vja'[sin? 27% (t — to) + cos? 27vo (t — t)] = 1/2 ka? — (4.5) 


Thus, all positive values of E are allowed. Now we examine the properties 
of such a system according to the laws of quantum mechanics. The hamil- 
tonian operator for one-dimensional harmonic oscillator is (see Eqs. 2.41 
and 4.2) 


LS UAE 
H— aa dee (4.6) 
Therefore, the wave equation for this system is, 
ga n? 
oe + EE Wan = 0 (4.7) 


and the problem is to find the well-behaved functions which satisfy 
Eq. (4.7) and the allowed energy levels. Equation (4.7) may be written in the 
form: 


P + (e — Baty o (4.8) 
Ox? 
where 
2; dor 
a= Ig po Vink (4.9) 
By making the change of variables, £ = y- x one may rewrite Eq. (4.8) 
as 
Op a del 
æ + (z-e) -0 oy 
To solve Eq. (4.10), we shall proceed as follows. Consider a function: 
y = exp (—x?) 1 (4.11) 
Differentiating once, we obtain 
a 
25 + 2x'y =0 (4.12) 
Differentiating (n + 1) more times, we have 
oz ,9Z 
ay tx gy t2Xn4 02-0 (4.13) 
n an 
where Z= Fa = gealexp (—x)] (4.14) 


Assume a function 


U =(—1)" exp G)z (4.15) 


<= PN A 
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Then 
92 9, 
= exp (2 Jos TZ. dex. SE] *ze( Zee» (4.16) 
x"? 
or [54 Z + 2x’ s] = exp (-3 . ul — Z(x? +1) (4.17) 


Inserting Eq. (4.17) into (4.13) one obtains 
AU + [2n + 1—x7]U-0 (4.18) 


On comparing Eq. (4.18) with Eq. (4.10), we see that the two equations are 
the same (except for the variables), thus 


a 
gx 2n - 1 (4.19) 
or E= # 2E (n +4) (4.20) 


Since the classical frequency vo of a vibration is x |. we write 


= (n + Bhvo (4.21) 
where n = 0, 1, 2, 3,... and is called the vibrational 'quantum number. 
The state with n = 0 is the vibrational ground state which possesses energy 
(1/2)hvo, called the zero-point energy. The occurrence of zero-point energy 
is consistent with the uncertainty principle. 

The solution % of Eq. (4.10) is of the form of the function U, given by 
Eq. (4.15). We have 


= (—1)" exp (£/2) iple (-&) 


= (—1)" exp (78/2) exp (E) Zzfexp C-60] — (622) 
The Hermite polynomial of degree n is defined as 
H = C- Dr exp © © exp (— £9] (4.29) 
The first few Hermite polynomials are: 
Ho(é)=1 HAE) = 4 — 2 
Hi(é) = 2 H) = 88? — 12€ (4.24) 
HE) = 1684 — 486? +12 


Therefore, the unnormalised wave function of a harmonic Pili in its 
n't quantum state of vibration can be written as 


Vu(£) = exp (—€?/2)Ha(E) (425) 
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where the first factor exp (—£?/2) possesses no nodes but it forces ¢ to 
approach zero as £ tends to +00. On the other hand the function H,(£) 
introduces 7 nodes into / since it is a polynomial with n real roots. Because 
n can take any integral value or zero, our solution yields the required number 
of nodes. 

The solution of three dimensional oscillator does not create any new 
problem if the coupling between the oscillations in the directions of the 
basis vectors, x, y and z is ignored. Such an oscillator is called an isotropic 
oscillator. The treatment of an anharmonic oscillator in which the driving 
force does not follow Hooke's law [Eq. (4.1)] cannot be made here because 
the wave equation in this case does not have the exact solution. It is, there- 
fore, necessary to use the approximation methods for solving the wave 
equation for the anharmonic oscillator. 


4.2 Normalisation and the Characteristics of the Eigenfunctions 
of a Harmonic Oscillator 


The normalisation condition of the wave functions for the oscillator is 


[5o a = 1 (4.26) 
Using Eq. (4.25) for Yn, it is shown in the Appendix 4 that 
f a exp (—&)[Ha(€)P d£ = 27 n! Va (4.27) 


The normalised wave functions for the harmonic oscillator are therefore 
Ael Bene dili] cos ON 
WO = ED a CEDO (4.28) 


in the range —oo < £ — + œ, It can also be shown that for n # n’, the 
wave functions are orthogonal, i.e. 


[* Vae (£) d£ = 0 (4.29) 


The simplest argument for the validity of Eq. (4.29) is that the functions Yn 
and fn are the eigenfunctions of a hamiltonian which is hermitian and 
possesses different eigenvalues. 

The first few energy levels and the corresponding wave functions are 
shown in Fig. 4.1. 

We note that the wave functions characterised by an odd vibrational 
quantum number are antisymmetrical and those characterised by either 
zero or an even quantum number are symmetrical about the origin ( = 0). 


4.3 The Recursion formula for the Hermite Polynomials 


On introducing Eq. (4.25) into Eq. (4.10), we obtain the following differen- 
tial equation for the Hermite functions 


iii i oh 
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OH Hn a 2 n 
ad HR 4. (5 euo + @ - 0m = 0 
Inserting Eq. (4.19) in Eq. (4.30) we get 
2H, OH. i 
E — 26 E + 2nH, = 0 
Differentiating twice the Eq. (4.23) one has 
OH, - OH, Hn 
a 26 Get — UR 
REUS 
Eliminating E from Eqs. (4.31) and (4.32) we get 
0H; "EN OH.  OHns1 
2€ E — 2nHn = 2Hn + 2€ a ^ OE 


which reduces to 


OH, 
Ne = n+ DH. 


Since 


Haa) = (D exp (8/2) Seren exp (70 


SH oaa — Haa 


Hence from Eqs. (4.34) and (4.36) we obtain 
Hny2 = 2Hn+1 — 2(n + 1)Hn 


Fig.4.1 Energy levels and wave functions 
of the harmonic oscillator 


(4.30) 


(4.31) 


(4.32) 


(4.33) 


(4.34) 


(4.35) 


(4.36) 


(4.37) 


This relation will give the higher polynomials. On replacing (n + 1) by n, 


another integer, we obtain 
EHu = n'Hyia + $Hnr41 


(4.38) 


which is the required recursion formula for the Hermite polynomials. 
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4.4 The Selection Rules for the Harmonic Oscillator 


Since the number of energy levels for a harmonic oscillator could be infinite, 
it would seem that the spectrum might be very complex. The observed 
simplicity of the molecular vibration, spectrum may be attributed to the 
operation of 'selection rules' which govern the intensities of the lines or 
bands associated with many transitions that might occur. It is possible to 
derive the selection rules by an examination of the transition dipole moment. 
A transition between two states characterised by the vibrational quantum 
numbers n and n’ is possible if the dipole moment of transition [defined by 
the left hand side of Eq. (4.39)] is not equal to zero, i.e. 


e [n dx * 0 (4.39) 
Substituting 4, and yn. from Eq. (4.28) and using £ = y >x we may write 
ef Ua Xie dx 
e 1 1/2 1 1/2 [+o 

= abl x Ex E exp (—€)Hn -£H, dÈ 
(4.40) 

From the recursion formula (4.38), 

[i erp EH ene dé 
= |" exp CoD Hawa + Me) dE 


= QN) [^ Vea dt + AOGNS fÀ oda dt 
(4.41) 


where N4N»-1 and Na:+1 are the normalisation factors for the states Yn, 
Yns—1 and Ynr41 respectively. Since wave functions for different states of a 
harmonic oscillator are mutually orthogonal we can say that the transition 


dipole moment integral is zero unless n = n' + 1. The selection rule must 
be 


4n = +1 (4.42) 


for a harmonic oscillator. Therefore, only the fundamental frequency, vo is 

emitted or absorbed. If the oscillator is somewhat anharmonic, this selection 

tule is not obeyed and the oscillator can then absorb or emit radiations of 

frequencies vo, 2vo, 3vo . . . and so on. The intensities of the overtone bands 

foe of the amount of anharmonicity of the vibration. (See 
c. 4.14). 


4.5 The Hydrogen-like Atoms 
We shall now deal with, by the methods of quantum mechanics, the simplest 
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naturally occurring system of chemical interest for which the potential 
energy is not constant. Such a system which consists of a positively charged 
nucleus and an electron moving about it is found in the hydrogen atom as 
well as in ions of Het, Li*?, Be*?, etc. According to Coulomb's law, the 
force between a pair of charged particles is operative in the direction of 


Tet 
line joining the two charged particles and has the magnitude F — — E E 


where —e is the charge of the electron, +Ze, the nuclear charge and r, the 
distance between the two particles. The potential energy resulting from this 
force is 


ye -f ra= - LE (4.43) 
The Schródinger equation for the hydrogen-like atom is 
yy — ZÊ = 
— Beim, 2 E y = E) (4.44) 


where me is the mass of an electron and it is assumed that the nucleus does 
not move. As in the case of the rigid rotator this problem is solved by 
transforming the wave equation into spherical polar coordinates. Such 
transformation gives rise to the following equation 


1 3f, 3$ 1 ôf. 0b 
xxx) t«en a (inez) 
A E 
+ Tino g t 72 (E+ z j =0 (4.45) 
Further, it is assumed that the solution has the form 
Hr, 0, 4) = R(8(0)0(9) (4.46) 


which on substitution into Eq. (4.45) yields the following three equations 
each containing one variable. 


1 a> _ 
oO E = —m: (4.47) 
9' 2 
a as a $0) + (e - i ;J? ag (4.48) 
1 0(,90R 8z^m. Zeja 
Ee) + E+ jen (49 


In these equations, m? and f are constants that arise from the separation 
of variables. The solutions of Eqs. (4.47) and (4.48) are the same as those 
found for the rigid rotator (Sec. 3.9). The allowed solutions are: 


OCODE) = Yixo(0, $) (4.50) 


" 
*In SL units F = — Ze A where €, is called permittivity of free space. 


4n 
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where Y is called the spherical harmonic defined by the integers / and m; 
and B = KI + 1) with 1> |m |. Substituting for B, (7 + 1), one ma) 
write Eq. (4.49) as 


2 
Cx a E PR + SeR — KI 4 DR-0 (4.51 
where a? = — EE (4.52) 
P= 2ar (4.53); 
_ 4m?m.Ze? À 
and ô= —UEMC (4.54 
LESS 
Since Ep 2x Tj (4.55 
Equation (4.51) may be rewritten as 
R, 2 ôR i 
a+ eR R +- u+ =o (4.56) | 
For large values of P, this reduces to 
OR R 
Opa = 0 (4.57) 
and its well-behaved solution is i 
R = exp (—4?) (4.58) — 


This seems to suggest that the solution of the Eq. (4.56) for any value of ey ! 
is of the form 


R = K(P) exp (—19) (4.59) | 
where K() is a function of P, whose form is yet to be determined but i 


should increase less rapidly than exp (3?) so that as P—> co, R must vanish. 
Substituting from Eq. (4.59) in Eq. (4.56) we find 


p X + P — ne 4 [8 — De — KL + NIK =0 (4.60) 
This equation must be valid for P = 0, which gives ; : 
Kt + 1)K(0) = 0 (4.61) 
Thus if I # 0, KO) = 0 


Therefore, if K(P) is defined in the form of any power series there should 3 
not appear any term in P°, We may then rite 1 


K(p) = ps 2 bpi (462) j 


where 5 is a positive number d + 0. Substituting from Eq. (4.62) for K(P) — 
in Eq. (4.60) we obtain 


Zs + Ps + j~1) ++) — K+ YB, 1 
+ (ê -—s—Jb-) = 0. (4.63) 3 
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Since this equation is valid) for all values of P, the coefficient of each 
power of P vanishes. For the first coefficient, i.e. j = 0, we have (there being 
no coefficient b-i by definition) 


sis — 1) +2s—K1+1)=0 (4.64) 
or s(s #1) = KI+ 1) (4.65) 
This means that either $ = Jor s = — (I + 1), but the latter solution 


is not acceptable due to the restriction given in Eq. (4.61). Therefore, we 
obtain from Eq. (4.63) the following recursion formula 
| l+j+1-ê8 
bm = FIFA ED” jc 
From this relationship we can find the values of all coefficients in the series 
in terms of the first coefficient, bo which may remain as an arbitráry 
constant; For large values of j, Eq. (4,66) reduces to 
bja Fe bjlj (4.67) 
This means that K(P) behaves roughly in the same way as exp (P) and the 
radial part of the wave function which is related to K(p) through Eq. (4.59) 
is of the form 
R = exp (p):exp (—4P) i 
= exp (+4?) (4.68) 
for large values of P. Obviously this function is not well-behaved and can- 
not be acceptable. However, the series in Eq. (4.62) may be truncated after 
some terms (say, for j = n’ where n' may be 0, 1, 2,3, ...) beyond which 
all coefficients must vanish. This can happen only if the numerator on the 
right hand side of Eq. (4.66) vanishes. Thus 
I+n+1=8 (4.69) 
Sis related to the energy through Eqs. (4.54) and (4.52); the energy is 
therefore quantised since / and n' are integers. If we define a new integer, 


n=l+n +1 (4.70) 
ànd make use of Eqs. (4.52) and (4.54), we obtain 
(0 27 Zie*m. 
EA (4.71) 


with n= 1,2, 3, .. 


4.6 The r-dependent Part of the Wave Function 


Evidently, according to Eq. (4.71) the energy of the hydrogen atom depends 
on the quantum number n which is called principal quantum number, but 
independent of / and m. We see from Eq. (4.70) that /, called angular 
momentum quantum number, may take up the integral values from 0 to 
(n — 1). Furthermore, for each value of /, there are 2l 4- 1 possible integral 
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values of m having values from —/ to +/ through zero. The quantity m is 
called magnetic quantum number for reasons that will be given later. It must 
be remembered that the value of n fixes the term at which the series function 
K(P) in Eq. (4.62) breaks off. Making use of Eqs. (4.52), (4.53) and (4.71) 
we may express P as 


E 451 7272, 
d gop ca (Cm e oue (4.72) 
where = s 
m TOP. ) 
. a = Anime = 0.529 x 107* cm (4.73 


The value of ao is unity in atomic unit.* We get for the lowest level (i.e., 
n = 1 and/ = 0) P = 2Zr/ao. Then, from the recursion formula (4.66), for 
=0,/=0, 


b= b> =0 (4.74) 
and therefore b2 = b3 = b4 = . . . 0. The radial part of the wave function 
for the lowest level is: 

Ri,o(r) = bo exp (-2 Zr (4.75) 


For the second level, n = 2, I may have the values 0 and 1 and P = Zr/ao. 
The recursion formula (4.66) gives 


for j=01=0h = en 

j201-1bh-2—?4-0 +} (476) 
perse, | 
32 J 


The radial part of the wave functions for the levels (n = 2, / — 0 and 
n —2,1- 1) are 


Ra,o(r) = bo (1 arar Z) ep (- Z) (4.77) 


Rey abe (Z) exp C£ a (4.78) 


The radial wave functions are normalised by integrating R?(r) over the 
whole of r-space (i.e., from 0 to + co) and setting the integral equal to 
unity. From the normalisation procedure, the value of the constant bo is 


*In other words, in atomic units m, = 1, e = 1 and hj2x = 1. In SE units 
= (4reg)h*JAn*m,e*. In atomic units 4xe, = 1. 
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‘determined for the different levels. The normalised radial wave functions 
for the hydrogen-like atoms are given by 


: àn—1—DW2Z Vf 
Rul) = — Teme i) 
dvd (- rt ae ) (4.79) 


where L2!*' is called the associated Laguerre polynomial of degree (n—1—1). 
An associated Laguerre polynomial in xof degree n — m(m <n) is 
defined as 


L(x) =(—1)" sw = n(n Pt 
qo Demos n D ma E, | (4.80) 


The normalised radial wave functions for the first three values of n are 
given in Table 4.1. 


Taste 4.1 Normalised Radial Wave Functions 


n l Wave function 
1 0 Rie = 2 E)" exp (- Zr) 
o mae ("o Z) CI 


perf Rice eU Zr) exp (- #) 


3. 0 Roe = uus (2)" [2 - 18 Z 4.2(Zt)']xexp (- 2) 


o sac ge GTA (A (2) 


4.7 Total Wave Functions of the Hydrogen-like Atoms 
The complete wave functions of the hydrogen-like atoms in spherical polar 
coordinates are given by 

b(n, l,m) = Ras(r) Yi, -m(9, $) (4.81) 
where Yi, +m are the normalised spherical harmonics. It is to be noted that 


the quantum number 7 determines the energy of the orbital, /, the angular 
momentum and m, the z-component of the angular momentum. The orbitals 
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with / = 0, 1,2, 3, etc. are respectively called s, p, d, f orbitals. An orbital 
with n = 1,7 = 0 is called a 1s orbital, with n = 3,7 = 1 is called 3p 
orbital, etc. It will be noted that there are three p orbitals with m — 0, 4-1, 
—1. They may be designated as po, p.i and p-i. The angular factors 
associated with these orbitals are, apart from the numerical factors [see 
Eq. (3.72)]. 

Po c cos 0 

Pr ~ sin 0 exp (i) (4.82) 

p-1 ~ sin 0 exp (— i$) 
These functions being complex, have the disadvantage that we cannot draw 
pictures of them in real space. However, we can obtain functions which are 


equally good solutions of Eq. (4.45) by taking the following linear com- 
binations of spherical harmonics having the same / values. Thus 


3d. MOD ) 
V (Ya + ¥1,-1) = cede sin cos ¢ (4.83) 


il V Yi — Yna) = 


ACTOS BES 
= sin ô sin 

2V m $ 

Since sin ô cos ¢ and sin @ sin ¢ are respectively the angular dependence of 

x and y components of r, the above two combinations are respectively 

labelled as px and p, atomic orbitals. The total wave functions for different 

components characterised by n — 2, / — 1 are shown in Table 4.2. 


TABLE 4.2 
n 1 m Wave function 
1 Zw Z 
2 1 = T 
0 Yapz ws (=) r cos 8exp ( zi) 
2 E ux 1 vx (= r sin 8 sin ¢ exp (~ =") 
' 


d 
apy == a zz" r sin 8 cos ¢ exp ( — x) 


4.8 Probability Density in 1s Atomic Orbital 


Let us examine the 1s orbital of the hydrogen atom (Z — 1). According to 


the wave mechanical theory outlined in this chapter the wave function is 
given by 


Yu = E exp (- = (4.84) 
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where ris the distance from the nucleus. The probability density for an 
electron in this orbital is Jj, and is given by 
jas il. (- or 

Jis a exp (75 (4.85) 
It should be noticed that #7, is independent of 0 and $ and therefore the 
electron distribution in 1s orbital is spherically symmetrical. The plot of 
Ji, against r/ao is shown in Fig. 4.2. There is another method of describing 
the electron distribution in an orbital. We determine the probability of an 
electron being found in a spherical shell of thickness dr at a distance r from 
the nucleus. It is given by 


P(r) dr = 4vrjiadr 
1 2r 
= Ant ey exp (- z) " (4.86) 


We plot P(r) against (r/ao) in Fig. 4.2. The maximum occurs at a value of 
r which is found from the equation 


op) _ [_2° 2r 
Kad ecd ier. i-a 
or F — ao (4.87) 
y? 
LTr? y? 
(b) 
0 1 2 
Fig. 4.2 Probability densities for the Is 
V 8o —- hydrogen atomic orbitals 


Thus the maximum radial density occurs at ao, so that the most probable 
distance of electron from the nucleus is precisely what has been predicted 
from the Bohr theory. 

It may appear very puzzling to note that, according to the curve (a) of 
Fig. 4.2, the electron density is maximum right on the nucleus while the 
curve (b) shows that electron is most probably. found at a distance as from 
the nucleus. This apparent inconsistency may be understood from the 
following illustration: Consider a number of concentric rings of same thick- 
ness but of different radii and made of different materials such that the 
density of the material decreases as the radius increases. The ring closest to 
the centre is made of the densest material but does not have the highest 
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mass, because of the smallest volume. On the other hand, a ring of a very 
large radius may not have the highest mass because of the very small 
density of its material. But, for a certain intermediate value of the radius 
the ring should have the largest mass although the density of the material 
is maximum for the ring closest to the centre. 


4.9 Shape of Atomic Orbitals 


In the previous section we described the behaviour of 1s atomic orbital and 
the probability functions in terms of r. There are other ways in which we 
can give a pictorial representation of these functions, It is found that the 
wave functions for Is orbital and for any s orbitals for which / = 0 are 
spherically symmetrical. We can draw a spherical boundary surface such that 
nearly all the electron density (say 99%) is found inside the surface. In a 
plane, Fig. 4.3(a) may represent the shape of s-type atomic orbital. But it 
is to be noted that the orbitals increas^ in size as n increases. 


z 
x 
5 
» (a) 
f z 
x 
x 
2515] E 
ML! P2 Py Ae 
Y Y 
(b) 
Z 
ee ee 
Y dz? 
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Fig. 4.3 Shapes of atomic orbitals 
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The wave functions for the p type of atomic orbitals (for which / = 1) 
depend on the angular coordinates @ and ¢ in addition to r (see Table 4.2). 
Further, it is found that the angular functions contain only the quantum 
numbers / and m whereas the r-functions depend on n and /. The shapes of 
orbitals are controlled by the angular functions and therefore upon / and 
m. Let us consider 2p. atomic orbital whose wave function may be 
written as 


Yop: = R2,:(r) cos 8 1 (4.88) 


This equation shows that the probability to find an electron at 0 = 7/2, 
i.e. in the Y — Y plane, is zero, in other words the X — Y plane is a nodal 
plane. The charge is therefore distributed above and below this plane and 
shows a rotational symmetry around the Z-axis since op: is independent of 
$. This atomic orbital has the shape of a dumbell with positive and negative 
lobes [Fig. 4.3(b)]. The other two p-orbitals, viz. Vopx and Jav, have respec- 
tively Y-Z and Z-X as their nodal planes. An important characteristic of 
these atomic orbitals is that the regions separated by the nodal plane are of 
opposite signs. However, no physical significance can be attributed to signs 
of #. The physically significant ¥? or *- is always positive. 

There are five d orbitals (/ — 2), two of which are shown in Fig. 4.3(c). 
In some respects a d orbital is like the superposition of two p-orbitals for 
there are four similar regions of alternating sign, separated by two nodal 
planes. The d orbital has two large pear-shaped lobes pointing along the 
Z-axis with a central collar. In the similar way, the f-type and g-type atomic 
orbitals can be visualised but they are more complicated to draw ina 
plane. 

Thus, we have seen that only s-type of orbitals are spherical and have 
finite density on the nucleus. This is important in the coupling between 
the magnetic moment due to electron and that due to nucleus in magnetic 
resonance spectroscopy. All other types of orbitals have nodes on the 
nucleus and have special directions in space where the functions have à 
large value and these special directions play an important role in the theory 
of valence. 


4.10 Physical Interpretations of the Hydrogenic Orbitals 


It is possible to prove that the operator £2 commutes with the atomic hamil- 
tonian (see Chapter 6). Therefore, the hydrogenic wave functions are the 
eigenfunctions of the operator for the square ofthe angular momentum of 


the electron about an axis passing through the nucleus. If I? has the eigen- 
values IJ + 1) (h/27)}} (Eq. 3.73), the modulus of the orbital angular 
momentum vector has the value [7 + 1)? A/27 or A/ KI 4- 1) in atomic 
units where 1/27 = 1. 

Suppose that an electron of mass m. moves about the nucleus in some 
definite orbit with a velocity v. According to the classical mechanics, the 
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centrifugal force which tends to keep the electron away from the nucleus is 
given by 


Te a (4.89) 


where r is the distance between the electron and the nucleus. 
For an electron, using atomic units, me = 1, and L? = K/ + 1), Fis 
given by 


-u+ 
F= B (4.90) 


Thus the radial motion of an electron in an atom is controlled not only by 
a Coulombic force — Z/r? but also by a centrifugal force given by Eq. (4.90). 
The Coulombic force tends to bring electron close to the nucleus whereas 
the centrifugal force tends to keep the two particles apart. For a stable 
atom 


Mab. o pe Ae 0 
el Do 
or [LED (4.91) 


Therefore, we should expect that, other things being equal, an electron in a 
state of high angular momentum tends to stay farther from the nucleus than 
an electron in a state of low angular momentum. This is clearly demonstra- 
ted in Fig. 4.4 which shows that the higher the value of angular momentum 
of an electron, the less likely it is to be found close to the nucleus. Thus, 
for a given value of n, the size of the orbit grows bigger as / increases. 


Fig. 4.4 Shapes of the radial parts of the hydrogenic 
wave functions of principal quantum number three 


4.11 Space Quantisation of Electronic Orbits 


When an electric current flows in a wire bent into the form of a ring, there 
is generated a magnetic dipole in a direction perpendicular to the plane of 
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the ring. The magnitude of the dipole is given by, according to the law of 
Biot and Savart, 

| æ | = current x area of the ring (4.92) 
If current is expressed in electrostatic units and the magnetic dipole in 
electromagnetic units, we have 


l= == (4.93) 


where Zis the current strength, a the radius of the ring, and c the velocity 
of light in cm/sec. An electron of charge e moving with a linear velocity v, 
in a circular orbit of radius a is equivalent to a circular current 7, given by 
ev 
27a 


(4.94) 


Thus 


. ama e ILI 
2m.c Zn.c 


or 


E = amic (4.95) 
The axis of the magnetic dipole is antiparallel to the angular momentum 
vector because of the negative charge on the electron (Fig. 4.5). The 
magnitude of the total angular momentum is given by V/ Kl 1) hi2. 


One may write 


a — VAT 1-8 (4.96) 
where 
At eh 
Be = AUD (4.97) 


is the atomic unit of magnetic moment known as Bohr magneton. 


magnetic 
ipole 


Fig. 45 Relative orientation of the axes of 


angular momentum magnetic dipole and rotation 
vector 
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Since the operator for the component of angular momentum along any 


chosen direction, say Ls has the eigenvalues mh/27 (Eq. 3.75) where m can 
take 2/ + 1 different integral values in the range —/ < m < + l, we may 
write 
g———m o 9 
cos VOTO (4.98) 
where ô is the angle between the axis of rotation and the chosen direction 
Z. This equation clearly demonstrates that | m | cannot exceed | /|, other- 
wise cos 9 becomes greater than +1. This equation also demonstrates that 
when m = +/, cos 0 does not equal +1 and therefore, the axis of rotation 
never coincides with the Z-axis. Figure 4.6 shows the various projections 
of angular momentum on the Z-axis (for / = 2). The component of the 
magnetic moment in any chosen direction is given by 


| # | cos 9 = mfo (4.99) 


which follows from Eqs. (4.96) and (4.98). 

In other words, there are (2/ + 1) different components of magnetic 
moment. Classically, one should expect that the magnetic moment vectors 
‘should make all possible angles with any chosen direction. Quantum mecha- 
nically, the magnetic moment vectors and hence the electronic orbits can 
make only certain discrete orientations in space. This is known as the space 
quantisation of electronic orbits (Fig. 4.6). 


Fig. 4.6 Space quantisation of electronic orbits and 
the various projections of angular momentum on the 
Z-axis 


i These magnetic moment vectors which have certain discrete orientations 
in space refer to the same energy in the absence of a magnetic field. If we 
place a magnetic dipole « in a magnetic field H, the energy of the dipole 
changes by the amount : 


4E = —u-H = — |n || H | cos 0 (4.100) 
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where 0 is the angle between the dipolar axis and the direction of the 
magnetic field. Using Eq. (4.99), the interaction energy AE may be written as 


AE = —mf. | H| (4.101) 


Thus the magnetic moment vectors which have the different orientations 
with respect to the external magnetic field have different energies deter- 
mined by the quantum number m. Because of such association with the 
magnetic field, the integer m is called the magnetic quantum number. It 
should be borne in mind that the treatment made here is not a rigorous 
quantum mechanical one. More rigorous treatment of angular momenta 
will be found in Chapter 6. 


4.12 Electron Spin 

A single electron is not completely represented by its wave function #(r) 
which is characterised by three quantum numbers, n, / and m. Even in a 
state with no orbital angular momentum, application of a magnetic field 
reveals that the state V is really a doublet. The small splitting of the energy: 
levels suggests that the electron possesses an intrinsic magnetic moment. 
Goudsmit and Uhlenbeck in 1926 postulated that the electron possesses an 
intrinsic angular momentum, often called spin-angular momentum and a 
magnetic moment. The component of magnetic moment along the field 
direction can take only one of two possible values. To describe an electron, 
in addition to the position variable r, a spin variable s is therefore intro- 
duced. The operators associated with the three components of spin angular 
momentum are denoted by Se S, and $: which work on the spin function 
7(s). The complete description of an electron is given by the spin-orbital 
defined as 


glr, s) = Hr) nfs) (4.102) 
where r is the position variable and (s) is the spin function involving the 


spin variable. If we are interested in states with a definite value of say, 8, 
then 7(s) will be a solution of the operator equation: 


ORPUO (4.103) 


It is assumed that this equation has only two solutions. They are normally 
written as « and B and satisfy the following equations. 


Sial) = + kc n) 
$BO = — 45“) 


Corresponding to two choices of spin component, every orbital yields two 
possible spin orbitals, i.e. $ = pa and $ = Vf. ey 
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The classical hamiltonian for a particle with magnetic moment p ina 
magnetic field H which is along the Z-axis contains the term H- p: [see 
Eq. (4.100)] in addition to the usual kinetic and potential energy terms. 
The magnetic moment of the spinning electron along the Z-component is 
given as [see Eq. (4.96)] 


Male 5 Se “Ss (4,104) 


where g, called the gyro-magnetic ratio for spin, has the value of two. The 
hamiltonian, H may be written as 


H' = Ho + M H-$; (4.105) 


where the spin-orbit interaction is neglected. In Eq. (4.105), Ho is the sum 
of kinetic and potential energy operators for the electron. If Eo be the 
energy of / without the magnetic field, then for H 4 0, we have 


H'étr, 9) = iris) = ANË + g z5— HHS) 


= a(s) LEO) + 5 HY) zs 268) 


= [Eo + 3gP.H] J(7) a(s) 

= [Eo + 38.H] (r, s) (4.106) 
where each operator works on its own variables. Thus, in the presence of a 
magnetic field the energy of ¢ is increased by 4g8-H. Similarly, the energy 
of $ is decreased by the same amount (i.e. —igB.H). The corresponding 
splitting of the doublet is thus gB.H. These two states correspond to different 
energies and the transition between thesestate ss are accompanied by absorp- 
tion or emission of radiation whose frequency is given by 


AE — hv es gH (4.107) 


Tn à field of 3000 gauss, the transition energy corresponds to electromagne- 
tic radiation in the microwave region. The spectra that result from these 
transitions are called electron spin resonance (ESR) spectra, from which the 
very accurate value of g is obtained. 

Like every eigenfunction, the spin functions must obey the nórmalisation 


and orthogonality conditions as follows: 
[49:94 = [eoa -i 
f a*(s) Bs) ds = Í B*(s) a(s) ds = 0 


where the integration is over the spin space, 


(4.108) 
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4.13 Energy of the Hydrogen Atom and the Isoelectronic Ions 

The minimum energy which is required to remove an electron from the 
hydrogen atom in its ground state is the first ionisation potential. It is 
equal to the negative of the first eigenvalue which according to Eq. (4.71) is 


2 
By = E = = 13.6 eV (4.109) 


In the system of atomic units, the radius of the first Bohr orbit of the 
hydrogen atom given by Eq. (4.73) is said to have unit length and e? = 1, 
therefore Eq. (4.109) may be written as 

; Ey — —À (4.110) 


and the wave equation for the hydrogen atom takes the following simple 
form 


Bi pipes = p= Eb (4.111) 

The energy levels of the hydrogen atom in atomic units may be expressed as 
eh i 

Es = on (4.112) 


Atoms that are isoelectronic with hydrogen atom, are, for example, Het, 
Li**, Be***, etc., in which electron is subjected to the potential Z/r where 
Z is 2, 3, 4, etc. respectively. The wave equation for these systems is of the 
form: 


—wy —2 4 = E (4.113) 
where the first eigenvalue or the lowest energy is given as 


Ey ==27/2 (4.114) 
and the wavefunction of the Is atomic orbital, for example, is 


TUE vi Z3 exp (—Zr) (4.115) 


The most probable distance between the electron and the nucleus may be 
found by following a similar procedure described in Section 4.8 for the 
hydrogen atom and is given by 


p (4.116) 


NI- 


This shows that as the atomic number increases the orbital contracts. Also, 
the first ionisation potential increases as Z increases. The observed first 
ionisation potentials of He*, Li** and Be*** ions, are: 

He* :54.16 eV 

Litt : 1258 eV. 

Be***: 216.6 eV 
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4.14 Vibration and Vibrational Spectra of Diatomics 

When one deals with vibrations of a diatomic molecule, one sees only a | 
single mode of oscillation, i.e., the stretching and contracting of bond, — 
This stretching and contracting of the bond can be treated to a good 2 
approximation as simple harmonic oscillation about the equilibrium bond © 
Iength. Therefore, the permitted vibrational energy levels are given by ~ 


Eq. (4.21) with 
Wd JE 
97 ay m 


Here, we come across a difficulty about the mass m. 


This mass m is not the total mass of the molecule. For example, if one of ~ 


the atoms is extremely heavy relative to the other atom one may imagine 
that the smaller mass is attached by a weightless spring to a massive body 


which is fixed and the fundamental frequency vo may be determined by the ‘a 


smaller mass. 
Consider two atoms of masses m and mz separated by the bond length ` 
R. The centre of mass is determined by 


mir, = mon 
where ri: + 72 = R. We have 
ee PY zip 3t 
peii or n et nig nd eife 
Therefore, the equations of motion for each atom are given as 
d?r Cu 
mga — KRR) me = —K(R R) 


where R. is the equilibrium bond length. 
Substitutions for ri and rz in the two equations give 


poh = —K(R — R.) (4.117) 
= Mmm 
PT a +m (4118) 


Where / is called the reduced mass of the molecule. One can now imagine 
that a particle of mass p is undergoing simple harmonic motion along R 


with the frequency 
1 [K 
wr 5 | 


If the vibration is harmonic then the energy levels will be given by Eq. (4.21) 
and the selection rule for transition should be given by Eq. (4.42). Thus, 
One expects a single line with frequency vo in the vibrational spectra of 
diatomic molecules. 

But, in reality, one observes Many lines with weaker intensities than that 
of the fundamental line in the pure vibration Spectrum. One reason for this 
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is that the nuclear vibrations deviate from that of the harmonic oscillator. 
A schematic diagram of the actual potential energy vs. internuclear distance, 
R, in a diatomic molecule is shown in Fig. 4.7 where the dashed lines 
indicate the parabolic potential curve used for harmonic oscillator. 


Actual potential 


Harmonic potential 
=p K(R-Re? 


Fig. 4.7 The real potential energy curve (solid line) and 
the parabolic potential energy curve (dashed line) vs. R 


The shape of the actual potential energy curve as shown in Fig. 4.7 arises 
from the fact that every diatomic molecule dissociates into atoms at large 
displacement from the equilibrium positions of the nuclei. The most com- 
monly used approximation of the potential energy of a diatomic molecule 
is the Morse function given by 

WR) = D1 — exp [—a(R — RJ? (4.119) 

For large R, the potential energy approaches D, where D, is the dissociation 

energy and a is a constant. In fact, the Schródinger equation can be solved 

with V(R) given by Eq. (4.119). The energy eigenvalues of the Morse poten- 
tial are given by! 

Evin = hvol(n +4) — xo(n + 47) (4.120) 


where xo may be called the anharmonicity constant and is given by hvo/4D.. 
The energy of the fundamental transition 0 > 1 is now given by 


Eww(0 > 1) = hvo(1 — 2X0) (4.121) 


Molecular vibrations are studied by observing the vibrational absorption 
spectra which for diatomic molecules are found primarily in the-infra-red 
region corresponding to wavenumbers 200 ~ 4000 cm-'. 

In Sec. 4.4 we have derived that the transition dipole moment or instan- 
taneous dipole moment is different from zero if An = +1. It is, therefore, 
immediately clear that a homonuclear diatomic molecule whose dipole 
moment is always zero for all values of the nuclear displacement cannot give 
rise to pure vibrational spectrum. Besides, the vibrations in real diatomic 
molecules are not strictly harmonic, so they can exhibit transitions with 


Mri LEUTE 
1. L. Pauling and E. B. Wilson, Introduction to Quantum Mechanics, McGraw-Hill 
Book Co. (1935). mer 5 
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4n — 3-2, +3, etc. But these are less probable than those with 4n = +1. 
Let us now consider the transition 0 — 2. From Eq. (4.120) the energy of 
the first overtone band is given by 


AEvin(O > 2) = 2hvo(1 — 3x0) (4.122) 


We see that the first overtone band which is weaker than the fundamental 
band appears near 2vo and a still weaker band may appear near 3vo. If the 
fundamental and overtone bands are studied it is possible to derive informa- 
tions about the force constant and anharmonicity constant for the bond, and 
so the shape of the potential energy curve can be deduced. 

Also, in the vibrational spectrum of a real molecule, the spacing of the 
energy levels is no longer constant. Consider the transition 1 — 2, AE is 
given by 

AEvw(1— 2) = hv(1 — 4x0) (4.123) 
If we compare Eq. (4.123) with Eq. (4.121) we find that the transition 
0 -> 1 requires more energy than the transition 1 — 2 and'so on. The vibra- 
tion spectrum therefore consists of many lines rather than one as predicted 
fo: a simple harmonic oscillator (see Sec. 4.4). 

Since a real molecule may vibrate and rotate simultaneously, it can 
undergo transitions in which both the quantum numbers / and n change. 
The rotational constant may depend on the vibrational state because the 
vibrations may affect the moment of inertia. So the rotational constant B 
should be labelled with the vibrational quantum number zi. The energy of a 
rotating-vibrating diatomic molecule is given by 


E(n, D) = hvol(n + 1/2) — xo(n + 1/29] 

EBan KI. 1) (4.124) 
where the anharmonicity effect is included. For the ground electronic states; 
the selection rules are those we have already introduced, i.e., 

: n= 1, i= 41 
when 4/ = +1, the transition energies in the vibrational spectrum, charac- 
terised by n > n + 1, are given by 
í AE = SEG" 5 4 IBI 4- 1) (4.125) 
where we assume that the rotational constants are the same in the upper 
and lower vibrational states and AEvw(n — n + 1). is the vibrational part 
of the energy difference. According to Eq. (4.125) one expects a series of 


lines separated by 2Bn. These lines constitute the R-branch of the spect- 
Tum (see Fig. 4.8). When 4/ = —1, the corresponding transition energies 


are given by 
AE = AE n(n >n + 1) — 254 (4.126) 


These lines appear on the low energy side of the fundamental vibration 
band. They are called the P-branch (see Fig. 4.8). When the rotational 


cl a t aim ia. Lon n a e t 
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constants B are not the same in the initial and final vibrational states, the 
spacing between the lines in either branch is no longer regular. 


om nN won 


P-branch R-branch 
Positions 
of 


Q-branch 


Fig. 4.8 Position of P, Q and R branches in vibration- 
rotation spectra 


A Q-branch results from a transition in which 4/ = 0. It appears in the 
vibrational spectra of those molecules for which the angular momentum 
parallel to the internuclear axis is not zero. 

APPENDIX 4 
We shall evaluate the following integral 
Inn = f exp (—x?)Ha(x)Hn(x) dx (A4.1) 
-0 
where Hn(x) is the Hermite polynomial of variable x and of the degree n, 
and is defined by Eq. (4.23) in the text. Writing D, for the differential d|dx, 


one can write the integral In,n as 


Inn = [7 eno 69 C DD lero (7591 Drferp Cx de 
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T [exp (x2) D* [exp (—x?)] D"! [exp (—2?)] I 


= [. (2x exp (x?) D^ [exp (—x?)] + exp (x?) D"*! 
[exp (—x?)]}D""![exp (—22)] dx 
= 0 — [^ (2x exp G2 D" [exp 7x9] + exp (22) D™ exp (PM) 
x D" [exp (—x?)] dx (A4.2) 


Since the function D" [exp (—x)] satisfies the differential equation (4.13) of 
the text one may write 


D"[exp (—22)] = —2xD"* [exp (—x?)] — 2 (n + 1) D^[exp ( — x3)] (A4.3) 
Replacing n by n — 1 

D"! [exp (—x2)] = —2xD" [exp (—x?)] —2nD""! [exp (—x?)] (A4.4) 
Inserting Eq. (A4.4) into Eq. (A4.2), we get 


Inn = 2n i exp (x?) D'7! [exp ( —32)] D"! [exp (—x?)] dx (A4.5) 
= 2n In-1,5-1 
Thus 
Ina — 2n I-tn-1 = 2n. 2(n — 1) In—2yn-2 - - 
= 2"n! Io, (A4.6) 
Since 
loo = f exp (—x2) dx = V7 (A4.7) 
We find that 
Inn = ent (A4.8) 
PROBLEMS 


. Calculate the zero-point energy of a mass of 1.67x 10-* gm connected to a fixed 
point by a spring with a force constant of 10* dyne/cm. 

2. Calculate the mean value of the potential energy experienced by an electron in the 
Is-orbital of the hydrogen atom. Show that the average kinetic energy is equal to 
the total energy with the sign changed. 

. Consider two non-orthogonal orbitals, 4, = Nye" and 4$, = Nare ', where N, and 
N; are the normalising factors. Find N, and N, and construct a pair of orthogonal 
functions from $, and ¢,. 

4. Show that electron density ina filled shell of orbitals, like the configurations p" 

and d”, is spherically symmetrical. 


w 
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5. In the vibrational spectrum of HCl the first three energy levels appear at 
1331.8 cmt, 3917.4 cm"? and 6398.94 cm". Find the corresponding harmonic oscil- 
lator wavenumber o», its anharmonicity constant, xo, and dissociation energy De. 

6. For the ground state of the one-dimensional harmonic oscillator show that the 
average value of its kinetic and potential energies are equal. 

7. The hydrogen halides have the following fundamental vibration frequencies: 
HF(4141 cm~), HCI(2989 cm~), HBr(2650 cm-t), HI(2309 cm). Find their force 
constants in N/cm. (IN = 105 dyne). 


5 


Approximation Methods 
and Interaction of Radiation 
and Matter 


5.1 Introduction 


The systems considered in the preceding chapters are those for which 
Schródinger's equation can be solved exactly and therefore their true wave 
functions, energies and other properties are obtained. However, for most 
problems of chemical interest the Schrodinger equation cannot be solved 
exactly because in these problems the presence of more than one electron 
introduces the electron repulsion terms (i.e. e?/ri; where rj is the distance 
between electron i and electron j) in the hamiltonian. The separation of 
variables as was possible in the treatment of the hydrogen atom cannot be 
possible now owing to the dependence of ry on 0 and $ coordinates. There- 
fore, for systems having more than one electron it is not feasible to obtain 
an exact solution of the wave equation which has to be solved approximately. 
The Schrödinger equation cannot also be solved exactly for one-electron 
system whose potential field is not spherically symmetrical (e.g. hydrogen 
atom in an electric or magnetic field). There are two commonly used methods 
for obtaining approximate solutions to the wave equation. They are: (1) the 
perturbation method; and (2) the variation method. The perturbation method 
is generally suitable for a system which differs in a very small way from 
one for which the exact solution is known. In fact, this method is successfully 
applied to obtain the wave functions and energies of the hydrogen atom in 
Presence of a weak electric field. The variation method is applicable to those 
systems for which the wave functions can be guessed. The trial wave function 
ought to be close to the true wave function of the system concerned and 
the mean energy is then calculated. This is taken to be the energy of the 
system. Unfortunately, in many cases, it is difficult to guess what the true 
wave function will be like. 

In this and the following chapters we shall always use for convenience 
the bracket notation for the integral over all variables: Thus 
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where f and g are functions, 4. an operator, dr, the collective symbol for 
the volume element over all variables. The function f appearing at the left, 
inside the bracket, refers to its complex conjugate if f is not a real function. 


5.2 General Time-independent Perturbation Theory 


The kinds of problems which can be successfully dealt with by the pertur- 
bation theory are those for which the following conditions are satisfied. 


They are: 
(1) The hamiltonian can be decomposed into two parts as __ 


A = AO 1 Ay 
where AV is the perturbation, and À is the expansion parameter. 
(2) The eigenvalues and eigenfunctions of the unperturbed hamiltonian 
H© are known. 


(3) H > Af 
Let 4 be the wave function of H with £ as its eigenvalue. Then the 
unperturbed eigenvalue equation is 


foo. = poo (5.1) 


Let be the wave function of the hamiltonian H, then the eigenvalue 
equation which we wish to solve is 

(A + AÑ) 9 = Bb (5.2) 
If A is set equal to zero, Eq. (5.2) reduces to Eq. (5.1), so that E becomes 


E© and becomes (9. The effect of perturbation AV is to change slightly 
the unperturbed eigenvalue EX to E and the unperturbed eigenfunction V? 
to V. Since ý and E are functions of A, we expand them in the form of a 
power series as 


y — JU 4p AYO 4+ AD + MYO +... (53) 

E= EO + AEM + SEO + SEO +... (5.4) 

where JD, JO ,,. and EM, B®, . . are independent of À and /(D, y® . 

are so chosen that they are orthogonal to ¥ which is assumed to be 

normalised. If we substitute these series in Eq. (5.2) we find the following 
equation for the perturbed system. 

ROYO + AYO + YO +...) FAVYO + AYO + OD +...) 

= (BO + AED + EO +...) YO + AYO + X40 +...) (5.5) 
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Before finding the solution of this equation one has to decide to what order 
of accuracy the eigenfunctions and eigenvalues of the perturbed system are 
required. Since the perturbed system is only slightly different from the 
unperturbed one, one may treat ¥ and E® as being the approximate 
solutions of the perturbed system. This is called the zeroth order approxi- 
mation to the true solution of the perturbed system. If one wishes to obtain 
more accurate eigenfunctions and eigenvalues of Eq. (5.5) one has to retain 
the larger number of terms in the series (5.3) and (5.4) and then solve Eq. 
(5.5). Thus, in the first-order perturbation theory, we approximate the true 
solution to the eigenvalue equation by retaining the: second terms in the 
series (5.3) and (5.4). Similarly, in the second-order perturbation theory, we 
retain the third terms involving à? in the series (5.3) and (5.4) and so on. 
Therefore, equating the coefficients of the various powers of A in Eq. (5.5) 
as A is an arbitrarily small parameter, one obtains the series of equations 


Hoo = LOY (5.6) 
(AO — EOD = — Por 4 POY (5.7) 
(o — poo = — pyw + EAYO + EOD (5.8) 


(AO — FOYER = — PIM + Eoo + EDD + Foye (5.9) 


(AO — peu = — fuo + EJ + Eom + puo 
+ EYO (5.10) 
The first of these equations, i.e. Eq. (5.6) is already solved. If the second 
one can be solved we obtain JP and EX?, The solution of the third one 
gives VO and E®), and so on. 

To obtain the first-order perturbation energy we multiply Eq. (5.7) with 
%* on both sides and integrate over the whole space. Thus, using the 
bracket notation for the integral, we have 

CH | (HO — Eo) | y0 y = — (0o | y | > + E ¢ yo | YO > 
(5.11) 


Since H is hermitian one may write the integral on the left hand side of 
Eq. (5.11) as 


CHO | (HO — BO) | oO > = < YO | (HO — Eo) | YO > * 


We assume here and in subsequent sections that all wave functions are real. 
From Eq. (5.6), it follows 


€ yo | (H® — po) |y» = 0 (5.12) 
Therefore 

EO = CH | V | yO > (5.13) 
since 4 is chosen normalised. 


Approximation Methods and Interaction of Radiation and Matter 95 
To obtain second-order perturbation energy wesimilarly multiply Eq. (5.8) 
with J(9 on both sides and integrate over the whole space. 
«o | (HO — E9) | y > = — CU | V | 0 » 
EO < YO | YO > + EOC 40) | HD (5.14) 


Using the hermitian property of ÅO, and remembering that ¥) is chosen 
orthogonal to ¥ which is assumed normalised, one obtains 


Eo = (uo | vy» (5.15) 
Similarly one can deduce that 
Eo = C4 | y | y> (5.16) 
E^ = (40 | v | 906» (5.17) 
d 
an Eo = Quo | v] yor) > (5.18) 


These equations show that the calculation of the n order energy requires 
the knowledge of (n — 1)th order eigenfunctions. However, the perturbation 
theory is in reality more powerful than the above results seem to indicate. 
One can show that a knowledge of the wave function to an order of n 
suffices to determine the eigenvalue to the order 27 + E 
For example, £“ in Eq. (5.17) can be obtained without knowing JO), For 
go = (uo | y] YO > e QUO LY 1H? 
= — Cp | (HO — EOYO > EO (J| yO > 
= — 440 | (HO — EV) |40) 
= — Cy | (HO — EO) |y > 
= (uo | y | d» — BOK HO | o) — BO (uo | HE 
EO) < po | yo» (See Eq. 5.9) 
= Ck | VL go» — ED cuyo | m» — En CHO [HO 
(5.19) 


Thus to calculate E the knowledge of 49 is not needed. Onecan similarly 
find a corresponding formula for E? which depends on YO, $ and JO, 
Thus, EM, EO and E® can be derived from V», E9 and E® from JO, 
and, so on. 

So far we have not made any attempt to solve Eqs. (5.7), (5.8), (5.9), etc. 
Let us consider Eq. (5.7). To solve this it is customary to expand # in 
terms of the complete set of eigenfunctions of the unperturbed hamiltonian 
HO, Let us specify an eigenvalue with a subscript /. Then the unperturbed 


equation is 


foy? = Pun (5.20) 
Withi —1,2,34... 


ae 
1A. Dalgarno and ALL. Stewart, Proc. R. Soc., 238A, 275, 1956. 
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where Ef? is non-degenerate, i.e. there is only one normalised eigenfunction 
= ) 
belonging to each Ej?. Then 


4P = Z Cup? (5.21) 


The summation in Eq. (5.21) NAR if necessary, an integration over the 


continuous eigenspectrum of ÊW, The omission from the sum of the state 
i = j ensures that Vf! is orthogonal to Jf? Thus, the E is written as 


(P TH >= Z cum y» 
because the set of eigenfunctions W, Jj etc. of H® is orthonormal. 
Substituting from Eq. (5.21) in an equation of the form (5.7) for Jj one 
obtains 


(HO — gf?) 2 cue — Pol? + BM 
j#i 
or: EE: CEP: EMI? = — Pu + BPH (522) 


If we multiply Eq. (5.22) with Jf? and integrate overall space, we have 
E, CHE? — EP) (IP | P > 


--—( P V | 99 5 + Ef? c y" | 49.» (5.23) 
The left hand side of Eq. (5.23) is zero. Thus 
E? = (QPPL vp um» (5.24) 


We shall now seek the first-order correction to the wave function. Let us 
expand the summation in Eq. (5.22) 


Cu(E — EP) ul + CAEP — EY + cue — EV) 
x49... o KP 4 EMO (5.25) 


In order to obtain Cj; we multiply both sides of this equation with ¥{” an 
integrate over the whole space: 


Ci(E — Ef?) € 9 |W > + Cae? — 9) qu | uo > 
EOE — E) QU? [WD 4... 
== CML VIEN] ufo» 


Since the zero-order wave functions are orthogonal and normalised we have 


(0) 0) 
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Similarly, to obtain Cr we multiply both sides of Eq. (5.25) with y and 
integrate. We have then 


0) 
6,0 |v ist? 


(0) (0) 
-í< ic LJ E ? (5.26) 


Thus, one can write 


Cy 


Substituting for Cy from Eq. (5.26) in Eq. (5.21) one obtains the first-order 
correction to the wave function: 


9 | y | yO 

uf = — Z cir o 
fo) (0) 

ji Z < Ha ru > op (5.2) 


We can now summarise the results of the non-degenerate first-order 
perturbation theory as: 


E, = E + AB = EP cA Cu Lv |o 
Jim P + D (5.283) 


(0) 0) 
=O pa E LY LP 2 (o (5.285) 
yi + Zug 4 


Equation (5.28b) cannot be valid if there is a degeneracy in the eigenspectrum 


of ÑO, i.e., Ef? = EU for i # j. 

We shall seek a more explicit expression for the second-order energy. 
The second order correction to the energy of the eigenfunction i is given 
by (Eq. 5.15). 

gf? = (um v | um» (5.29) 


Substituting for Jf" from Eq. (5.27), in Eq. (5.29) we have, 


ds um yt oes rv > _ VaV, 
EP = 3 SO i we iH 2 ge 
(5.30) 


where 

y, = (IP pvp o» (5.31) 
Because of the hermitian property of V, (Vy. Vj) is real and positive. It is 
seen from Eqs. (5.28b) and (5.30) that the first-order correction to the 
coefficients and the second-order correction to the energy involve the energy 
difference between two zero-order states in the denominator. Therefore, the 
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zero-order states which have the largest effect on ; are those which are 
closest in energy to 4%. 

As we have earlier mentioned, since the perturbation theory is applicable 
to a system which is only slightly different from the unperturbed one, it is 
rarely necessary to go to higher-order terms. However, the fact remains that 
this form of the theory is not valid if there are degenerate zero-order states. 
The systems having degenerate states can be treated by using a modification 
of the variation method which will be described later in this chapter. 


5.3 An Example of the Application of Perturbation Method 


Let Ho be the hamiltonian operator for a hydrogen atom and y, 
VD. yP... etc. be its eigenfunctions. When a uniform electric field along 
Z-axis is applied, the perturbation term V is given by (since A is an arbitrary 
parameter, it is chosen to have the value unity): 


V = eFZ = eFr cos ô (in spherical polar coordinate) (5.32) 


which is to be added to Ho, where e is the electronic charge, and F, the 
strength of the applied field. The energy ofthe ground state of the hydrogen 
atom which is non-degenerate is given by the following expression which is 
correct to the second order: 


EP + ES? + EP 
0) \ 6 0)N2 
EP. + eF CP | ros 0 IP» + eF? Z E LO Eg: 2 
(0) 
= ED + F< oh | rcos0| P > + F2 E SEa ata M m 
J#0 Ey’ Ej? 
[in a.u.] 


(5.33) 


The ground state of the hydrogen atom is represented by Is orbital whose 
wave function is 


yP = —= exp (—r7) (5.34) 


The integral 
WO | r cos @ | gP > -l K exp (—2r)r? dr i! sin 6 cos ô dà 
2m 
x fa =0 (5.35) 
since 


T aO = (5.36) 
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Thus, there is no first order effect on the ground state. However, this per- 
turbation may cause a second order effect owing to the mixing of y with 
certain appropriate excited states. The excited states which lie closest to 
yP in energy are the 2s, 2px, 2p, and 2p. states which are fourfold dege- 
nerate. Of these four states, only the interaction between 1s and 2p; orbitals 
are non-vanishing while the other interactions vanish because the angular 
parts of the integral are zero. The integral between 1s and 2p, hydrogenic 
orbitals is 


< oh | r cos 010 > = < 1s |r cos 4 | 2p: > 
a ee in exp (—37/2)r4 dr f sin 0 cos? d In 


7 4/2 
2 (2Y5 
kr (3) PIVA 
(see Eq. 5.57) 
where 
2p. = 4? = C exp (—47)r cos 0 (5.37) 


4/20 
In classical physics, the energy of an atom in the presence of a uniform 
static electric field F is given by 
Eo = ES) + aF? (5.38) 


where Ep” is the energy in the absence of the field and « is called the polaris- 
ability. On comparing this equation with (5.33) we find for the polarisability 
of the hydrogen atom 


(0) 6 0) \2 
a3. 2 CP Leon PY (5.39) 


since the first-order term in Eq. (5.33) is zero. 


5.4 The Variation Theorem 


If we can make a guess of an approximate wave function of a system based 
on the physical and chemical considerations intuitively, then the energy of 
the system is approximately given by 


LE9IHI9» j 
dee rum SM 


If the chosen function V is normalised then E can be written as 
E-QUIIHIV? (5.41) 
where H is the complete hamiltonian of the system. The energy E, accord- 
ing to the variation theorem which will be proved shortly is always greater 
than the true energy Eo (or the lowest eigenvalue of H) of the system in its 


100 Introductory Quantum Chemistry 


ground state. In other words, if we make several guesses of wave functions, _ 
say, ¥ and #2 which lead to E; and E; respectively according to Eq. (5.40) 
or (5.41) then, in accordance with the variation principle, if E1 < E», Ey is 
the better approximation to the true energy Eo than Ez. Therefore, the 
corresponding wave function ¥ is a better wave function of the system 
than %2. 

The variation theorem may thus be stated as follows: If ¥ be the trial 


wave function of a system whose hamiltonian AT has a discrete eigen 
. spectrum, then 


(9| H|$ ? 2 Eo (5.42) 
where Eo is the lowest exact eigenvalue of ft assuming that the trial wave 


function is normalised. 
Proof: Let do, $i, $2, ¢3,...be the set of normalised and mutually 


orthogonal eigenfunctions of H with discrete eigenvalues such as Eo, Fi, 
En, Es, etc., respectively. Thus 


A$: = Ep, i-01425... (5.43) 
To prove the theorem we expand / in terms of this set of eigenfunctions, 
y= z Cibi (5.44) 
Since < / | V > — 1, we have 
z C= 1 (5.45) 
Moreover, 
dil H |¢i) — Ei (5.46) 
and Ctl HI4»— EQSIS»-—0 (5.47) 
Consider the integral 


E=<YIH| 4) = CZ Chi hH |Z ty > 
HFC KH HIG + FCC CH HI g> (5.48) 
But the second summation vanishes owing to (5.47). Therefore, 
E= Z CE (5.49) 
If Eo be the lowest eigenvalue of È, then one can write 
E — Ey — Z CPE; — 
=z CPE; — z CLE) (from Eq. 5.45) 
=Z CHE; — E) (5.50) 
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The quantity (E; — Eo) must be positive or zero for all values of i and 
since C? is always positive it is seen that the right hand side of Eq. (5.50) 
must be always positive or zero. It follows 


(E — E) 2 0 
or <¢|H|%>> Bo (5.51) 


In other words, if the trial wavefunction % happens to be the true wave 
function of the system in its lowest energy state, we get true energy Eo. 
Otherwise, the variation method always gives an upper bound to the true 
energy without giving any indication how far the true energy is different 
from the calculated value. 

The application of the variation method involves the following steps: 


1. Choose a trial function V with some variable parameters. 

2. Calculate the integral < 4 | H | 4 > 

3. Since this integral always gives an upper bound to the true energy 
unless the chosen function % happens to be the exact one, minimise 
the integral with respect to the variable parameters. 

4. The function # with the optimum value of the parameters is the best 
approximation ofits class to the true wavefunction and the lowest 
value of < | H | # > isthe nearest approximation to the true energy, 
for all trial wave functions belonging to the same class, 


5.5 An Example of the Application of the Variation Method 


We shall illustrate the application of the variation method to a simple case 
for which the Schródinger equation is exactly solvable. The purpose of 
choosing such an example is to show how powerful is the variation method 
and the extent to which the results of the variation method differ from the 
exact values. As an example, let us consider again the hydrogen atom for 
which the hamiltonian operator (in atomic units) is 


^ 


= — 4V2 — I/r (5.52) 
where V? in spherical polar coordinates is given by 
10440 l1 cq UD. 1 æ 

= 3340 ) + Fein 6 ain ex) perpe Oe 
From physical intuition one can say that a system like the hydrogen atom 
is spherically symmetrical. The wavefunction of its lowest state must be 
spherically symmetrical because the wavefunction must have no nodes. One 
can choose a wave function of the form 

y = exp (—?r) : (5.54) 
where Y is a variable parameter. Since the function is spherically 
symmetrical both 4/08 and 25/26 must vanish. Thus, Hib becomes 


v2 
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E aih als exp r:n] - L ep (=r) | 
-[- i (r-? 2) )- i] exp (—?7) 6.59% 
The energy is given by i 3 
pasty 1 
.epCc i -a(r — 2) - 2) exp c var [sin o ao |” ag 
: " eo (an A qum 9 dà Y 


exp (—2Yr)r? dr + Y 5 exp (—2?r) r dr — exp (—2vp)rdr 


A exp (127: dr 


(5.56) 


We use the following standard integral to evaluate the integrals in 
Eq. (5.56) 


2 n! 
f exp (—ax)x" dx = eX 


Thus, 
uj 8) y 1 
Ne E E029 on Qr? i 
OF m 
y. | 
2 É i | (5.58) — 
The condition that E be minimum is i 
A -Y-i-0 or ES (5.59) 
So that the lowest eigenvalue is 
Ei iQ) (5.60) 
and the corresponding eigenfunction is a 
4$ = exp(—r) (5.61) i 


These represent the exact eigenvalue and eigenfunction of the hydrogen 
atom in its ground state. The fact that these results are identical with the — 
exact solution of the Schrödinger equation is due fortunately, to the well .— 
chosen form of our trial function. We might have chosen a function of the — 
form 


4 = exp (—Yr2) (5.62) 
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which led to the expectation value, 
E = —0.424 a.u. (5.63) 


slightly higher than the exact value. In fact it is possible to give a greater 
flexibility to the trial function such as 


V = exp (—yr") (5.64) 


where ? and n are parameters. By minimising the energy with respect to ? 
and n one can obtain the following optimum values of these parameters 


n=1, y= 1 
The only significance that can be attached to this result is that by choosing 


a trial function of the right form one can hopefully obtain a fairly good 
approximation to the true energy by the variation method. 


5.6 Application of the Variation Method to Other States 


Although the variation method is primarily important for ground states, it 
can be used to a limited extent, for the calculation of the energy levels and 
eigenfunctions for the excited states. The wavefunction of the lowest state 
of hydrogen atom is spherically symmetrical but there are other wave func- 
tions which are not spherically symmetric and have characteristic nodal 
surfaces. For example, the 2p- orbital has the X-Y plane as a nodal plane. 
If we can appropriately choose a second trial function which is orthogonal 
to the one chosen for the ground state and carry out the same procedure as 
described above we will obtain an approximation to the energy of the 
lowest p-state. By a similar argument one can determine the energy of the 
lowest d-state of an atom, etc. Thus the variation method can be used to 
determine the energies of the lowest states corresponding to each symmetry 


type. 


5.7 Time-dependent Perturbation Theory 
This section will be concerned with the time-dependent phenomena. In 


Chapter 2 we have learned that if His independent of time, then the wave 
function can be factorised into two functions [Eq. (2.71)]: 


dr, 0) = Hr)-exp (- Zig) (5.65) 


If H is time-dependent, this factorisation is not valid. We then face a 
difficult’ problem of finding the solution of the Schrödinger equation 
Le Ot edi (5.66) 


The time-dependent perturbation theory provides an approximation technique 
of finding a reasonable solution to Eq. (5,66). The basic ideas on which 
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independent perturbation theory. ! 
We assume that the hamiltonian of a system can be divided into two. 


parts 

A = ino) + Per, 0) (5.67) 

where H° is the unperturbed time-independent hamiltonian whose wave 

functions describe the stationary states of the unperturbed system; Vr, t). 

is a very small perturbation that depends on both space (r) and time (OF 

variables such that : 

|) | > | Me, 01 

Since the total hamiltonian Ar, t) is time-dependent, the energy cannot be. 

conserved so that there are no stationary states. The problem now is to” 

find the wave function of Hr, 1) from those of the stationary states of the 
unperturbed system whose hamiltonian is Á). 

The eigenfunctions of H%r) are the solutions of the equation 

ih Ob? (r, 1) — Fro yy 

DECRETA H (rbi (r, 1) (5.68) 

It is presumed that the set of eigenfunctions, i.e. YPC, 1), Jj (r, t), etc. 

Eq. (5.68) are known and they must be written in their time-dependent fori 


PCr, t) = Vf? (r) exp (- Ziso) (5.69) 


where +{"(r) is independent of time and E® is the eigenvalue of B. The 
equation to be solved is d 


Uo) + Pe, n) rs 0 = # Be, (5:10) 
We shall attempt to find the solution of A (5.70) by expanding J.(r, t) in i 
terms of the complete set of the unperturbed time-dependent functions of 
the form (5.69) since the latter form a complete orthonormal set. Thus 


Hirt) = 2 alter, 1) (5.71) 


where the coefficients of mixing, i.e. a are also functions of time. TI 
expansion means that before the perturbation was applied the system Wi 
represented by a pure state 4? (r, t). After the perturbation is imposed 
system is described by a mixture of the unperturbed states. Since the co” 
efficients of mixing varies with time, as time proceeds, the function is d 
cribed by different mixtures. It may happen that at a later time the mixture 
of states actually represents either predominantly or completely anoth 
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pure unperturbed state, say Ur, t). We will now seek to find the coefficient 
of mixing with Yr, t) in the expansion in Eq.(5.71). If Eq. (5.71) is in- 
serted in (5.70) we have 


z aut) HO (ror, t) + Z auli) Ver, WG, 1) 


= a 
We assume that V does not involve 2/0t. In view of Eq. (5.68), the first 


term on the left hand side of Eq. (5.72) cancels with the second term on its 
right hand side. We, therefore, have 


z Maul yr, ee ih ? za) PED au SUN Be (ry 1) (5.72) 


Z as(tVir, HOG, ) = 33 z SO uoi, 1 5.73) 
Multiplying both sides with Jor, 1) and integrating 
xau) CP, 0 | Veo, | HG, > 
= Be BE Pes Po n» (5.74) 
Since, J/A(r, t), bir, t), etc. are orthonormal, i.c. 


Cfr, 0) | Pr, > = êw 
all the terms in the summation of the right hand side of Eq. (5.74) vanish 
except the one for which f = k. One obtains 


eap = = Sault) < WG, 0 | VG, 0 | oO, 0)» (5.75) 


We shall now introduce certain approximations. As the perturbation V is 
small, the rate of change of the coefficients ajy is also small. It is zero when 
the perturbation is absent. Initially the system is described by a pure state 
Vir, t). Therefore, when t = 0, aj(0) = 1 and ay continues to be nearly 
equal to unity for a short while after ż = 0, while all other coefficients aix 
are neglected in comparison with aj. The only important term in the sum- 
mation of Eq. (5.75) is the one having k = i and we can write 


rey 
fap) aE QE 0 | Veo LP 0» 


ait) — ay(0) = zf: o re OL Me, 0| U(r, 1)» dt (5.76) 


If we use the time-dependent form (5.69) of Pr, t) and Jr, t) we then 
have 


ay) — air) = x4 f. Vit) exp He? — gy] dt (57D 


where Vau) = L PP | V) | i (o) > (5.78) 
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But according to our assumption a;(0) = 0; the value of ai after time f is 
given by 
2a [(* 27i , (0) (0) 
an " Vit) exp EEG (Er -- Ei )t| dt (5.79) 
This equation yields ay and | ay |? may be interpreted as measuring the 
probability that a given perturbation carried the system from the stationary 
state Jf (r) to the stationary state Jj(r). 


5.8 Harmonic Perturbation and Transition Probabilities 


There are various ways the perturbation may be applied. However, we shall 
discuss only the harmonic perturbation which results when atoms or 
molecules are exposed to the electromagnetic radiation. The electromagnetic 
field of the radiation is represented by an oscillating electric field « and an 
oscillating magnetic field H perpendicular to each other and to the direction 
of propagation of the waves. They have equal magnitude provided « is 
measured in electrostatic units and H in electromagnetic units. However, 
the interaction of the electromagnetic radiation with electrons or any charg- 
ed particle of the matter will be due, mainly to the electric field associated 
with the radiation rather than its magnetic field. This is because the force 
exerted on a particle of charge e by the electric field is ee while the force 
exerted on the same particle by a magnetic field is evH/c where v is the 
velocity of the particle and c, the velocity of light. Since in most systems 
7 € c, the magnetic contribution is much smaller than the electric contribu- 
tion to the interaction. 

The oscillating electric field associated with electromagnetic radiation of 
frequency v is given by 


elv, t) = 2eo(v) cos 2zvt (5.80) 


where 2eo(v) is the amplitude of e(v, t). When an oscillating electric field 
interacts with a charged particle, it causes a displacement of the particle 
with the resultant creation of an instantaneous dipole moment, say er, where 
ris the displacement caused by the interaction. Since the molecular or 
atomic dimensions are of the order of a few angstroms while the wavelength 
of the U.V. or visible radiation is several thousand angstroms it may be 
reasonably assumed that the oscillation of electric field is constant over the 
space occupied by an atomic or a molecular system. Then the perturbation 


hamiltonian ?, i.e. the energy of interaction is given by 
V = er-e(y, t) 
= 2ee(v) cos 2vwt- r 
= elexp Qrivt) + exp (—27ivt)]e(v).r (5.81) 


Let us consider the component of e in the z-direction. This field, i.e. €), 
can create a dipole in the z-direction. Equation (5.78) may now be written as 
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Vilt) = elexp (27ivt) + exp (—2zivt)]e(») €f? (p) | z | Mfr) > 
= [exp (27ivt) + exp (—2zivt)]eo(v) zy (5.82) 


where zy = e< YP) | z| fr) » (5.83) 
The integral zy is called the component of the transition dipole moment in 
the z-direction. Equation (5.79) may now be written as 


aur = FT 0o Mf, exp tomi +990 dt 
n f. HANE varh (5.84) 


where vi = (E? — EP)/h (5.85) 
Equation (5.84) on integration gives 


d cione exp [2vi(vc; + vt] — 1 
anco im -and Prila + v) 


exp [2mb — »)r — 1 
+ ET (5.86) 


The terms inside the second bracket of (5.86) are very small unless the 
denominators are small. This is possible when vy and v are of the same 
order of frequencies. For vy; = v, the situation is referred to as the resonance 
condition when the perturbation is most efficacious. Thus in an absorption 
process, Ey >.E; the first term of Eq. (5.86) can be neglected in comparison 
with the second term which will become appreciable only for 

v= Wi 


Similarly, in an emission process Ey < Ej, the second term is neglected and 
the first term becomes appreciable if 

y RJ Vj 
In dealing with the absorption phenomenon, we neglect the first term. There- 
fore, the probability of finding the system in a stationary state Jp at time t 
if initially ( = 0) it was in a stationary state ¥{", is given as? 


S Ido P] zy px | terio — 0-1] 


4 
| ay? = apay = > 


Zril — v) 
= gpl P | ay [ea (6.87) 


As we have already mentioned, | ay |? is significant only when vy & v. In a 
real experiment one employs a perturbation field which spans a range of 


*3Use is made of the following relation: 
| exp (i0) — 1|* = [exp (i0) — 1] [exp (—i0) — 1] 
= 2 — 2cos 0 = 2[1 — cos 2-6/2] 
= 2[1 — cos? 0/2 + sin? 6/2] = 4 sin? 8/2 
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frequencies. So, we must integrate the right hand side of Eq. (5.87) over the 
range of frequencies. However, only a narrow range of frequencies around 
the resonance frequency makes a non-negligible contribution to | ay". 
This becomes evident from Fig. 5.1. 


0 
TOg-» t —— 


Fig. 5.1 The dependence of | aif |* on the frequency 
of the perturbing field. 


We may, therefore, assume that ei(v) does not change very much over the 
range of frequencies and may be taken outside the integral. However, the 
limits of integration may be extended from a small range to + co without 
invoking any serious error but with an advantage of having the integral in a 
standard form. One may write 


AnNa to sin? s(w; — v)t 
aber SID TAY 7 P 
labe hisop ave [Seay ^ — Gm 
Let us assume 
avi — yt = 0 
then, 
wi — Y = [tv 
or 
—dv = dojin 
The integral in Eq. (5.88) becomes 
* sin? z(w; — v)t © sin? 9 : 
So laa ad Joy eem oe 
where the use is made of the following standard integral 
+0 cin2 
[iste 
Therefore Eq. (5.88) becomes 
noch 
| ay = Se | eo) P| zw Pt (5.90) 


So, we see that the transition i — f occurs with a probability that is propor- 
tional to the square of the transition dipole moment between the initial and 
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final states. It is also important to note that the probability increases linearly 
with time. 

In a real experiment one may not be concerned with a transition to a- 
perfectly defined state, instead one observes transitions to a range of states. 
Then, the probability of transitions to a range of states will be the sum of 
the probabilities in Eq. (5.90). Thus the total probability of transition is 


P(t) = z | ay P (5.91) 
where the sum ranges over the states f. Since the final states f may occur 
as a narrow band of levels within a frequency range vy and w + dy we 
may introduce the number density of final states. Let us call this density of 
final states, n(v). We may reasonably assume that n(v/) does not change 
much in the significant but narrow range of frequencies about the resonance 
frequency (Fig. 5.1). The total probability of transitions to a band of levels 
is approximately given by 


P(t) = | ay P ny) 


or PO = AE | eie) P zy mon (5.92) 


The constant transition rate to a narrow band of levels may be given as 


PO) A Ld P| eu Bay) (5.93) 


wisf = 


It is however more common to express the density of states as the number 
of states in an energy range rather than the frequency range. Let dN (vf) be 
the number of final states in an energy range E and E + dE. The new density 
of states P(v/) is given by 


_ dN() _ dN(w) _ nly) 
P) =a — hd ^ h G29 


where the energy of a state A is expressed as hyp. 
Therefore, 


oi s rm AZ |i) P | av PY) (595) 
For the three-dimensional case we have 
2 
rer = E | eo) P | rv P PG) (5.96) 
where 
| ev) 2 = 19 P + 1e) P + 10 P 
lrg P= lee P+ Eye P+ | xe? 


Equation (5.96) is known as Fermi’s Golden Rule. 
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5.9 The Einstein Transition Probabilities 
According to the classical electromagnetic theory, the radiation density P(v) dv 
in the frequency range v and v+ dv is given by 
<Q, t) 
P(v) dv = dr (5.97) 


where the bar over e? (v, t) indicates its average value. If we assume the 
radiation to be isotropic, i.e. the x-, y- and z-components of its electric field 
are the same, then 


le DP = 120, OF = ei OP = 410, OF 
and the radiation density is then given by 


&9) v= 2 peo OP (5.98) 
From Eq. (5.80) 
T=, DF — Ts cos Dev P = 4 Tq) P cost Deve 
=2[aor (5.99) 


since the average value of cos*@ is 1/2. Therefore, Eq. (5.98) is now 
written as 


Po) do = É Io T (5.100) 


The transition is a consequence of the interaction of the electromagnetic 
field of the radiation with the electrons of atoms or molecules. The proba- 
bility of transition from a well defined state /? to another well defined state 
UF is given by 


| ay P = By PO) dv-t 
= Bue Tes) P- t (5.101) 


Since no transitions occur unless the radiation contains the transition 
frequency, the proportionality constant By is known as Einstein’s coefficient 
of stimulated absorption. Comparing Eq. (5.90) with (5.101) one obtains, 
for radiations polarised in the Z-direction, 


8x3 
By = aT | ze? (5.102) 
For the general case 


T) 
By = Sra zv + Lv B+ Exil 


873 


Tag ur (5.103) 
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It is easy to see that the transition probability for the inverse processes, i.e. 
emission is the same as that for absorption. Einstein introduced the coefficient 
of stimulated emission, i.e. By and i 

Bir = Br (5.104) 
However, the excited atoms or molecules emit radiation even in the absence 
of an external electromagnetic field. Einstein, therefore, introduced a coeffi- 
cient of spontaneous emission Ay, independent of radiation density. We 
shall now find a relation between Ay; and By. 

Consider a system of atoms or molecules in equilibrium with radiation. 
Let Ni be the number of atoms (or molecules) in the state /? and Nr in the 
state ~f at equilibrium, and let us assume that P(vpi) be the equilibrium 
density of radiation of the transition frequency, v. The number of atoms 
(or molecules) undergoing transition i > fis given by 

NB; PCy) 
The number of atoms (or molecules) undergoing transition f -> i 
Nr[An + BaP(vg)l 


At equilibrium, they must be equal, i.e. 


Ni _ An + Br Psy) 
NC Be) ed 


If thermal equilibrium is established, the Maxwell-Boltzmann distribution 
law applies. Therefore, 


M _ exp(—Ei/kT) _ hyi 
N= sec EED ~ °° (er) wa 


Since By; = By, Lad gs Eqs. (5.105) and (5.106) one obtains 
P(g) = At fep (ts ) -1 E (5.107) 
This equation clearly shows that Aj, # 0, otherwise the radiation density 


would be zero. i 
Planck’s black body radiation formula for the radiation density is 


given as 
3 A 
Plor) = shel exp (7) =I (5.108) 


where c is the velocity of light. Comparison of Eq. (5.108) with Eq. (5.107) 
gives 


3 
Pies en By (5.109) 


Therefore, the coefficient for spontaneous emission for the electric dipole 
transitions is given by (following Eq. 5.103) 


orp (5.110) 
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The important point that emerges from Eq. (5.110) is that the probability 
of spontaneous emission increases with the transition frequency and is very 
important at high frequencies. In this context, it would be of interest to 
compare the probability of the spontaneous infrared emission with that of 
the ultraviolet and visible emission. The infrared frequencies are in the 
range of 5000 cm~! ~ 1000 cm~! while the ultraviolet and visible bands 
occur around 30,000 cm-!. Thus, vj of Eq. (5.110) for the infrared band 
are about 107? times that of the UV-visible bands. Besides, the vibrational 
transition dipoles are usually smaller than the transition dipoles for the 
electronic transitions. This fact introduces another order of magnitude 
of prohibition on the infrared emission. In this way, Eq. (5.110) explains 
why the spontaneous infrared emission is rarely observed under conditions 
where the UV-visible emissions are readily observable. 


5.10 Lasers 


For very large radiation densities, BrP(v;) > Ar in Eq. (5.105), it will then 
be reasonable to assume that Ny æ Nj. If the population of the higher 
energy level, i.e., Ny is increased or the population of the lower energy level, 
i.e., N; is decreased somehow such that N;/N; < 1, more photons of energy 
Avy, will be emitted than absorbed. If these emitted photons are in phase with 
the incident beam of same frequency, amplification of light can result. This 
process is known as light amplification by stimulated emission of radiation 
or in short, laser. 

In order to achieve this amplification, the emitting materials (atoms or 
molecules) are kept in an optical cavity which is made up of a pair of parallel 
mirrors, one of which is semi-transparent (see Fig. 5.2) and the other is 
totally reflecting. These mirrors are separated by an integral number of 4A, 
where Ey — E; = he/A. The light reflected from a mirror will be in phase with 
the incident beam. When the population inversion is achieved in the lasing 
material (N; < Np) contained in the optical cavity, a spontaneous emission 


H 


Box containing 
the lasing 


/ material 


Totally Semi-transparent 
reflecting mirror 


mirror 


Fig. 5.2 A schematic diagram for lasing action. 
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provides a few photons of energy Aw. This radiation field will stimulate 
emission in other atoms or molecules, present in the optical cavity. The 
emitted light will be in phase with the incident beam. Thus, wave builds up - 
in intensity as it travels back and forth between the two mirrors, and then 
escapes through the partially transparent mirror. 

In order to achieve the nonequilibrium state, i.e., Ni< Np which is 
essential for laser action, an additional process is required or at least one 
other energy level must be involved. For example, suppose a state whose 
energy is Em exists such that Em > Ey and its life time is short and its most 
probable spontaneous decay involves a transition to Er rather than the 
E; (see Fig. 5.3). We assume that Ey is a metastable state. It means that the 
probability of a spontaneous transition out of that state is very small, i.e., 
Ap is small. Then a radiation of frequency (Em — Ej)/h can be used to pump 
atoms or molecules from the E; state to the Em state. Since the decay 
Em — Ey is very fast, this process will increase the population of the state 
Ey relative to that of the state Ej. 


Em 


E+ (metastable) 


Pump 
hd4: 
fi 


Ei 
Fig, 5.3. Energy level scheme for a three-level system 
More efficient than the above three-level system is the four-level system 
(see Fig. 5.4) where laser emission results from transition not to the ground 
state but to an unpopulated state. Let us call this state, Ej. If the state E; 
which is populated by the transition f — i is also rapidly depopulated by a 
fast process to the ground state, Eo, it is then possible to maintain a conti- 


nuous population inversion, i.e., Ni Nj < 1. Such lasers will give a continuous 
light output. The Ne-Ne laser is an example of the four-level systems. 


Em 


Et 
n?» 
Ei 
Eo 


Fig. 5.4 Energy level scheme for a four-level system 
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The main characteristics of laser radiations besides its high intensity are 
(1) coherence, (2) high monochromaticity, because the optical cavity is tuned 
- to one particular wavelength, so the light of other wavelengths is destroyed 
by interference. 


5.11 Other Mechanisms of Transitions 


In Sec. 5.8 we have assumed that wavelength of radiation that interacts with 
atoms or molecules is long compared with the atomic or molecular dimens- 
ions. Furthermore, the interaction of the oscillating magnetic field associated 
with the electromagnetic radiation has also been ignored. When we have 
an oscillating electric field, the field may not be same everywhere over the 
molecule. 

Let us consider a simple one-dimensional case. The oscillating electric 
field of the radiation causes a displacement of the i'^ charged particle of the 
atom (or molecule) in the z-direction by an amount z; from the origin. 


The energy of interaction V or the perturbation hamiltonian Ve, t) may be 
given as 


Y, t) = 2 cos 2mvt Hp (5.111) 
where e) = «[?. 4 «(s 2 ed 2 e). = | (5.112) 


Vo may be either zero or it may be present in the unperturbed hamiltonian 


Ho of Eq. (5.67). The term | dV/dz;|o = (— «6(v)) is the z-component of the 
oscillating electric field with frequency v. Similarly, |4?V/dz lo = ( — | deo/ 
dz, |o) is the field gradient in the z-direction at the origin. Equation (5.112) 
can be written as 


ez) = — eile 1€ (v) +2 i (de) +.. .] (5.113) 


The first term of Eq. (5.113) gives rise to the z-component of the transition 
dipole moment. In Sec. 5.8 we did not consider the second term of Eq. (5.113). 
If we now consider this term in the perturbation hamiltonian Y we obtain 
the z-z component of the transition quadrupole moment. Sometimes, the 
dipole moment integral zy given by Eq. (5.83) vanishes. If it isso, then the 
weak radiation produced by the quadrupole moment can be observed. Thus, 
Vp(t) of Eq. (5.82) can be written now as 


Valt) = Mexp (27ivt) + exp (— 2nivt)] y ee 


x CHOI 1490 > (5.114) 


The minus sign in Eq. (5.113) is not important because the probability of the 
transition if is always proportional to | ay |?. In Eq. (5.114) the integral 
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< PA) |z wir) > is called the transition quadrupole moment. In fact, 
Eq. (5.113) involves higher multipole terms and if the quadrupole term 
vanishes one has to consider the higher multipole terms in the expansion 
of Eq. (5.113). 

Electromagnetic radiation has also an oscillating magnetic field, H associ- 
ated with its time-dependent electric field ev). If ma is the magnetic dipole 
of the moving charged particle in atoms (or molecules), then the hamil- 
tonian describing an atom or molecule in such an external field may be 
written as? 


Bü = A usd) — p Oud — mal... (5.115) 


where A is the unperturbed hamiltonian of the atom or the molecule in 
the absence of the electromagnetic radiation, and electric dipole moment 


Ha = z eitia 


electric quadrupole moment 
84 = 9s = 17 eiriaris — rioag) 


magnetic dipole moment (see Eq. 4.95) 
Wa = Qmec La 


where e$ and «£^ aré the electric field and field gradient, H*, the magnetic 
field at the origin; «, B denote vectors and equal to the x, y, z components. 


L, is the «-component of the orbital angular momentum vector. This 
operator need not apply only to orbital angular momentum but may also 
include spin. 

The perturbation term m,H% in Eq. (5.115) can give rise to magnetic 


dipole transition moment i.e., ¢ JS?) | La | fr) > which does not vanish 


for molecules in which total angular momentum is not conserved. If we 
include all three perturbation terms in the hamiltonian given by Eq. (5.115) 
then the Einstein coefficient for spontaneous emission is given by? 


poe aL CW er HO + (nc) TEL or 


38h 
3 
" x Hice iy e] (5.119) 


where the first term arises from electric dipole interaction, the second term 
from magnetic dipole and the third term from electric quadrupole interact- 


gcc ECL 
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ions. We now estimate the relative orders of magnitude of these three terms 
disregarding the constant term. 


| ler] o> B s (eas 
~ [4.8x 10710 x 0.529 x 10-5)? 
~ 5.8 X 10736 cgs 


e OP) oN]? eh Y 
[iz citi] 9 a) 
— (0.9274 x 10-202 
= 8.7 X 107*! cgs 


2 
and i07 Ier P» p 


~ 6.8 x 103 cgs (A —.5000 Å) 


We thus see that the Probability of magnetic dipole transition or electric 
quadrupole transition is negligibly small compared to the probability of 
electric dipole transition. The magnetic dipole transition is usually involved 
in magnetic resonance spectroscopy. 


5.12 Line-Widths 


h 
AEx At es (n= 2) (5.117) 


where 4E is the uncertainty in energy and 4t is the duration of measurement 
of energy. If the atoms or molecules remain in their excited states for time 
7, called the life time of the state, obviously, measurements of energy of that 
state cannot last longer than time 7. Thus the minimum uncertainty in this 
energy is 


AE ss È (5.118) 
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This uncertainty in the energy was not accounted for in the time-depen- 
dent perturbation theory outlined in Sec. 5.7, since in obtaining Eq. (5.75) 


it was assumed that PUE is an eigenvector of Ho with the energy EP, inde- 
pendent of time. The ground state of an atom or a molecule in the absence 
of the radiation field has however infinite lifetime. So its energy is well 
defined by Eq. (5. 148); The Eq. (5.75), however, allows for a build up 
of a final state 4$ by transition from a initial state Uf but it does not 
account for the depletion of the state Jf? by transition from it. This proba- 
bility can be allowed for by addingan extra term, i.e., a(t) exp(—1/274) to 
Eq. (5.75) for ðay(t)/ðt. Inclusion of this term then leads to finite line widths 
for transition. 


5.13 Selection Rules 


For many systems like atoms, molecules or harmonic oscillators, etc., the 
probability of a transition from a state given by of, to another state given 
by V9, by light absorption or emission is proportional to | ry P? [see 
Eq. (5.103). To determine whether such a transition in a given system is 
allowed or forbidden, the integral rir defined as 


n e [PIEP d nom 


must be carefully examined. Instead of evaluating the transition dipole 
integral,.simple symmetry arguments can be used to predict whether such 
integral vanishes or not, as in Sec. 3.6. 

In the case of atoms this is simple. All atomic wavefunctions can be shown 
to be either symmetric or antisymmetric with respect to the operation of 
inversion of the electrons through the nucleus. Thus s, d, g, etc., orbitals 
(1 = 0, 2, 4, . . . ) of the hydrogenic atoms are symmetric whereas p, f, h, 
etc., (1 = 1, 3, 5,. . . ) are antisymmetric. In an atom whose wavefunction 
can be written as the product of one-electron orbitals, the state is symmetric 
if Zh, i.e., the sum ofthe /-values of the occupied orbitals is an even number. 


The state becomes antisymmetric if Zh is an odd number. Now the operation 


of inversion on the operator r (t = ix +jy + kz) always results in à change 
in the sign of Y as the coordinates x, y, z change to —x, —y, —z. Therefore 


the integral < Vf? | r r| Vf? > be different from zero, if inversion on this 
integrand aves its sign unchanged. Thus, the product Jj 4? must be anti- 
symmetric with respect to inversion. This is possible if one of the two states 
is symmetric and the other antisymmetric. A hydrogen atom can therefore 
undergo dipole transitions of type s = p, p+ d, d e» f. Apparently, a 
hydrogen atom in 2s-state cannot return to the ground 1s-state by dipole 
radiation. Thus, there exists a selection rule which states that in an electric 
dipole transition in the hydrogen or alkali atoms which have one electron 
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in their outermost orbitals, the orbital angular momentum quantum number 
I must change by unity, or 
4l — +1 


This is the Laporte rule. According to this scheme transition s €» s, pep, 
etc., are forbidden, This means that transition between two states having 
the same orbital angular momenta is forbidden. This brings out a realisation 
that a photon which is emitted or absorbed during transition possesses an 
intrinsic angular momentum. This fact coupled with the law of conservation 
of angular mometum means that when a photon is emitted or absorbed by 
an atom angular momentum of the atom is decreased or increased. The 
restriction 47 = +1 in such events implies that angular momentum project- 
ions of photon are limited to --/2 along the direction of propagation of 
the light. Unlike the electron which is a spin-} particle, the photon is a 
spin-1 particle. The fact that a photon possesses an angular momentum also 
manifests in the existence of left and right-circularly polarised light. 

Besides the electric dipole transitions, transitions through quadrupole and 
magnetic dipole radiations can occur. Selection rules for such transitions 
are different. According to Laporte rule, dipole transition is impossible 
between states having the same orbital angular momentum or i.e., 4/ = 0. 
The electric quadrupole transition permits the selection rule 4/ = 0 and 


41 = +2. This transition involves the operator Ir (see Eq. 5.116) which is 
symmetric on inversion through the nucleus in an atom. Therefore, the 
integrand C? | rr | Vf? > remains unchanged in its sign if the product 
oy) is symmetric with respect to inversion. The magnetic dipole transi- 
tion involves the operator L. The components of Ij 1.6., fig io and L, be- 
have like rotations about X, y, and z axes respectively. Therefore T. L, and 


L; are like axial vectors while the coordinates X, y, and z transform as ordi- 
nary polar vectors. The distinction between these two types of vectors is made 
in Fig. 5.5. 
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Fig. 5.5 Axial and polar vectors 
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Thus, while x, y, z become —x, —y, —z on inversion through the origin 


or on reflections, Ls Ls Ts remain invariant on such operations. The select- 
ion rule for magnetic dipole transitions are therefore same, i.e., such transi- 
tions can occur between two states which are either both symmetric or both 
antisymmetric while the symmetric € antisymmetric transition is forbidden. 
The violation of the Laporte rule can be caused by quadrupole or magnetic 
dipole transition. An example of such violation is found in the transition 
s €» d of the O*? and N+? ions in the spectra of nebulae. 

One may tend to think that the selection rule of the electric quadrupole 
transition is not compatible with the angular momentum of the photon that 
is emitted or absorbed, This transition occurs when the atom or molecule 
experiences a field gradient arising from the radiation. This imparts an 
additional angular momentum to the photon. The observed selection rules 
may then be derived if this extra source of angular momentum is taken into 
account. 

In molecules, because of the nuclear motion we observe, rotational and 
vibrational spectra besides electronic spectra. Group theory proves to be a 
powerful tool for determining selection rules for various types of transitions 
in molecules, The student is referred to Herzberg's book*5 for detailed 
discussions. 


PROBLEMS 


1. Consider a trial wave function & = Nx*(1 — x?) of an electron in one-dimensional 
box of unit length, where a is a parameter, and N, the normalising factor. Calcu- 
late its lowest energy by the variation method, assuming a hamiltonian of the form 

n 
8n*m, 

2. Employ a trial function (x) = exp (—ax!) (x > 0) where « is a parameter. 
Calculate the zero-point energy of a harmonic oscillator whose hamiltonian is 
given by 


ajax? 


^ h a 
A(x) = - $m xd + 2nNha 


where the variable x extends over the range (— co, co). 
3. Find the effect of perturbation with an electric field e, on a harmonic oscillator. 
4. Calculate the spontaneous emission probability for a transition from a 2p-to 1s- 


orbital of atomic hydrogen. 
5. In hydrogen atom a transition from 1s to 2s states is forbidden according to the 


Laporte rule. Show that, from perturbation theory, this selection rule breaks down 
if the hydrogen atom is placed in an external uniform electric field. 
6. Using the principles of the time-independent perturbation theory outlined in 
Sec. 5.2, obtain the second-order correction to the wavefunction. 
7. For the ground state of the hydrogen atom use the Gaussian trial function 
y = exp (- Cr) 
Find the optimum value of C and the minimum energy. 


Petes yes) AERE o 00i 
1G. Herzberg, Spectra of Diatomic Molecules, Van Nostrand, Princeton (1950). 
5Electronic spectra of polyatomic molecules, Van Nostrand, Princeton (1967). 
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Many-Electron Atoms and | 
Angular Momenta 


6.1 The Wave Function of Many-Electron Systems 


For atoms having many electrons, the electron repulsion terms must be 
included in the potential energy term of the wave equation. For example, thi 
potential for an electron labelled 1 will be given by (in atomic units) 


PA RL (6.1 

rı JsA Pj 
where ry is the distancé of the electron labelled *1* from the atomic nucleus 
of charge Z, and rij, the interelectronic distance between electron ‘1’ and 
electron j. Every other electron will be subjected to a similar potential field 
in an atom and therefore, the potential energy of system of many electrons 
in an atom of atomic number Z will be given by 


Z 1 1 
a E il as viso 
r D RA 2 E Tij 6 
where the factor $ in the second term is introduced to avoid each ‘ry’ 


term being counted twice in the summation. The hamiltonian of such a 
system is then 


h--gzvi-zzpheizrl (6.3) 

i i it] Ty 3 

where V; is as before, the laplacian (or the kinetic energy/operator) for 
the electron i. In Eq. (6.3) the first two terms are the one-electron terms 
and the third term, a sum of two-electron terms. Owing to the presence of 


these two-electron terms in £I it is not possible to separate the variables aS 
it was possible in the treatment of hydrogen-like atoms. As a starting point 


we assume that electrons are independent of each other so that the approxi- | 
mate hamiltonian is given by > i 


H = 2 t= 420} —2y, (6.4) 


where V; is an effective one-electron potential of electron ‘i’. 
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If ¢1(1), d2(2) . -< ¢n(n) are the one-electron orbitals of electrons labelled 
1, 2, ... n respectively then one can write the following wave equations for 
each electron 


fidi) = Exs(1) 


Éhdi2) = ExhQ2) 
beu eT EPCs” (6.5) 


Hab(n) = Enbn(n) 


where A: = —1V? — V; and E, is the eigenvalue of Hi. These one-electron 
functions, ie. $1, $2... $n can be combined together in some way to 
generate an overall wave function for the atom. This “one-electron approxi- 
mation” is, in fact, used as the first approximation to the true solution. 
The exact solution of a many-electron system is not obtained. This is not a 
limitation of quantum mechanics alone; the many-body problem has not 
been solved classically either. 

If we assume the total wave function of a n-electron system as the simple 
product of n one-electron functions, as 


VY(1,2,3,... n) = b1(1)b2(2)h3(3) . . . aln) (6.6) 
then 


ÑY = n + Ha + As + .. . Hodlpi(1p2(2) da) 
= Aydi(1)+¢2(2)3(3) . . . pal) 
+ Hapa(2): $1(1)$3(3)¢4(4) . . . du() He 
Habi(n):di(1)02(2)03) . . Pn- — 1) 


= [(Eı + Ez + Ey +... En)Mdi(1)b2(2)¢3(3) . . . dn(n)) 
== (E + E2 + Es +... Ey)? (6.7) 
On the other hand, if we assume that the possible overall function be 
given by 
Y(1,2, 3... n) = di(D + 4302) + $3(3) +... aln) (6.8) 


then we have 


AY = Egill) + Eia(2) +... Exo) . 
+ (Eı + Ez + Es.... En) Y (6.9) 


This suggests that only the product wave function of the form (6.6) gives 
equations of the right form. Thus, total wave function of a many-electron 
system is given approximately by a product of one-electron functions while 
their total energy is the sum of the one-electron energies of all electrons. 
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In a previous chapter we have seen that there are two different spin states 
for each electron (A = +4). We shall represent the spin wave functions for 
these two states by « and f corresponding to A = +% and A = —1 res- 
pectively. The combined space and spin function of an electron is called a 
spin-orbital. Let us write the overall wave function of a many-electron ^ 
System as 


$1(1)622)93(3) . . .pa(n) (6.10) 


in which 4; is a spin-orbital which accommodates the electron 1, 42 the 
electron 2, etc. But electrons are indistinguishable particles. So an equally — 
good overall wave function would be ; 


$1(2)¢2(1)}x(3) . . . pali) (6.11) 


or any other similar product. In fact, one can write the n! number of such 
product functions which can be obtained by permuting the 7 electrons 
amongst the 7 spin-orbitals. Since the product functions of the form (6.10) 
and (6.11) should occur with equal probability as there is no way to distin- — 
guish one from the other, the most general overall wave function will be a 
linear combination of these n! functions which occur with equal weight. 
Pauli put forth a fundamental principle which states that the gverall 1 
wave function ofa system must be antisymmetric with respect to interchange 
of every pair of electrons. This means that a particular linear combination — 
of the n! functions, which changes sign on exchanging the coordinates of 
any two electrons is permissible. For a system of two electrons, a wave 
function of the form ‘ 


Y = di(1)022) — $1(2)$a(1) (6.12a) 
changes sign on interchanging the positions of the electron pair in the ` 
orbitals ġı and ¢2. Thus z 

y = $1(2)d2(1) — 4i(1942) = —4 (6.126) 


For a system of many electrons this can/be achieved by the use of a deter- ; 
minant and by allocating one electron to each row or column. Thus, the — 
overall wave function of a n-electron System is written as E 


#i(1) da(1) . . . da(1) 
$1(2) $2(2) . . . ba(2) ; : 
Y(1,2,3,...05) = (6.43) — 
T $1(3) $2(3) . . . 9,(3) i 

piln) dx(n) . . . alnn) 
In Eq. (6.13) the exchange of any two electron coordinates is equivalent to 
exchanging two rows of the determinant and according to the property of 
determinants, this changes the sign of the function. The abbreviated way of 
writing a determinantal wave function of the form (6.13) is ; 13 
Y(1,2,3,... 0») = Z C-UYPbi(1)d2Q) . . .. (n) (6.14) — 


[a 
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where P is an operator which permutes the variables 1, 2,3... among 
themselves and v is called parity, which is equal to the number of inter- 
changes involved in a particular permutation. 

The wave function (6.13) or (6.14) must be normalised, i.e. 


Í W2 dr, dra dr . . .drn = 1 (6.15) 


The square of ¥ contains large number of terms 
Les 
(ic. nl + nel D 2) 


of which n! being the number of individual terms squared, i.e. [41(1)¢2 (2) 
... $«(n)P, etc. and the rest being the cross product of the form 2x 
[41(1)02(2) . ... a(n) x $1(2)h2(1) . . . $a(n)], etc. It is necessary to evaluate 
the n! number of integrals of the form 


Í [91(1)92(2)03(3) . . . bn(m)}? dri dra . . . dtn 
-f il) dri Í 430) ar | $3(3) dr ... f da(n) dra = 1 (6.16) 


since the orbitals 41, do, etc. are normalised. The integrals of the form 
arising from the cross product in Eq. (6.15) are 


Í $094). «« bal) f (DAI)... d(n)dri dra drs 
5 | di Dx) dn Í HD42) dn Í HOW) drs . .. 


Í baln)bn(n) dr, = 0 (6.17) 


since $1, $2... are mutually orthogonal. Since there are altogether n! 
number of integrals of the form (6.16) we have 


J V2 dry dro... dt, = n! (6.18) 
The normalised wave function of a n-electron system is then written as 


V(1,2,3...n = & E (PA) ...9.n) ^ (619) 
Vn! P 

The conventional way of writing a determinantal wavefunction is to write 

down only the diagonal terms which in the above case are 


1 
= |4((0222)03) . . . faln) | (6.20) 
Vn! 
The determinantal form of the wavefunction of a many-electron system is 
referred to as Slater determinant. 
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Often the elements of the determinant are abbreviated. further by using 
the fact that each orbital in an atom or a molecule can accommodate two 
electrons, one with «-spin, and the other with f-spin. Therefore, one can 
write the overall wave function of a n-electron system (suppose, is an 
even number) as 


TA epi Opa). ... Pian) (6.21) 


where pip2. . . Pn/2 etc. are the space part of the orbitals such that gi(1) 
denotes the electron ‘1’ occupying the orbital pı with o-spin and i(2), the 
electron ‘2’ in the orbital p; with B-spin. If we attempt to build up a wave 
function in which any two electrons occupy the same orbital with same spin 
function then two rows in the determinant (6.21) are identical. But a deter- 
minant with two identical rows vanishes and therefore such a wave function 
becomes trivial. 


6.2 The Helium: Atom 


The helium atom has two electrons moving in a field of a nucleus of charge 
+2e. In this atom, besides an attractive interaction between electrons 
and nucleus there is a repulsive interaction between the two electrons. The 
hamiltonian operator of the helium atom (in atomic units) can then be 
written as 

BecwLuame-- lir (6.22) 

v Ti r2 r2 

where electrons are lebelled 1 and 2 and the coordinates are defined as 
shown in Fig. 6.1. 


Fig.6.1 The coordinate system for the 
Nucleus helium atom 


For the ground state of helium the electronic configuration is 152. The over- 
all wave function will be given by a Slater determinant: 
1 EST 
Y= ——|1 2) |* 6.23 
o vB (6.23) 


*'*5"' stands for the wave function of the “1s” Spin-orbital in the helium atom. 


Mem 
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which on expansion may be written as 
1 

ae 

According to the variation method the energy, e, based on approximate 


wave function of the form (6.23) is always higher than true energy, Eo of 
the ground state. We shall now evaluate e. 


e = < Yo | H | Yo > 
= 4€ 1s(1)1s(2) | H | 15(15Q) > 
x< (@(1)B2) — B(1)a(2)) | (()80)—8(D«Q) > — (625) 


The second integral in Eq. (6.25) is over spin space. Since th> spin functions 
« and P are individually normalised and mutually orthogonal, one can 
easily show that 


CDB) — BC1)a(2)) | (DLO) — B0] > 
i Í X) ds [ PO) de + | EO as [ «0 ds; 


Y= 1s(1)1.9(2)[a(1)8(2) — B(1)x(2)) (6.24) 


=2 | «(D8() dr Í «(2)8Q) dz 


=2 = (6.26) 
Thus 
€ = € Is(1) 1s(2) | H | 1s(1) 152) > (6.27) 
If we write the hamiltonian (6.22) more compactly as 
H = Hı + H2+ Ł (6.28) 
where Hi = —3Vi? — 2jri (6.29) 


then the energy is 


CIDIS) IU 4 Ha +L) | 1s(018(2) > 


ry 


= Cas | Hi | 1801) > € 50) | 192) > + < 18) | He | 12) > 
x€ 180) | Is(1) > + € 1s(D15Q) A 15(1) 182)) (6.30) 


= EO ESQ) + J (6.31) 
where Ex«() is the energy of i'^ electron in the 1s orbital of helium and J, 
called the coulomb integral, is defined by the last term in Eq. (6.30) and it 
measures the coulombic repulsion between electrons. 

We shall now give more explicit expression for E,<(i). When an electron, 
say ‘1’ is quite far from the nucleus of charge +2 and the electron ‘2’ is 
close to the nucleus, the potential acting on electron ‘P ds —(2 —D/n 
because the electron ‘2’ can virtually screen the nucleus. 


€ 


tl 
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When the electron ‘1’ comes very close to the nucleus while the electron 
*2" goes farther out from the nucleus, the potential acting on the electron 
‘I’ is then —2/ri. One expects that the average potential acting on an 
electron must vary between these two extremes. Let us assume Z’, the 
effective nuclear charge experienced by an electron in the helium atom 
where Z’ will have value somewhere between 1 and 2. The best value of Z' 
will be determined by the variation principle. The wave function of 15-orbital 
appropriate to this effective nuclear charge Z' is 


1371/2 
(a [=] exp (— Z'r) (6.32) 
This orbital wave function is an eigenfunction of 
—4V2 — Z'lr 
with eigenvalue — Z'2/2 (see Sec. 4.14). We obtain for Evi) 
j 2 3 
E) = C180] i? 2- Lis» 


Du. 
Ti 


Is» 
- F solis)» -@ — 29< 146 uo» 


= aso|-iv -Zhso» — cic) 


i] 


12 
-$ -a-zaso iso» (6.33) 


Since electrons ‘1’ and ‘2’ are equivalent, Eıs(1) and £;,(2) are equal. There- 
fore Eq. (6.31) may be rewritten as 


«2 -20- zy apio» +y (6.34) 
The evaluation of the integral < 1s(1) Is(1)> is very simple and is as 
follows: 
13 fo RC a 2: 
< io E is» = Z2[* e C220) , F sin eu [ds 
F1 m Jo rı 0 0 


z3 o 
mp Am i exp (—2Z'ri)ridri 


[see Eq. (5.57) for evaluation of this integral] 
hk pri. DM (6.35) 


It, however, remains to evaluate the two-electron integral J which gives the 
mutual repulsion energy of the two electrons. It is shown in the Appendix 6 
[Eq. (A6.7)] that J has the value (5/SZ'. 

The result of calculation then leads to 


e= = 29-20-22 + 37 = 72 — a7 (6.36) 


` 
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' The value of Z’ which minimises the energy is found by differentiating « 
with respect to Z’. 
Setting = = 0, one obtains 
2Z' — 21/8 = 0 
or Z = 27/16 = 1.69 (6.37) 


Substitution of this value for Z' into Eq. (6.36) gives the approximate 
ground state energy of the helium atom as 


e = —2,8476 (a.u.) 
= —77.48 eV (6.38) 


The experimental value is —2.904 a.u. (79.00 eV). Thus this simple calcula- 
tion accounts for 98% of the observed energy. To an electron the effective 
nuclear charge appears to have the value of 1.69 instead of the true charge 
of 2. The quantity 0.31 represents the screening of the nucleus by the other 
electron. 


6.3 Many-Electron Atom 


The electronic structure of many-electron atoms can be qualitatively under- 
stood in terms of hydrogen-like orbitals. According to Pauli's exclusion 
principle, each such orbital can accommodate two electrons with opposed 
spins. Using this principle, electrons are fed into each orbital starting with 
the one of lowest energy and continuing in the order of increasing energy. 
This method of building up the atomic structure is known as the ‘Aufbau’ 
principle. 

We have found in a previous chapter that an electron in a state of high 
angular momentum tends to stay farther from the nucleus than an electron 
in a state of low angular momentum. Thus, in a poly-electronic atom as / 
increases, the orbital penetrates less into the region close to the nucleus 
(Fig. 6.2). 


S| 3s 3p 3d 
by 
5 

— 


Fig. 62 Probability density as a function of 
distance from the nucleus 


The average nuclear charge experienced by an electron belonging to an 
orbital of the large / value should decrease as the nuclear charge is screened 


4 


128 Introductory Quantum Chemistry 


by other electrons having lower /. Let c, called the screening constant, 
determine the extent to which the nuclear charge is screened by electrons 
having lower angular momentum in an atom. The effective nuclear charge 
experienced by an electron in an orbital with larger angular momentum is 
then Z-e, and the energy of that electron is approximately given by 
(Chapter 4). 


R= _ 2mm, (Z — o et 


m (6.39) 
Since o is positive and increases with /, the energy increases with /. The 
conventional values of « for the orbitals with principal quantum number 
equal to 1, 2, or 3 are given by the approximate Slater's rules based on 
application of the variation theorem. The rules are as follows: 


1. The orbitals are divided into the following groups: 
1s, 2s, 2p; 3s, 3p; 3d; etc. 
2. « is calculated as the sum of the following contributions: 


(a) Nothing from any orbital higher than the one considered. 

(b) An amount of 0.35 for every other electron in the group (except 
for the Is-group where 0.30 is taken). 

(c). If the orbital considered is an s or p shell an amount of 0.85 from 
each electron with principal quantum number less by 1 and an 
amount of 1.00 from each electron still further in. 

For example, nitrogen atom has two Is-electrons, two 2s-electrons and 
three 2p-electrons. For the Is-orbital « = 0,30, for the 2s and 2p orbitals 
o = 4X0.35 + 2x0.85 = 3.10. 


6.4 Hartree and Hartree-Fock Self-Consistent Field Methods 


These are the powerful methods for the calculation of the ground state 
energy and wave functions of many-electron atoms or ions. In an earlier 
work of Hartree, the wave function of an atom containing s electrons was 
written as the product of n number of one-electron functions, as 

V = di(1) $2(2) $a(3) . . . a(n) (6.40) 
where $1, $2, ¢3, . . . d, are the normalised and mutually orthogonal one- 
electron wave functions. $1(1) means that electron | is put in the orbital ¢1 
etc. The quantity $7(1) is the probability distribution of electron 1. If elec- 


tron 1 is placed at a definite point in space then the potential energy of 
electron 1 in the field of electron 2 is given by 


‘= Í d3)/na-drz (6.41) 


where ri2 is the distance between electrons 1 and 2 and the integral in 
Eq. (6.41) is over the entire space accessible to electron 2. Similar contribu- 
tions to the potential energy of electron 1 are made by every other electron 
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in atom. In general, the total potential energy of electron 1 can be written 
as [see Eq. (6.2)]. 
n= z [£9 O g (6.42) 
n Ta 


Tu 


A similar expression can be written down for every other electron in the 
atom. Thus 


2r; 
fis [ea (6.43) 
ry je rij 
Wave function of an electron moving in a potential field given by Eq. (6.43) 
is obtained from the solution of the Schródinger equation 
(iV? + V) 46) = edi) (6.44) 
where e; is the energy of the i'^ orbital, 4; which is assumed normalised. 
Since there are n number of such orbitals, there are n such simultaneous 
equations of the form (6.44). 

These non-linear simultaneous equations cannot be solved because V, 
requires the prior knowledge of all other one-electron wavefunctions 4j, 
etc. [Eq. (6.43)]. However, Hartree suggested the following method. 

First, an arbitrary set of dj, 4j... etc. are chosen. These may be the 
appropriate Slater orbitals. The field arising from all electrons except the 
itt electron is calculated from the chosen set of functions and 4, is then 
calculated from Eq. (6.44) by a numerical method. This procedure is 
carried on for each of n-electrons in the atom. The calculated set of ¢; will 
not, in general, be identical with the original set assumed. The calculations 
are now repeated using the calculated set of functions instead of Slater 
orbitals as used earlier. This process of iteration is to be continued until 
the assumed set of 4; and the calculated set are identical at which point the 
solution of the set of simultaneous equations is said to have been achieved. 
This method of solution is also called the self-consistent field method. 

Let ¢i(1). 4X2)...be the self-consistent field one-electron wave 
functions. Then, the total wave function of an n-electron system is given as 


Y'(0,2,3,... n) = $(0)910) . . . $50) (6.45) 
The energy « associated with this wave function is 
e- (E LB|L Y» 
1 


= (4040). n P4 


TTE 
tà zl JIDA) . . . 40 > 
= 2< 90|-4¥?-2| #0 > 
+ dozen | eno > (6.46) 
Ag s 
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If we multiply the self-consistent field form of Eq. (6.44) with ¢i(i) and 
integrate, we have 


4 = €60|- FV? veo» 
= ¢$)|-4-7 - 2] so» 


+ z Cos] T sos» (6.47) 
jal rij 
where ej is the self-consistent field energy of the orbital, $/(i). Then, 
Eq. (6.46) can be written as 
e= zi F226 ONO | E| SOK) > (6.48) 
i hid rij 


because, ej involves, in addition to its own orbital energy in the field of 
the nucleus, the interaction with all other electrons in atoms so that in the 
summation z ei the interaction between electrons are counted twice. This 


additional interaction energy is therefore subtracted from Z eto obtain 
i 


the correct energy. If an electron labelled k from the orbital x is removed 
to infinity, the atom becomes ionised. If we ignore any change of the 
orbital functions the energy of the ion is then given by 
1 1 
a= ty xv cane! tl ane; 
Sin = Zi y EZ QOO] sono» 
ij 


sig k ZO | -5v - 2 | ice > 


i 
Tjk 


+ EZ COMI) 


Thus we have the relation 


ROAN >| (6.49) 


ek = floa — € (6.50) 


This means that — ef represents the ionisation energy of the atom in which 
an electron is removed from the orbital, ¢x. This method has been applied 
by Hartree to several atoms and ions, 

The Hartree’s wave function of the form given by Eq. (6.40), however, 
does not satisfy the antisymmetry requirement. Fock has shown later that 
this method can be modified taking into account the electronic exchange 
between the orbitals and thereby satisfying the antisymmetry requirement. 
This method is called the Hartree-Fock self-consistent field method which 
employs the Slater determinantal form of wave function 


V(1,2,3... n) =i $1(1)$2(2) . ... $aln) (6.51) 
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where $i, $2, . - . n are the spin orbitals which are mutually orthogonal. 
By proceeding as above, one obtains a set of equations which are similar 
in form to the Hartree equation (6.44), except that V; now contains addi- 
tional terms corresponding to the potential energy arising from the electron 
interchange. The results for atoms and ions do not differ much from those 
obtained by the Hartree method. The atomic orbitals tnat are obtained by 
the Hartree-Fock self-consistent field procedure are either given as a table 
of numbers or they may be expressed algebraically in the form 


$?-[ Lo C(n, x(n, 0)Y.s(8, $) (6.52) 


where 
X(L, n) = exp (—£nr" (6.53) 


and C(n, t) are the coefficients of x(n, £), Yi,m(0, $) is the spherical harmo- 
nic, defined already in a previous Chapter. Since the angular momentum 
operators commute with the atomic hamiltonian (this will be shown later 
in this Chapter), atomic orbital wave functions written in the form (6.52) 
have the spherical harmonic as a factor of wave function. The principal 
quantum number n has no longer any significance as we do not obtain any 
simple algebraic formula for energy in which n appears as an integer. It 
should be obvious now, how approximate is the Slater atomic orbital which 
corresponds to only one term in the summation of Eq. (6.52). A table of 
Hartree-Fock self-consistent field atomic functions for various atoms and 
ions has been prepared by Clementi.! 


6.5 Electron Correlation in the Helium Atom 


It has been shown in Sec. 6.2 that the energy of a helium atom obtained 
using a 1s orbital with screened nuclear charge is different from the true 
energy by 0.52 eV. However, this screened hydrogen-like function is not the 
best 1s-orbital which can be obtained by the Hartree-Fock self-consistent 
field procedure, The best energy obtained using this procedure is —77.866 eV 
which is still 0.134 eV above the observed energy. 

There are several factors which can contribute to this difference. The 
most dominant of all is the error in the single-configuration wave function 
of the form (6.23) which describes that the position of the two electrons is 
independent of each other. But, in view of the mutual repulsion, the elec- 
trons have a tendency to avoid each other. This tendency of electrons is 
known as electron correlation. Any wave function which satisfies the Pauli 
exclusion principle takes into account the spin correlation. Whén the 
repulsion of electrons arises from their electrostatic charges, it is referred to 


as charge-correlation. 


1E. Clementi, Tables of Atomic Functions, IBM Corporation San Jose, California, 
U.S.A., 1965. 
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There is no straight forward procedure to make the correction for charge - 
correlation in a wave function. In 1929 Hylleraas studied the ground state 
of the helium atom. He multiplied the uncorrelated wave function, 


exp [-Z'(r + r2] 
with a polynomial in rj, r2 and riz. Thus the wave function has the form 
exp [—Z'(ri + r2) + firi, r2, r2) (6.54) 


Hylleraas used a polynomial which contained fourteen terms. Each term 
involved an adjustable constant and these as well as Z’ were adjusted to 
minimise the energy. The calculated energy was very close to the observed 
one. But this method is very complicated and the extension of this method 
beyond two-electron problems is quite hopeless. 

Another procedure to make correction for the charge-correlation is to 
retain the Slater determinant using hydrogen-like wave functions and to 
consider the possible interactions between the appropriate electronically 
excited states of right symmetry. This approach is known as the configura- 
tion-interaction and was employed by Taylor and Parr.? Since every atom is 
associated with the spherical charge distribution around its nucleus Taylor 
and Parr pointed out that there were two types of charge correlation. 


(1) Radial correlation; One electron tends to be close to the nucleus and 
the other near the surface of the sphere. 

(2) Angular correlation; Two electrons tend to be at the opposite ends of 
the diameter of the sphere. 


Taylor and Parr suggested that the correction for the radial correlation 
could be achieved by adding to the 1s? function [Eq. (6.23)], a contribution 
from a 1s'2s' function because a 2s function favours the electron being 
further from the nucleus. Thus, they had the following approximate wave 
function for the helium atom: 


¥ = ayls*"(1)1s*(2) + aX1s(1)2s(2) + 157(2)25(1)] (6.55) 


where Is* and 2s* refer to the 1s- and 2s-orbitals with z’ being the orbital 
exponent, the form of the last pair of terms is required by the symmetry of 
the system. The constants, z’, ai and az were chosen to minimise the 
energy. Their result showed a slight improvement in energy. Taylor and 
Parr added further configurations involving other spherically symmetric 
functions such as (1s, 3s), (2s, 2s), (2s, 3s) and (3s, 3s) etc. and obtained a 
reliable estimate of the radial correlation energy which was defined as the 
difference between the Hartree-Fock energy and the energy calculated using 
the best superposition of all configurations obtainable from a complete set 
of purely radial one-electron functions (e.g. all ns hydrogen-like functions). 

Then, Taylor and Parr allowed for the angular correlation by superpos- 
ing the configurations built from the angularly dependent orbitals. They 


*G.R. Taylor and R.G. Parr, Proc. Natn. Acad. Sci., (U.S.A.), 38, 154, 1952. 
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added the configurations like 2p?, 3d? and 4f? and obtained a better 
improvement in energy than in dealing with the radial correlation. Then 
they combined the two sets of configurations to allow for both the radial 
and angular correlation and obtained energy within 0.2% of the observed 
value. Their final conclusion was that for the ground state of the helium 
atom, the angular correlation was more important than the radial one. 


6.6 Angular Momenta Introduction 
In Chapter 2, we have already given the classical definition of angular 
momentum and also shown how the various components: of the orbital 
angular momentum and the total orbital angular momentum are represented 
by the quantum mechanical operators. The purpose of this and the follow- 
ing sections is to discuss in greater detail the various properties of three 
types of angular momentum, viz. orbital angular momentum, spin angular 
momentum and the total angular momentum resulting from a vector coupl- 
ing of orbital and spin angular momenta, because they are very useful for 
the classification and description of atomic states. 

If Lx, Ly and L; be the three components of the orbital angular momen- 
tum, then 

PeLL=U+U0+L 

I? is called the total orbital angular momentum squared. In Sec. 3.9 it was 
shown that wave functions of a rigid rotator were also the eigenfunctions 


of Ê? and L. The-eigenvalue equations in atomic units are 
BY 4m = Ul + 1) Yim 


L:Yim = mY im (6.56) 


where the functions Yi,m are the spherical harmonics. The quantum number 
I can have the values 0, 1,2, 3, . . . and for a given value of /, m can nave 
2l + 1 values, ie, ,7— 1,1—2...0... — (IL — 1), —/. In Chapter 4 
we saw that the functions Yim described the angular variation of atomic 
orbitals. Therefore, we identify the integers Zand m, respectively, with the 
quantum numbers determining the total orbital angular momentum and a 
component of this momentum in an arbitrary direction. 


6.7 Commutation Relations 

Many of the properties of angular momentum operators are derived from 
their commutation relations. The commutator of Êx and i is obtained as 
follows. Using the definitions of Êx and Ly [Eq. (2.46)] and employing the 
atomic units one obtains 


^^ 1 à 2| 1 à à 
baby = o Esos) 
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ð a aa e tee 
+o Ditmas t ataa (6.57) 
245.0 ð ô à 
bi.- -[:5 EE ergy ECL | 


E 2 a a a 
- -|o95; -2 vaty S| (6.58) .— 
Subtracting Eq. (6.58) from Eq. (6.57) 


USE bM à à 
Un by) = indy - hi- -|v - 7] 


F («5 - rx) = iL; (6.59) 


Thus, the operators L, and b do not commute. Similarly, one finds 
[L,, L])- LL. Am LL, = iL. (6.60) 


[Ls Le] = LL, — Aa = it, (6.61) _ 


It is, however, important to note that the components of linear momenta - 
commute with each other, i.e. 


[Ps, Py] = [Py, P:] = [P:, Px] = 0 (6.62) 


In this respect angular momentum is fundamentally different from the | 
linear momentum whose three components can simultaneously have definite 
values. 


We shall now consider the commutation relations between L? and its E 
components. 


U2,L] = DL,-L» 
= LiL: — LLL 
-Lh5l-LLL-cMLL -LLÓL 
= LAL. L] + Us, La) Le 
Using Eq. (6.61) one obtains 


D, i) = Lal, + Li» (6.63) - 
Similarly one finds ( 


[12, Le] = WEL, + EE) (6.64) 1 
(L2, La] = 0 (6.65) 
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Thus adding Eqs. (6.63), (6.64) and (6.65,) we obtain 
(22, 2.) — 0 (6.66) 


Since there is nothing exceptional about the Z-component one can similarly 
find 


[25 1] = (22, Lj] =0 (6.67) 
The physical significance of all these commutation relations is evident. 
Since Ê? commutes with any component of L and since the components 


of L do not commute with each other, we conclude that the total angular 
momentum and only one of its components are simultaneously well defined 
and observable. It is conventional to choose wave functions of an atom 
such that L; is this component. If we perform an experiment to measure the 


values of Ê? and L+ by applying a magnetic field in the Z-direction and 
looking at the absorption of light by the atom, then in this experiment the 
values of x- and y-components of angular momentum are not well defined. 
This is consistent with the uncertainty principle. Because the knowledge of 
all the three components of angular momentum with certainty tells us the 
precise location of the axis of rotation along which the linear momentum 
is zero. Thus, the magnitude of the linear momentum parallel to this axis 
is precisely known. On the other hand, for a system whose wave function 
is known the product of the uncertainty in linear momentum in any 
direction and the uncertainty in location in the same direction cannot 
vanish. 


6.8 Step-up and Step-down Operators for Angular Momentum 


Instead of Lx and jm it is usually more convenient to write the complex 


combination (Lx + iE) of these operators. They are called step-up and 
step-down operators. We denote these two operators by the symbols 


Lt. =i, + ib, (6.68) 
LL. — iL, 
Then 
D EL. fib) m Lbs M ILL, (6.69) 


Using the commutation relations (6.60) and (6.61), we can write Eq. (6.69) 
as 


pe DES TREND LA tile) 
SL, toil) Lo + he E) 
= L, (È: + 1) (6.70) 
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Similarly it can be shown that 
LL = teu) ^ (6.71) 


Since Yim are the eigenfunctions of Ê? and Ê, [Eq. (6.56)] consider the 
operation of Ê: on Loro. The use of Eq. (6.70) leads to 


LY) = UG + D Yom 


= (m + DG. Y) (6.72) 
Similarly, 


LAL_Yigm) = (m — 1) (È Yu) (6.73) 


Thus we demonstrate that Ê; and L- are the step-up and step-down opera- 
tors with respect to the eigenvalue of Í.. The LiYim is an eigenvector of 
1 with eigenvalue (i.e. m + 1) one unit greater and L_Y),» an eigenvector 
of L, with eigenvalue (i.e. m —1) one unit less, than the eigenvalue of Yim 
itself. That is why the operators van and £. are also called ladder operators 
as the successive application of LA (or L) creates a ladder of eigenstates 
of Ly. Thus, one may write 


LiYia = Ci Yrm (6.74a) 


LY. = C. Yun (6.74b) 


where C. and C- are the numerical constants to be found shortly. However, 
this ladder cannot extend indefinitely because the value of m is limited by 
the condition —/ < m < l, according to-which the maximum and mini- 
mum values of m are +/ and —/ respectively. Therefore, an attempt to 
raise the state Yim (where m' = +I) must give zero, as there is no state 


whose eigenvalue for Ê; is / + 1 for a given value of /. Thus, 


LY, -0 (6.75) 
Similarly one finds 


L_Y,-1=0 (6.76) 


as there is no state whose eigenvalue for L: is —(! + 1) for given /. There- 
fore, when m has its lowest possible value, L. annihilates the rotating 
electron and similarly when m has the maximum value, Ê+ annihilates it. 
Now, we shall find the values of C, and C- in Eqs. (6.742) and (6.74b). 
In order to determine them we make use of the requirement that the 
functions Yi, are normalised. Multiply the left hand side of Eq. (6.742) 
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with the complex conjugate of LiYim and integrate over all space. Onc 
obtains 


(Ey Yim | LY | CLEC Yontl Yona > Cep 6.77) 


Employing the definition of Te [Eq. (6.68)], the left hand side of Eq. (6.77) 
may be written as 


[Le + iby) Ynm) | Lx | Yom > + iC + iLy) Yond | Ly | Yom 2 


Since the operators L. and 1x are hermitian, one may rewrite the above 
integrals as? 
K Yum | Lx Vs E ib) Yos] 95 + EC Yim | Ly s + thy) Yol >* 
Noting that 
(i, + i£)* = Ly — iL; 
one obtains in integral notation 


| Yim ss — Èp Yem de + i | nlsi - p Yim de 
^. Í Yun (E32 + £9 + ESÈ: — EU Yin dr 


y 


e Fp eg Des ye cr Ls] Yos (6.78) 
‘x -i Lm 


Since 
rene + UP + LP = PA 
one may write the integral in Eq. (6.78) in bracket notation as 
€ Yrm | (L? — L? — L3 | Yim >* 
= K Yim | L? | Ym * — € Yim | LE | Yom 2* — C Yim | La | Yon ?* 
(6.79) 
Remembering that the functions Yim are normalised and the operators 
hermitian, and after making the obvious substitutions from Eq. (6.56) we 
have 
[C.|* — K+ 1)— nm —m 4 
= Ki +1) — mm + 1) (6.80) 
Similarly-one finds 
[C |? 9 IU - 1) — mm — 1) (6.81) 


Sea 
3According to the turn-over rule (Sec. 2) for a hermitian operator A, 


Chl Alh) — ta Ad OC 
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so that 
LYus = VII 1) — mm F DY ims (6.822) 
È- Yim = V KU 3-1) — mim — 1) Yu (6.82b) 


These relations are very useful because knowing one eigenfunction of L? 


and £, with eigenvalues / and m one can construct the corresponding eigen- 
function having same / and either m + 1 or m — 1. It may be interesting 


to find the relation between Ly, È- and I2. We have 
LL. = (Ly + it, (L, — iL) 
= b +i + iit. ilab, 
= B + D +ib) 
=+ +i 


Therefore 
Ê = ÊL- — Ê + È (6.83) 
Similarly, it can be shown that 
b-LL +b tÈ (6.84) 


6.9 Angular Momenta in Many-Electron Atom 


When there are several electrons in an atom the total orbital angular 
momentum is obtained by adding together the like component for each 


electron and then summing the squares of the total components. Let hi, bi 
and lz; be the operators for the three components for electron i then total 
Lx, Ly and L. operators are defined for the n-electrons as 


» 
» 


ux 1 


I 
~Ma 
x 


» 


(6.85) 


* 
l 
~Ma 
=o 


t 
` 
ll 
~Ma 
m 


Therefore 
O AE E E D N A 2 
=P +Ë ZR. kita E ala do 
Hiaba Lea +... 
=F +2 Z hal A = [vm + Lily) X (6.86) 
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where P=B4+B+h 
ly = by + ily (6.87) 


15 tac hy a ily 
It is very unfortunate that i, and j are used to label electrons while the 
imaginary quantity i( = V/— 1) is also introduced in the definitions of 1i 


and 7., operators of the i'^ electron. ! 
For a many-electron atom, we may write the eigenvalue equations as 


DY, = LL + 1) Yom (6.88) 


LYuM,- MLYiMy 


with -L < ML S< L 

where Yi,m;, are the functions of 9, and $ for many electrons, L and ML 

are the quantum numbers analogous to land m of an one-electron atom. 
In Chapter 4 (Sec. 4.12) we have mentioned that electron has the spin 

angular momentum. The various components of spin angular momentum 


are represented by a set of operators S S, S, and S? which are analogous 
to Le, Ly, Êz and Ê? and obey the similar commutation rules. 

Let us denote by «, the spin eigenfunction corresponding to A = + and 
by P, the spin eigenfunction corresponding to À = —4. Then these functions 
satisfy the following equations in atomic units. 


Sa = je S8 = —48 
Sead tx SB=14+ 08 (6.89) 


and 
S m (S. t i$ =0 
$4 = ($, — i$) =P 
Sip = (S, + 198 = & (6.90) 
: Sp = ($. — IS9B. — 0 
We will havé a set of commutation relations analogous to those givem in 
Eqs. (6.59)-(6.61), i.e. 


(Ss, $ o iS, 
[Sy Ss] = i$. (6.91) 
[Sz S] = iS, 
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as well as analogous «o the relations in Eqs. (6.66) and (6.67), viz. 
[S?, Sx] = [S?, S,] = [S?, S.] = 0 (6.92) 
In an rrelectron atom, the n-electron spin operators can be defined as 


> 


P$, 8 = È Su 
and REFFI 43 6.93) 
The operators S$? and SS satisfy the following eigenvalue equations: 
$9500, 4,5 = SS + 0/0, $, 8) 


$40, 9, 5) = MSO, $, s) (6.94) 
where -$ < M, S S 
where f(9, $, s) are many-electron wavefunctions containing 0, 4 and the 
spin coordinates s. S and Ms are analogous to L and Mz of Eq. (6.88). 
The total angular momentum of a single electron in an atomic orbital is 
represented by an operator j defined as 
i= Hs (6.95) 
where /; and s; are added vectorially, i.e. 
T = i + Sa 
jn = bi Sp (6.96) 
[^ Lf m 


And for many-electron atom 


i 


Je me 2 Jai; ve a Z jin Jy = Z Jii 
T AE A N (6.97) 
The operators J? and J. can be shown to satisfy the eigenvalue equation 
PO = JJ + 100 
A6 = Mjó (6.98) 
with 
-JS MSJ 


where Ó is a function of 0 and 9 coordinates as well as the spin coordinate 
of many electrons, J is the total angular momentum quantum number which 
is an integer for even number of electrons or a half integer for odd number 
of electrons. The eigenvalue My has the values from —J, —J + 1, ... +J, 
in other words M; has (2J +- 1) different values. 
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6.10 Commutation with the Hamiltonian 


Although the angular momentum operators are time-independent, the 
expectation values of angular momenta may vary with time if wave functions 
are time-dependent. To show whether or not the various angular momenta 
are constants of motion it is necessary to study the commutability of the 
various angular momentum operators with the hamiltonian. 


The operators like È, is. obviously commute with a hamiltonian H 
(Eq. (6.3)] which does not contain the spin-coordinates. If the hamiltonian 
of a many-electron atom is of the central field type in which case the electron 
repulsion is neglected, i.e. 


Ê= -4 2V -2 barn (6.99) 


then Ê; will obviously commute with Ho, because Hi; in spherical polar 
coordinates is of the form 


Aesth inque ig pup guy 
a i| alg a) * sin? an^ x) 


1 e ] z , 
m wroiden Node 6.100 

r? sin? 6, 097 ri 6,100) 
and L; for the many-electron atom is of the form: 


L--TZ45 


Since 0, 4 and r are three independent coordinates and 9/00 commutes with 


(6.101) 


67/0, one can conclude that L;, and hence Í2 commute with the central 


field hamiltonian Æo. To show that Ë: commutes with 77 of Eq. (6.3) which 
may be written as 


H=Ho +} (6.102) 


it is to be shown that Ê: commutes with the terms like Wry. In Fig. 6.3 is 
shown e the distance ry depends on d; and 4;. One can write 


Gta amu ir 


ô 1 
EROE xe Bou (6.1032) 


Similarly one can show 


if@ à : T 
Ade (6.1030) 
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Fig. 6.3 The interelectronic distance ri, as 
a function of $, and $, 


Therefore 
[Lz H] = 0 (6.104) 
Thus, É: also commutes with H. Since there is nothing exceptional about 
the Z-direction £2, Ê and hence L? should commute with H., i.e. 
[E H] = [LS H] = [L, H) = U2, H]=0 (6.105) 
Thus, total orbital angular momentum and one of its components are con- 
served in a many-electron atom. In a system where the angular momentum 
is not conserved it does not have definite values in stationary states. Gene- 
rally, for a system which isin an external field the angular momentum is 
not conserved. It will be shown in a later chapter that in an axially symme- 
tric field (linear molecule) the component of angular momentum along the 


axis of symmetry but not the total orbital angular momentum is conserved 
and therefore the component of angular momentum along the axis of sym- 


metry has definite values. In a non-linear molecule neither Z? nor any 


component of L commutes with the molecular hamiltonian and therefore the 
precise values of angular momentum in this case are not known. Thus, if the 
hamiltonian of a many-electron atom does not contain terms depending on 
the spin coordinates then the hamiltonian commutes with all the total spin 
and total orbital angular momentum operators. Wavefunctions can then 
be chosen to be eigenfunctions of any mutually commuting set of operators. 


For instance, H, L?, Lz, S?, $, and J; commute with one another and there- 
fore we choose wave functions which are simultaneously eigenfunctions of 
all these operators. The eigenvalues (or quantum numbers) which are used 
to label these wave functions are L, Mz, S, Ms and My. 


6.11 Spin-Orbit Interaction 


In addition to the electrostatic interaction between electrons there exists in 
an atom an interaction between the magnetic field arising from the orbital 
motion of the electron and the magnetic moment arising from the intrinsic 
angular momentum of the electron. For an observer, sitting on the nucleus 


Many-Electron Atoms and Angular Momenta 143 


in an atom, the electron moves round the nucleus with a velocity, say v. If, . 
however, an observer sits on the electron and looks at the nucleus in the 
same atom he will see that the nucleus moves in an orbit around the elect- 
ron with a velocity —v. Since the nucleus bears a positive charge, say Ze, 
the electron ‘sees’ itself in the middle of the coil of a wire carrying a 
current. This current causes a magnetic field which is perpendicular to the 
plane of the orbit at the position of the electron. Since the electron possesses 
a magnetic moment due to its intrinsic angular momentum, its energy will 
depend on the relative orientation of this magnetic moment and the magne- 
tic field arising from the apparent motion of the nuclear charge. Therefore, 
the energy of an atom depends to some extent on the relalive orientations 
of the spin-axis and the axis of the orbital angular momentum of the same 
electron. This spin-orbit coupling splits the multiplet states of atoms and is 
responsible for the so-called fine-structure in atomic spectra. 

We shall follow here an elementary but inexact method to derive an 
expression for the contribution of the spin-orbit interaction to the atomic 
hamiltonian. According to Biot-Savart law, the magnetic induction B (in . 
electromagnetic units) at a point arising from current i flowing ina wire of 
length ds is given by* (Slater and Frank). 


idsxr 
B= Tal: (6.106) 


where r is the radius vector of the point from the wire. The current element 
arising from the apparent motion of the nuclear charge in an atom is 
given by 


ids — —zev (6.107) 
Hence, the magnetic induction acting on the electron is given by 
Ze»xr Ze:l 


=— TPT = mis] (6.108) 


where J is the angular momentum vector of the electron (ic. FX Mev). 
Expressed in electrostatic units the magnetic induction is 


B- ABT (6.109) 
where for quantum mechanical purposes we have replaced the vector T with 
an operator Í We have seen in Chapter 4 [Eq. (4.104)] that the spin-magne- 
tic moment of an electron, y is related to its intrinsic angular momentum 
s by the relation 

RA 

p= E ma (6.110) 


4J,C. Slater and N.H. Frank, Electromagnetism, McGraw-Hill Book Company, Inc., 
1947. 
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. The energy of a magnetic dipole in a magnetic field is 


apo ue Boa € (6.111) 


A rigorous theory which takes into account the relativity effect on the 
precession of the spin-axis in a magnetic field leads to half this value: 


Zel 5^ 
BONS STS | ls. (6.112) 


Therefore, from Eq. (6.112) we obtain for the contribution of the spin-orbit 
interaction to the hamiltonian of a many-electron atom, 


fro = ZEDh-8 (6.113) 
2 
where &) — g. ZH (6.114) 


In this spin-orbit interaction term the interaction of the ;'^ electron with 
the orbital angular momentum of the j'^ electron is neglected. This is a 
valid approximation as long as the central field is stronger than the non- 
spherical part of the interelectronic repulsion terms. 


We shall now investigate the commutation of the operators 72, L5 $2 
$- with H,.. Since &(i) does not affect the commutation properties we shall 
deal with the term zí-S, which is proportional to 7.-5. One can write 


L$ = L3, + 1,8, + LS. (6.115) 

Therefore, 
LALS) = LS, + LLS, + 123, (6.116a) 
(LS), = ELSE. + LS. LS (6.116b) 


Since the components of L are independent of the components of $ as the 
spin and orbital coordinates are independent of each other, one obtains 
from Eq. (6.116) 


UL, LS] = (GE. — LE) § + (Gd, — L5) S 
Eu S = RS (6.117) 
In a similar fashion one obtains 
[S5 LS.) = (SE — SÈ) = (£,$, — 1,8) (6.118) 


Thus, neither Ê; nor S; commutes with 7,$. If we add Eqs. (6.117) and 
(6.118), we. obtain 


[L: + $4, L.S] — 0 (6.119) 
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In other words J; commutes with Hoo Therefore 3, hence J? commutes 


with Hs.o. Thus Jz and J? and not É; S* or their components commute with 
the complete hamiltonian that includes the spin-orbit interaction term. The 


total angular momentum Jis therefore a constant of motion even though 
total L and total S may vary with time. 

If the spin-orbit coupling is very small as it is very often true with light 
atoms, then the energy levels and wavefunctions of the complete hamil- 


tonian including H,.o will approximate those of the approximate hamiltonian 


without Hy.o. The wave functions can then approximately be described by 
the quantum numbers L and S (although Mz and Ms are not). The spin- 
orbit interaction energy can then be calculated employing the first order 
perturbation theory using Hs.o as the perturbation hamiltonian. This repre- 

` sents a type of coupling called Russell-Saunders coupling. 
For very heavy atoms with large atomic number, the spin-orbit coupling 


may be large compared to electron-repulsion terms in the hamiltonian H. 
In such cases, the interelectronic repulsion term is regarded as a small 


perturbation, and the unperturbed hamiltonian incorporates Hi, Since 


neither L? nor %2 commutes with such a hamiltonian, the L and S are no 
longer good quantum numbers to describe the wave functions of this un- 


perturbed hamiltonian. But both f? and J, commute with such hamiltonian 
and therefore both J and My are now good quantum numbers to describe 
the states of an atom. This type of spin-orbit coupling is known as j=j 
coupling. 


6.12 The Vector Model of the Atom 


A given electronic configuration can give rise to a number of states of an 
atom. The assembly of these states constitutes what is called the multiplet 
structure of the atom. The detailed quantum mechanical theory of multiplet 
structure is rather complicated if not difficult. However, a much simpler, 
though qualitative, approach to the understanding of the multiplet struc- 
ture is provided by the vector model of the atom. In this model, the total 
orbital angular momentum of an atom is considered as the vector sum of 
the quantised angular momenta of the individual electrons. 

Let and h be the quantum numbers which determine the eigenvalues 


of the operators È and B, and mı and m determine their projections on 
the Z-axis. We denote by L and Mz the corresponding quantum numbers 


for Í? and jas of the total orbital angular momentum. To each value of L 
there are 2L + 1 different values of Mz from —L to +L through zero. The 
greatest possible value of Mz (for a given lı and h) is 

Mt=h+h 


which is obtained when mi = li and ma = b. Therefore, the atomic states 
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are formed in which the greatest possible value of L and Mz is li + h. Next, 
there are two ways in which the value of Mz = h + h — 1 is obtained, 
viz. m = lh, m; = h — 1 and m = lh — 1,m = h. Consequently, there 
must also be two states with these values of Mz. One of them is the state 
with L = h + h(M: = L — 1) and the other with L = L+hk-—1 
(Mz = L). Next there are three different ways the value of Mz = h +h 
— 2 is obtained, namely, mi = Ai, m = h — 23m — h —1,m=h—1, 
and mı = h — 2, m; = h, For the value of Mz there are three different 
states. This means that besides the values L = h+hL=h+h—1, 
the value L = h + k — 2 can occur. Carrying on with this argument we 
arrive at the result that for a given value of 4 and h, the resultant L can 
take the following values 


L-|hthllh-h—1LlA- h—2L...]1h — | 


Thus there are altogether 2/ + 1 or 2h + 1 different values of L depend- 
ing on whether h or / is smaller of the two. There will be, however, 
(2h + 1)2h + 1) different values of L, Mz pairs. 

This result forms the basis of the vector model of the atom. If we take 
two vectors /, and h of lengths /, and 5 then the values of the resultant 
vector L are represented by the integral lengths of the vectors L which are 
obtained by the vector addition of lı and h. The greatest value of L is 
| h + hk | which is obtained when /; and h are parallel, and the least value 
is | 4 — h | when h and h are antiparallel. This addition rule for angular 
momenta may be extended to add any number, greater than two, of angular 
momenta by the successive application of this rule. 

The resultant values of S (spin angular momentum) and M, (the compo- 
nent of spin in the Z-direction) are obtained in the same way as the values 
Land Mz. The energy level having given values of L and S is degenerate. 
The degree of degeneracy from the directions of L and S.is Tespectively 
2L + 1 and 28 + 1. Consequently the total degree of the degeneracy of a 
level with a given value of L and S is equal to (2L + DOS + 1). 

If there is a spin-orbit interaction then the orbital angular momentum 
and the spin angular momentum are no longer separately conserved but the 
total angular momentum J — 7, t Sis conserved. Then the energy levels 
of the atom must be characterised by its J values. If the Spin-orbit inter- 
action is treated as perturbation, then under the action of this perturbation, 
a level with a given value of L and S, having (2L + 1)(2S + 1)-fold 
degeneracy is split into a number of distinct levels which have different 
values of J. This splitting is known as the fine Structure or the multiplet 
splitting. According to the vector addition rule, J takes values from 


spectral terms of the atom). The states with different values of L are given 
the following symbols 


1 
~ 
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B= 0, 15-2354 ais 
SBD E Gar 
To the left above this symbol is placed the number 2S + 1 as the superior 
suffix and to the right below this symbol is written the values of J as the 
inferior suffix. Thus, 2Ds/2, 2D3/2 denote the atomic states with 
L=2, S=}, J=5/2 and 3/2 

We shall illustrate with an example how the vector model works. Con- 
sider the case of an atom which has two electrons in the valence shell of 
configuration p!d!. It is important to note that the contribution of the inner 
filled shells to Mz and M; is zero. The orbital angular momentum for the 
two electrons is given by 

LS hth 
The possible values of L are 3, 2, 1. Thus there are three states F, D and P 
arising from the p'd! configuration. 

Next, we look at the possible values of Mz. For a p-electron we have 
m — 1,0, —1 and for a d-electron m = 2,1,0, —1, —2. To obtain the 
possible values of Mz from these it is convenient to set them out jn the 
form of a table as shown below 


1-2 
ste pd (E -2| 
P Oc TAN RO RE Lg aR 


+3. +42 +1 0 —1| +1 

+2 +1 0. —1'—2 01-1 

si 0 21:/—27—3 [| '—I 
It is now necessary to construct the values of Ms, Each electron can have 
the A values of -+4 and — and the possible resultants are +1,0, —1. The 
M; = 0 occurs twice because the three other one-electron quantum num- 
bers are not the same and therefore, Ap = 444 = —1/2 and A, = —1/2, 
M2 +1/2 represent two distinguishable spin states. 

Starting with the highest value of L (i.e. 3) we take from the Table of Mr 


values 
43, +2, +1, 0, Sp 2,3 
+2 once Mt = +1, 0 twice each. For each of the Mr 


This leaves Mr — 
h of the four possible spin values can occur. 


values in L — 3 term, eac 
This gives rise to a triplet (M; = 1, 0, —1) ?F and a singlet (M; = 0) IF 


terms. 
From the remaining Mr 
the values of Mz are as follows. 
42, +1, 0, -1, —2 
This leaves Mz = +1, 0 once. Therefore D state can occur both asa triplet 
and a singlet. From the remaining Mz terms two P states can be formed 


values, states with L — 2 can be found. For this, 
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('P, °P). Thus the possible states which arise from the p!d! configuration are 

JF, 3F, 1p, 3D, 1P, 3P 
These terms all have the different energies because ofthe electron repulsion. 
There is a rule known as Hund’s rule which predicts which term is most 
stable. This rule states that a state of maximum multiplicity has the lowest 
energy and if the two terms have the same multiplicity, the one with the 
larger value of L has the lower energy. Thus, of all the six terms, ?F has 
the lowest energy. 

Now the spin-orbit interaction will split the above terms into a number 
of fine structure components. Each fine structure component is characteris- 
ed by its J value. For example, 3F term has L = 3, S = 1. Possible values 
of J are 3+ 1,4 — 1,4 — 2(ie.3 — 1), or 4, 3, 2. Thus, there are ?F;, 
3F; and ?F2 fine-structure components of the ?F term. Similarly °D has ?D;, 
3D2, °D, and ?P has ?P», 3P;, Po fine structure components, while the singlet 
terms are not split. Each fine structure component is (2J + 1)-fold 
degenerate in the absence of an external field. 

There is another Hund’s rule which states that if a term arises from a 
configuration with less than a half filled shell, then after the spin-orbit 
coupling the level with the lowest value of J has the lowest energy. This is 
called the normal multiplet. If the configuration has more than a half filled 
shell then the level of highest J has the lowest energy. This is called the 
inverted multiplet. Therefore, the p'd! configuration has the lowest level 
represented by 3F2. 

Finally, we shall briefly outline how the hyperfine structure of the levels 
arise. The hyperfine structure of the atomic level arises from the nuclear 
spin described by the spin quantum number 7. The interaction of the 
nuclear spin with the electrons is very weak and hence the splitting which 
it causes is very small. A level with a given angular momentum J is split 
into a number of hyperfine structure components which differ in the values 
of total angular momentum F of the atom including its nucleus. F can take 
the following values according to the vector addition rule. 


F—|J-cIl IJ-c 1— 1], IET —25-—.[J-—Tl 
Each component after the hyperfine splitting is again (2F + 1)-fold 


degenerate in the absence of an external field. 
APPENDIX 6 
We shall evaluate the following integral 
T= DE| iss > 
Z'S[ f exp (—2Z' —2z' 
ut cl p rı) exp ( 2z'r2) dT; dT; (A6.1) 


Lir] 
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where 
dT, = ri dri sin ĉi dO; dfi 
dT» = 73 drz sin 02 dé; db2 


This integral represents the potential energy of interaction of two overlapping 
spheres of charge cloud of densities ^» = exp (—2z’r1) and P2 = exp (—2z'r2) 
throughout the whole space. This interpretation suggests a relatively simple 
method of evaluating the integral (A6.1). It is well known that the electric 
potential inside a uniformly charged sphere is everywhere same as the 
potential of the shell, whereas the potential outside the shell is calculated 
by considering that the total charge of the shell is concentrated at the centre 


of the shell. 
To evaluate the integral, consider a spherical shell of radius ri and 


thickness dri. Then its total charge is 
j we) 2m 
exp (—2z'ri)ri dri f. sin 0; dA, I, dy 
= 4nri dri exp (—2z'ri) (A6.2) 
The potential due to this charge distribution at a distance 7 from the 
origin is 
V Anci exp (—2z'ri), forr<n 


= anri exp(—2zr), forr>n (A6.3) 


Hence the potential at r due to the entire cloud is 
V(r) = 47 f rı exp (—2z'ri) dri + sf exp ( —2z'ri)ri dri (A6.4) 
On integration by parts, the first term of Eq. (A6.4) gives 
2n 1 
7 exp ( ae T x) 
and the second term Eq. (A6.4) gives 
2n s scout ek C 
= ep (22 Ale Ae i) zm [exp (—2z'r) — 1] 
Therefore V(r) may be written as 
Vir) = —zexpCc2zD- z5, exp (—22'r) — 11 (A6.5) 


The mutual potential energy of interaction of the spherical clouds, which 
is represented by the integral (A6.1) is given as 


^6 [2 LÀ Pl 
= 5. Víra) exp (—22'ra)r3 dra f sin 0z d92 f. doz 


6 eo 
xi Mp4 f V(ra) exp (—22'ra)r3 drz ` (A6.6) 
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Substituting for V(r2) the form of expression given by Eq. (A6.5) in 


Eq. 


(A6.6) and employing the following standard integral 


it n! 
L exp (—ax)x* dx = oat 


The integral (A6.6) can be evaluated as follows: 


X 


47 nfe ji 
eas 7238] 4 exp (—4z'r2)r2 dra 


T [9 7 [* 
i a exp (—42'r2)r2 dra + ya}, oxP (—22'r2)r2 dr] 


ic epic: c Ile t 
z" (4z' 23 az Y z? Qzy* 
= 5[8z' (A6.7) 


PROBLEMS 


- Obtain the energy of the ground state of the helium atom employing the first order 


perturbation theory with the electronic repulsion potential as the perturbation. 


. Show that $ and £_ are not but Id and Ls are hermitian. 


. The wave function Ê = 2 M, = 0) of a !D term resulting from a p* configuration 


is given by 
1 £ E EE 
W2, 0) = vs? | boto | + 16:9 | + | 6351 


where $o, $1, ¢-; are the three p orbitals with subscript indicating their m values. 


Employing the Ê, and Ê- operators, obtain the remaining wave functions belong- 
ing to !D term. 


. An atom with a single unpaired. electron in a d orbital has two fine structure 


components *D,, and *D,,. The spin-orbit interaction operator for a single 
electron is given by 


&0L-S 
Find the energy difference in unit of £ between the fine structure components. 


- Show that a closed shell electron configuration is always represented by +S term. 


Obtain the term symbol for the ground state of the nitrogen atom assuming the 
Russell-Saunders coupling. 


7 


Molecular Orbital and 
Valence Bond Theories for 
Diatomic Molecules 


7.1 Introduction 


When dealing with molecules, the first question a chemist asks: "What is 
the nature of the force that binds two atoms in a molecule?" This force is 
so strong that about 60 ~ 100 Kcal/mole of energy is required to break a 
bond. The first theory of chemical bonding was given by G.N. Lewis in 
1916. According to him a chemical bond is formed by sharing a pair of 
electrons between the two nuclei. But it was not clear then how the 
electron-sharing took place in an electron-pair bond. The next question one 
may ask: “Like the electron in a hydrogen atom, does the electron in Hz 
have a series of distinct quantum states?” Besides, in molecules one has to 
deal with not only the moving electrons but also the moving nuclei. There- 
fore drastic approximations must be made in solving the Schrodinger equation 
for a many-electron molecule. A great deal of imagination is needed to 
obtain approximate but meaningful solutions of the wave equation for 
molecules. 

Historically, two approaches emerged: (i) the molecular orbital and (ii) the 
valence-bond approximations. Of these, the concept of the molecular orbital 
theory is most simple mathematically and therefore widely used for treat- 
ment of poly-atomic molecules in chemistry. The general concept of mole- 
cular orbitals and of the building-up principle using molecular orbitals were 
developed in 1927 by Hund and Mulliken and in 1929 by Lennard Jones. 
Their method of molecular orbitals is characterised by its fundamental 
simplicity and its ability to predict and explain certain chemical properties 
like paramagnetism of O2 and NO-and many other features of the structure 
and spectra of diatomic molecules with a reasonable degree of accuracy. 
More striking than these is the experimental verification of the energy 
ordering of the molecular orbitals (MO) of molecules by photoelectron 
spectroscopy. The Hartree-Fock approximation, which has been useful in 
atoms can be extended to molecules within the framework of the molecular 


152 Introductory Quantum Chemistry 


orbital theory. In this chapter we shall deal with both approximations for 
treatment of the homo- and hetero-nuclear diatomic molecules. 

Whether we deal with the valence-bond (VB) or molecular-orbital (MO) 
approach we have to deal with electrons and nuclei. Since an electron is a 
light particle compared to the mass of a proton (the mass of a proton is 
1836 times as great as the mass of an electron) the nuclei are expected to move 
much more slowly than the electrons. The electrons in a molecule may have 
an average distribution over a time during which the nuclei hardly move. 
This argument was first put forward by Born and Oppenheimer in 1927!. 
This means that the vibrational and rotational motions of a molecule are 
separable from the electronic motions. Before taking up the MO and VB 
theories we shall first treat the Born-Oppenheimer approximation in wave- 
mechanical terms. 


7.2 The Born-Oppenheimer Approximation 


The hamiltonian for a system of nuclei (g, v, . . . ) and electrons (i, j, . . jJ 
is as follows: 


HO Resort E gu sp ip 
: » 81M, e a 8mm 
+ Vnelr, R) + Veer) + Vani R) (7.1) 


where r and R are the electronic and nuclear coordinates, Vne the nuclear- 
electron attraction, Vee the electron-electron repulsion and V5, the nuclear- 
nuclear repulsion terms. If we separate off the nuclear kinetic energy terms 
from the rest of the terms 


H(r, R) = HAR) + Her, R) (7.2) 
h? 
where HR) = — = My Vu? (7.3) 
and : 
Hr, R) = H(r, R) — HR) (7.4) 


then H.(r, R) describes the motion of electrons in the fixed nuclear frame- 
work. Since nuclear masses (Mẹ) are very much greater than electronic mass 
we expect nuclei to move much more slowly than electrons. Electrons can, 
therefore, be assumed to respond to the nuclear motion almost instant- 
aneously. Instead to trying to solve a wave equation for moving nuclei and 
moving electrons, we may assume nuclei to be fixed in a particular conforma- 
tion and solve the equation 


Her, R) elr, R) = E(RWe(r, R) (7.5) 


where E(R) and ¥.(r, R) are the energy and the electronic wave function for 
a particular fixed nuclear framework respectively. Now, we change the 


1M. Born and K, Huang, Dynamical theory of crystal lattices, Clarendon Press, 
Oxford (1954). 
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nuclear coordinate, R(R being the internuclear distance in the case of a 
diatomic molecule) and solve Eq. (7.5) again for the new fixed positions of 
nuclei. In this way one obtains the energy E(R) as a function of R. Such 
energy curves are called the adiabatic curves. 

Now we consider the nuclear motion. We use E(R) as a potential energy 
function to describe the nuclear motion. Therefore, the nuclear wave functions 
are obtained from the Schrodinger equation of the form 

[Ha(R) + E(R)Ihau(R) = €: Pc R) (1.6) 
where Yauc(R) is the nuclear function and e, the total energy including 
the nuclear kinetic energy. Thus, if we write the complete wave function as 

yr, R) = ver, R) *Pouc(R) (7.7) 
then we are able to write the complete wave equation in the following form 


Hír, R) Wr, R) = (Her, R) + Hol R) Wer, Raus R) 
= Poul R)Hé(r, Rybr, R) + pelr, (R) Ha(R) Jauch R) 
— You) Dgctage Vibes R) 


Bp il y Oper, R) nuc(R) 
PELZUM ORp ORp 


= ddr, PHR) + ER Waal 8) — d Zr 


Oper, R) Oauc(R), 
x (ancl OVW, 2 TT SR y 


h? 3 
= er, Bb) — { 2 pagg (s Vn, R) 


abr, R) OY auc(R) 
AA ORE DRE } 
= epr, R — d 2 ger (bal Vr R) 
ES 2o ae) } (7.8) 


The terms within the brackets appearing on the right hand side of Eq. (7.8) 
are considered negligibly small for a molecule with nondegenerate energy 
levels and, therefore, the separation of electronic and nuclear motions is 
possible. Such separation of the nuclear and electronic function describes 
the adiabatic principle or Born-Oppenheimer approximation, according to 
which the true wave functions of systems of moving electrons and nuclei 
will differ very slightly from those calculated in this way. It has been shown 
by Kolos and Wolniewicz? that errors introduced by the Born-Oppenheimer 


approximation for Ha is 4.95 cm-! (or 6.2x 10-^eV) while the total energy 


Eo dekdo 
aw. Kolos and L. Wolniewicz, J. Chem. Phys., 41, 3663, 3674 (1964). 
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is 32 eV and its dissociation energy is 4,76 eV. Such errors are definitely 
much smaller than errors involved in the approximate solutions of the 
electronic Schrodinger equation and can be ignored. 


7.3 Breakdown of Born-Oppenheimer Approximation 


The Born-Oppenheimer approximation is valid as long as the electronic 
wavefunction of the molecule concerned varies very slowly with its nuclear 
motion. We shall now examine the condition when this restriction fails. 
Since H-(r, R) is also a function of the nuclear coordinates R, for small dis- 
placements of the nuclei dR from the equilibrium Ro, one can write according 
to Taylor's series as 


Hir, R) = Her, Ro) + (2 ) «m $ E (E QR? eee 


(7.9) 


We shall show later that, as in atoms, electrons in molecules have discrete 

quantum states. Let us consider the itt electronic state of a molecule, its 

wavefunction #.,:(r, R) must also change with the nuclear displacement dR 

from the equilibrium value Ro. So one may write Taylor's expansion of 
e(r, R) as 


Ver, R) = dur, Ro) + Gm 


We consider the second term of Eq. (7.9) as perturbation 


. han +... (7.10) 


and ignore the subsequent terms as the displacement dR is assumed to be 
small. Since ¥2,,(r, Ro), ¥e,(r, Ro) etc., form a complete orthonormal set of 
zero-order wavefunctions of H.(r, Ro), we may now apply the first-order 
Perturbation theory to get the wavefunction for the displaced positions of 
the nuclei. This is given by 


Voir, R) = Youle, Ro) + z Hee, Seg PRO)? yr, Ro) (7.11) 


where Ej, Ej, etc., are the energies of the i'^ and j^ electronic states of the 
molecule for the nuclear configuration Ro. Since ¥.,(r, R) is also given by 
Eq. (7.10) for small displacement dR, we can write 


Um pss Cher, Ro) ( zx) Ve,(r, Ro) > dR 
OR Jn Je a p 


Since tlie integration is over the electronic coordinates in the numerator of 
the right hand side of Eq. (7.12), we have taken out the nuclear coordinates 
dR. We have 


pelr, Ro) (7.12) 
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9H. 
(H9). M z < te,i(r, Ro) | E R n the,(r, Ro) > od 
Similarly, (7.13) 
Ge), A. 
2B: es) , 
(7.14) 


Both Eq. (7.13) and (7.14) reveal that if the molecule has widely separated 
electronic energy states, i.e. E; 7 Ej and vanishingly small interaction 
matrix elements between the electronic states, the separation of electronic and 
nuclear motions is ideally possible. Hence, the Born-Oppenheimer approxi- 
mation breaks down if the concerned electronic state is degenerate or nearly 
degenerate with the other electronic states of the molecule, For most mole- 
cules, the Born-Oppenheimer approximation is valid for the ground electro- 
nic state because the lowest excited state has much higher energy thanthat of 
the ground state but in the excited state this approximation may not be valid 
because the energy separation among the excited levels is small. 


7.4 The Molecular Orbital Theory (The LCAO Approximation) 


It is assumed that electrons in molecules occupy certain orbitals, which 
extend over all the nuclei in a molecule. Let us consider the simplest example, 
ie. HZ with one electron in it. Consider the two nuclei Ha and Hs. When 
the electron is near the nucleus a, that electron can be adequately described 
by the wavefunction of the atomic orbital, $a centred on ‘a’. When the 
electron is near the nucleus ‘b’, we can describe that electron by the atomic 
orbital $s on ‘b’. So, for the electron anywhere in Hi, Hund and Mulliken 
assumed that the electron can be described by a function of the form 


y = Ciba + Cabo (7.15) 
where C, and Ca are the atomic orbital coefficients which are so chosen that 
the energy given by % of Eq. (7.15) is minimum. Similarly, for Hi^, the 
electron can be described by a function of the form 


y = Ciba + Cipo + Cae (716) , 


where a, b, and c are the three H-nuclei in H3 ? Such description of wave- 
function of an electron in a molecule having several atoms is known as the 
linear combination of atomic orbitals (usually called LCAO). Each atom 
may contribute several atomic orbitals in the construction of molecular 
orbitals. For the sake of simplicity we assume that each atom contributes 
only one orbital in a n-atomic molecule. If $i, da, $3, .. ., $n be the atomic 
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orbitals on atoms 1, 2, . . . n respectively, the molecular orbitals are approxi- 
mately written as 


y= z Citi (7.17) 
The electronic energy of this system based on the function (7.17) is given by 
< È Coil He | Ë Chi > 

< È Ch |È Chi) 


= f(Cu C5... Cn) (7.18) 


Since the function in Eq. (7.17) is chosen arbitrarily, the calculated energy 
of the system, according to the variation theorem, will be always greater 
than the true minimum energy. The above energy should, therefore, be 
minimized with respect to the parameters, C1, C2, C3,..., Cn. The stationary 
values of E satisfy 


9E(Ci, C2, Cs, . ... Ca) 


OE 
= 3C -0Ci + ôC ta ace +... + FE aC, = (7.19) 
The solution of the algebraic sd qur i.e., 
ô 
Eo, n-L23...n (1.20) 


will lead to approximations to the energy E; and the corresponding mole- 
cular orbital wavefunction /; for the stationary states. From Eq. (7.18) one 
can write 


i CH; + 2 z CiCjHy 
Cu UN SUEDE cm (7.21) 


SAE i CiC4j 
i i»j 


where 
Hu = < $i | H.|4i» 
Hi =< 4 | He | &> (7.22) 
Ay — 414» 
u =< $1 | di» 


Equation (7.21) may be rearranged as 


: 
X CHi 2i CiGHy 
i > 


= Zn Chay +2 E cc, (7.23) 


t 
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Differentiation of Eq. (7.23) with respect to Ci, keeping all other coefficients 
constant (remembering that Hy and 4y are always constants) gives 


2CHu + 2 2 CjHy = E [acidu +22 c4) 
js j*i 


QE n n ] 
sa| S Cibu A à 
EE Ci +2 2 CiCj4y] (7.24) 
For an energy minimum, with respect to Cj, 2E/@C; = 0 and we have 


2C(H: — uE) + 2 i, C(Hy — 4,E)=0 
jien hd i CKHy — 4yE) = 0 (1.25) 


Thus, if Eq. (7.23) is minimised with respect to the parameters, C63; 63; 
.., etc., one by one, we obtain the following set of equations known as 
the secular equations. 


Ci(Hiy — 4nE) + (Hn — AigE) + C(His — AE) + ...=0 
CiHai — 421E) + C(Hz — AnE) + C(Ha — 4sE) +... = 0 


Ci(Ha — 4mE) + CH — AE) +... + Ci Han — AmE) = 0 
(7.26) 


If this set of n equations is to have non-trivial solutions (i.e., Ci * 0, 
C» # 0, etc.) the determinant of the coefficients C, must vanish. That is, 


Hui — 4nE Hn — ApE Hn — ApE... Hin — dE 
Ha — bu E Hz — 4nE... Ha, — nE | = 0 


Hm — AmE Ha — mE... Hm — AmE (7.27) 


The determinant on the left hand side of Eq. (7.27) is called the secular 
determinant. Since this equation is of the n't order, in principle it gives n 
roots, viz., Et, E2,..., En and therefore a set ofn wavefunctions Vi, Ja, . . ., Yn 
respectively. 

Thus the LCAO approximation leads to creation of several molecular 
orbitals (MO) for each molecule. To obtain the wavefunction of the ground 
state of a molecule, the MOs are fed with electrons starting from the lowest 
energy, subject to the restriction imposed by the Pauli exclusion principle 
that not more than two electrons can occupy each MO. This is the basis of 
the LCAO treatment for calculations of approximate energies and wave- 
functions for molecular orbitals in molecules. 

It must be mentioned here that in order to generate an effective MO 
through the LCAO approximation the atomic orbitals must have energies 
of the comparable magnitude. For example, if 4 and 4», the two atomic 
orbitals have very different energies in a two-atom molecule, the electron 
will tend to remain most of the time in the atomic orbital which has lower 
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energy in the ground state, while in the excited state it will be found in the 
atomic orbital which has the higher energy. Thus, virtually no gain is 
achieved by the LCAO method. 

Besides, for effective combination of the atomic orbitals, 4; and ¢2 must 
overlap. This is possible if $1 and ¢2 have the same symmetry relative to the 
molecular axis. Consider a C-H bond along the z-axis. An MO could be 
formed by linear combination of the 2p, atomic orbital of carbon with the 
1s-atomic orbital of hydrogen. These two orbitals overlap and according to 
the LCAO approximation, the MO of a C-H bond is given by 


c-a = Cidpsc + Calsn (7.28) 


where the atomic orbital wavefunctions for the 1s and 2p; orbitals are 
denoted by 1s and 2p, respectively. Here, both the 1s and 2p.-orbitals are 
symmetric with respect to rotation about the internuclear axis (Fig. 7.1). On 
the other hand the 2p,-orbital of carbon cannot overlap the ls-orbital of 
hydrogen (Fig. 7.2). Here the 2p,-orbital is antisymmetric with respect to 


Fig. 7.1 Overlap between atomic orbitals of same symmetry. The 
C-H bond is taken as the Z-axis 


Fig. 7.2 Overlap of atomic orbitals of different symmetry. 
The shaded (positive) and the unshaded (negative) 
parts of the overlap cancel 


rotation about the z-axis. Thus, a 2p,-orbital cannot combine with the 1s- 
orbital to form a MO. However, a 2p;-orbital on a carbon atom can combine 
with another 2p,orbital centred on a different carbon atom to form a MO, 
because both have the same symmetry relative to the molecular axis (Fig. 7.3). 
Such MOs are called the z-molecular orbitals which will be discussed in 
great detail in a later chapter. 


[ 
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Fig. 7.3 Overlap of orbitals of same symmetry. Here both 
atomic orbitals are antisymmetric 


7.5 The Hydrogen Molecule Ion 


The system of Hž is composed of two protonsand an electron and was dis- 
covered many years ago by Thompson in a cathode ray tube. From the 
spectroscopic studies, the ground state of Hi is known to have the equili- 
brium internuclear distance of 1.06 À and a dissociation energy of 2.8 eV. 
Although the exact solution of the Schrodinger equation for this system is 
possible, we shall examine this system within the framework of the Born- 
Oppenheimer approximation and the LCAO-molecular orbital theory as this 
method has the advantage of providing a valuable insight into the nature of 
chemical bonding, which is not so readily obtained from the exact solution. 
The lowest energy atomic orbital of the hydrogen atom is the Is orbital. 
We therefore expect the lowest energy molecular orbital (MO) of H7 , in the 
LCAO approximation to be given by 
y = Cilsa + Calss (7.29) 


where the two nuclei are labelled as a and 5, C1 and C2 are the parameters 
to be so adjusted that the calculated energy becomes minimum. This calcu- 
lation was first performed by Pauling (1928). 

The method described in Sec. 7.4 leads to the following secular determin- 
ant which is zero for the non-trivial solutions. 


Haa — 4aaE Ha — AE 
x0 (7.30) 
Hoa — Ass E Hw — ApE 


where 
Ha = < Asa | He | 1sa > 
Hæ = € 1sb | He | 1sb > 
Heo = Hoo = (15a | He | isb X (7.31) 
Sea = A = C 180 | 155 > 
Ag, = Ata = < 18a | 150? 


—— 
aL. Pauling, Chem. Rev., 5, 173, (1928). 
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and the hamiltonian H. for the Hi system, after separating off the nuclear 
kinetic energy terms as prescribed by the Born-Oppenheimer approximation 
is given by (in SI units) 


Hr, R) = — 


87?m4 Fa Tb R] 479 
In Eq. (7.32) m. is the mass of electron, ra, ra and Rare the distances between 
the electron and the nucleus a, between the electron and the nucleus b and 
the internuclear distance respectively as shown in Fig. 7.4. The above hamil- 
tonian may be expressed in atomic units (where m. = 1, e? = 1, 4/27 = 1 
47€) = 1) as 


2 
EWC[t. r7 1ye (7.32) 


1 1 1 
mi AR e — = ; 
H. j P » * R (7.33) 
e 
a 'b 
a b Fig. 7,4 The coordinates for the hydrogen 
R molecule ion 


Both a and b represent the hydrogen atoms, therefore 
Hala qf (7.34) 


and the atomic orbitals 1s, and ls, are separately normalised, so the 
integrals 


Sen = Ap = (7.35) 


The integral 4a (or Sba), called the overlap integral, is usually written as S. 
One may now write Eq. (7.30) as 


(Haa — EP. = (Ha, — SE)? (7.36) 
or Ha — E = (Ha — SE) , (37) 
We have therefore two Toots, viz. 
= Hoa + Han 
E= Bs (7.38) 
— Haa— Ha 
T AERE (7.39) 
Taking any one of the two secular equations, e.g. 
Ci(Haa — E) + (Has — SE) = 0 (7.40) 
and introducing Eq. (7.37) into Eq. (7.40), one obtains for the root E 
C=C (7.41) 


and for the root £z 
a= —C (7.42) 
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That the coefficients Cı and C» are equal in magnitude in Hi also follows 
from the symmetry because both the atomic orbitals 1s; and 15; are equivalent. 
Therefore, the wavefunctions corresponding to the roots £i and Ez are 
respectively 
tr = Ci(1sa + 150) (7.43) 
Ja = Ci(1ss — 150) (7.44) 
These orbitals are to be normalised. We have 


dt | Ja» = CH 1sa | Lsa > + < 150 | 152 + 2 € Isa] 15 >] 


or Ci(2 +28) = 1 
1 
C = -= i 7.45, 
UC MATS (4m 
Thus, the normalised MO, ¥ is given by 
Isa + 15b 
= 7.46 
hi V2 38 (7.46) 


and by a similar procedure, the normalised MO, ¥2 is given as 


_ Isa = lso 
= TM (7.47) 


These two MOs, i.e., #1 and %2, are shown schematically along with their 
energies Ej and E» in Fig. 7.5. 


£2 = (1-9) (Hasha) ET Or 


4 


Ey <í 
` 5 a» 
E, s(0*5) (Haa*Hap ! 


~ 
Fig. 7.5 Schematic representation of the molecular orbitals of Hy where EH is 
energy of the hydrogen atom in its ground state. Strictly, E, and E, are not 
symmetric about EH for S > 0 


Now, we introduce Eq. (7.33) in Haa which is defined in the set of 
Eqs. (7.31) and obtain 
[d 
Fb 


Isa > 


Haa = < 1Sa 15? = Cis: 


pipe ae 
2 Ta 


1525 (7.48) 


as [q^ z 


Making use of the fact that the 1s function is a solution of the Schródinger 
equation for the hydrogen atom, the first integral in Eq. (7.48) represents 
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the energy of the hydrogen ls atomic orbital and is denoted by Eg. The 
third integral is over the electronic coordinates while R is the nuclear 
coordinate and therefore Eq. (7.48) may be written as 

He = End y P (7.49) 


where 


P = Cisa 


1 
4 Isa > (7.50) 


Thus, the integral Haa may be said to represent the energy of a hydrogen 
atom ‘a’ perturbed by a proton ‘b’ and is quite close to the energy of an 
unperturbed hydrogen atom except for very small values of R. 

Hap can be written similarly as 


1 
Has = (ds, -4v - 155? = < 15a + Isp > 
tg Ise ] 155) (7.51) 
Since 
1 1 
(- dvu +) ls Beaty (7.52) 


multiplying both sides of Eq. (7.52) with Isa and integrating over all the 
electron space, one obtains 


in (-iv -i) lss) = En Isa | 154) = Ew: S (7.53) 
Therefore, 
Ho = EnS p $—Q (1.54) 
where 
O Gis zi dens (7.55) 


The integral Has is generally called the resonance integral and represents 
the energ: of the overlap density under the influence of the attractive field 
of both nuclei. 

Entering expressions (7.49) and (7.54) into Eqs. (7.38) and (7.39) one 
obtains 


rere (7.56) 


EFS 
G de c0 
E: = Ex + I$ (7.57) 


i 
l 
s 
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The integrals P, Q and S are positive and it is seen that Eı < Ez. Therefore, 
in the ground state of H7, the electron occupies the MO y; and in its excited 
state, the MO V». The integrals P, Q and S can be evaluated in terms of R. 
Using the explicit form of the hydrogen 1s atomic orbital, i.e., 


ls cm SEM (1.58) 
the dependence of these integrals on the internuclear distance R is given by 
the following expressions 


Ts x [1 — (1 + R) exp (—2R)] (7.59) 
Q = (1 + R) exp (—R) (1.60) 
S = (1 + R + R?/3) exp (—R) (7.61) 


In Appendix 7 is shown the derivation of one of these expressions. 

The potential energy curves for the two states of HZ as a function of R 
can now be drawn ana are shown in Fig. 7.6. The calculated binding energy 
accounts for about 60% of the observed value and minimum occurs at 
R = 2.49 au (~1.32 A). Although the agreement with the observed valués 
is not very satisfactory, by allowing an electron to move in the neighbour- 
hood of both nuclei, it has been possible to reproduce the characteristic of 
the true wavefunction essential to the formation of a stable molecule. 


E-Ey(a.u) 


Experimental 


Fig. 7.6 The potential energy curves 


0 10 20 30 40 50 60 
for Hy 


R (a.u) — 
The electron distributions in the two states #1 and i respectively are 
given by 
pi = p? = (2+ 2s) [152 + 155 + 2-150 1s] (1.62) ' 
£j = JA = (2 — 28)" [Isa + Ish — 2+ Isa lso] (7.63) 


Ata point midway between the two protons (i.e. ra = ri) 
we have 
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Iss = 15, 
2x Isa 
es dgio 
Pur Spar wi. f 
4x1s2 
ions org he ct 


Thus, in the state 41, more electron density is found between the nuclei than 
would be obtained from just the sum of the two separate atomic electron 
densities. The attraction between this accumulation of charge and the two 
Protons leads to the stability of Hi in state J1. Therefore, %1 is called the 
bonding molecular orbital. In state Ja, density at the centre of the bond is 
zero and is therefore less than the sum of the electron densities of the 
separate atoms. The MO / is called the antibonding orbital. The densities 
along the internuclear axis are shown in Fig. 7.7. 


M 
s 
CES 
w 


Fig. 7.7 Schematic representation of the orbitals (dotted lines) and electron densities 


(solid lines) along the molecular axis in Hy 


Although the treatment of H+ as described above is highly approximate, 
it gives qualitatively correct results, For a more quantitative agreement with 
the observed results, an improvement in the LCAO treatment of HZ is 
necessary. If a proton and a hydrogen atom are infinitely apart, the energy 
and the wave function of such a System become the same as those of a 
hydrogen atom. If.these two Species are brought together then the system 
reduces to Het, the Is orbital of which has the orbital exponent twice as 
large as that of the 1s orbital of hydrogen. This suggests that a better wave- 
function may be obtained by taking a linear combination of 1s orbitals with 
variable exponents, 


3 1/2 
1s, = (=) exp (— ara) 
a3 ya 
1s = =) exp (—ars) (7.64) 


where the value of « must be somewhere between one and two. Coulson* 
used these basis orbitals in the LCAO treatment of HZ" and found by the 


~ ‘C.A. Coulson, Trans. Faraday, Soc., 33, 1479, 1937. 
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variation method that at the equilibrium bond length of 1.06 A the value of 
« was 1.24, which gave a dissociation energy of 2.25 eV. 

Another improvement in the LCAO treatment of the HZ has been sugges- 
ted by Dickenson’. An electron in the vicinity of a nucleus a (or b) is not 
adequately described by the wavefunctions (7.64) because an atom in a 
molecule is different from an isolated atom which has always a spherically 
symmetrical electron density distribution. This spherical symmetry in the 
electron distribution is destroyed on the molecular formation and the atomic 
orbital is therefore polarised or distorted. In order to give effect to this 
Dickenson employed the following linear combination 


[Isa(a) + C 2pa(a")] + [1so(a) + C 2po(a')] (7.65) 


where the 2p-orbitals were oriented along the line joining the nuclei. The 
effect of adding 2p-type orbital is to polarise the 1s-orbital. The 1s- and 
2p-functions were assigned to have separate orbital exponents, « and [4 
respectively. Here, C is an additional variation parameter. The energy was 
minimised for R = 1.06 A with « = 1.247, «’ = 2.868 and C = 0.145. 
The calculated dissociation energy was 2.65 eV. 

James® has shown that extremely good dissociation energy of HZ is 
obtained from a function 


p = exp [Z alra + ro) R] fı " cem (1.66) 


where « and C are the parameters chosen to minimise the energy function. 
The function in Eq. (7.66) discards the LCAO concept and leads to near- 
exact results. This fact seggests that the exact wavefunction does not have 
to have the LCAO form. It tells us that the atomic orbitals do not really 
have any “‘objective significance" in the language of McWeeny’ (1979). They 
are used for.convenience in dealing with molecules in terms of known 
solutions for its atoms. 


7.6 The Hydrogen Molecule (The MO Method) 


The treatment of H2 within the framework of the molecular orbital theory 
and the Born-Oppenheimer approximation is essentially the same as that of 
Hi. The hydrogen molecule is described by an equation which considers 
the motion of two electrons in a field of two fixed protons separated by'a 
distance, say R. The hamiltonian of such a system may be written (in 
atomic units) as 

Ea Vr docti iq eR doo H SM ne 

He = Ai — Wi a m TO m * ri2 oR 
(7.67) 


5B.N. Dickenson, J. Chem. Phys., 1, 317, 1933. 


*H.M. James, J. Chem. Phys., 3, 9, 1935. 
1R. MeWeeny, “‘Coulson’s Valence,” 3rd Edn., Chap. 4, “Oxford University Press, 
1979. 
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where 1 and 2 refer to electrons and a and b to protons (Fig. 7.8). Ignoring 
the nuclear repulsion term (i.e., 1/R) which can be introduced later as this 
term is independent of the electronic coordinates, the hamiltonian of 
Eq. (7.67) can be written as 


ipo aceto 7.68) 
H. D aes ( 


Fig. 78 The coordinate system in a H, molecule 


where 
H; = HX) + HQ) + ES (7.692) 
VEM 1 
=--> = 69 
nie bul 2 Fal ror (7,690) 
IESU NO. V2) 63 1 
H¢(2) = — Rigi Wi Rum (7.69c) 


If the electron repulsion is neglected, then the orbitals of Hz are the solu- 
tions of the equations 

H(i) $i) = Ex dai) (7.70) 
where i refers to either of the two electrons. 

This is essentially the equation which was solved for Hi in the earlier 
Section within the framework of the LCAO approximation where the 
nuclear repulsion term was, however, retained. But the nuclear repulsion is 
independent of electronic coordinates, the total energy E(R) of a diatomic 
system for a fixed nuclear framework is therefore related to the energy, Ee 
(where E; is the energy without nuclear repulsion) by the equation 


E= Ey + I (71) 


where Za and Zs are the nuclear charges of atoms a and b respectively. It 
makes no difference to electronic wavefunctions whether the 1/R term is 
retained in the hamiltonian or incorporated in the energy expression later. 
Thus, the normalised wavefunctions of Eq. (7.70) are 


"E 1 
j= um. (Isa + 15s) (7.72) 


da = yas (Isa — Isp) 
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and their corresponding energies are 
E, = (Haa + Hap) (1 + S)! 


= (Haa — Ha) (1 — S)! (7.73) 
where 
aa = € 1sa(i) | HG) | La) > 
Has = € 1sa(i) | H(i) | 1ss(i) > (7.74) 
It now follows from Eqs. (7.49) and (7.54) that 
Hia = Eg — P 
Hao = EgS — Q (7.75) 


Both these integrals are negative because Eg is negative and therefore 
E, < E» in Eq. (7.73). In the ground state of the hydrogen molecule both 
the electrons occupy the orbital ¥;, and the Slater determinantal form of 


the wavefunction for the Vani state is given by 


Po = ai LAO) Fi2) | (7.76) 
Let us now evaluate the ground state energy. The electronic energy is given 
by 


ES (aro + HQ) + +) %> (1.77) 


This integral is over the space as well as spin coordinates of both electrons. 
The procedure of obtaining more explicit form of this integral is exactly 
the same as it was followed in the calculation of the ground state energy of 
the helium atom (see Eq. (6.30)]. 

Thus one obtains 


Ea = 2bE1 + Jui (7.78) 
dd m =< HH) | 
ts J | vn [E | OLTE (7.19) 


Using the form of /, given by Eq. (7.72), Ju may be expressed in terms of 
the integrals over the atomic orbitals. 


Ju = g yl < aa | aay + 2 aa | bb > 


NI 
4-84aa | ab » -- 4€ ab | ab 5] (7.80) 


where 


"T OMNE ff 1s st) | 3 | Ise(2)lse(2) dri da © (181) 
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is the one-centre integral of the type encountered in the calculation of the 
energy of the helium atom, 


(aa | bb) = I Iss) | 15(2)152) dri dez (7.82) 
is the two-centre coulomb integral, 

Qaa | by = ijl 1s (1)1s,(1) E 1s(2)1/2) dei de; (7.83) 
called the two-centre hybrid integral, and 


Cab |ab) = I 1s (010 | 2 


called the two-centre exchange integral. All these integrals except the first 
one depend on R, the distance between the two nuclear centres. For analy- 
tic expressions of these integrals the reader is referred to the tables given by 
Kotani et al. 

Inserting Eqs. (7.73) and (7.75) in Eq. (7.78) and incorporating the 
nuclear repulsion term, the ground state energy Eo(R) of the hydrogen 
molecule may be written as 


152)15,(2) dz dz (1.84) 


E(R) = ag, - XE Ou yt (1.85) 
The molecular energy is calculated as a function of internuclear distance 
and plotted in Fig. 7.9: curve (a: The minimum value of Eo is found for 
R = 0.84 A. The observed equilibrium bond length in Hz is 0.74 A, The 
calculated bond energy is 2.68 eV while the observed value is 4.75 eV. Thus, 
the simple molecular orbital theory accounts for only 56% of the observed 
bond energy. Furthermore, when R becomes infinitely large, the energy Eo 
of Eq. (7.85) does not converge toward the value of 2Ey. This may be evi- 
dent from the following argument. At R = ^o, each of the integrals, P, Q 
and S becomes zero, and all but the first integral vanishes in Eq. (7.80). 
Therefore from Eqs. (7.80) and (7.85) we get 


Eo(^c) = 2Ey + 1/2 € aa | aa ` (7.86) 


This shows that the simple molecular orbital picture does not describe the 
molecular dissociation correctly. The reason for this. failure can be found 
from the form of the molecular wavefunction, Yo of Eq. (7.76) which may 
be written in the following form 3 


H= WCDI) ZERO — B(1(2)] (187) 


lgnoring the spin part of the wavefunction, one may write, after inserting 
the form of y provided by Eq. (7.72) 


*Kotani et al., Tables of Molecular Integrals, Muruzen and Co., Tokyo, 1955. 
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BoT Vsus Dis + 1so(1)1s0(2) 


X + S) 
+ Lsa(1)1s.(2) + 154(1)1542)] (7.88) 
The first and second terms correspond to the situation in which both elec- 
trons are associated with the same portion, i.e., Ha — Hj and Hj — He. 


Since the ionisation potential of a hydrogen atom is high while the electron 
affinity is low, the reaction 2H > H+ + H- ought to be highly endother- 
mic and, therefore, the occurrence of the ionic structures is likely to be very 
rare. On the other hand, the third and fourth terms in Eq. (7.88) corres- 
pond to the situation in which electrons are shared equally by both the 
protons and therefore they correspond to the covalent structure of H2. If we 
define Yo, and Vio, as 


Isa(1)1s4(2) + 1s(1)1sa(2) 7.89) 
V + SY : 

— Isa(1)1sa(2) + 1si(D) 1522) 7.90) 

VXI + S?) d 


Ve, = 


Fion 


then Yo can be written as 


2 
wo = VALE Der + vo) (9) 
It is easily seen that the molecular-orbital approach gives equal weight to . 
the ionic and covalent structures. This is highly unreasonable for the 
hydrogen molecule and, therefore, responsible for the poor agreement 
between the calculated and observed results. 

This shortcoming of the MO wavefunction can also be discussed from 
another point of view as follows. The MO wavefunction Vo as given by 
Eq. (7.87) takes into account the spin correlation. But an «electron and 
B-electron may come as close together as they wish. Hence the relative 
probability of finding the electron 1 in different regions of space is indepen- 
dent of the position ofelectron 2. If an electron is found at a point in space, 
the probability of the second electron coming close to the first electron should — 
be very small on account of the Coulomb repulsion. In other words, the 
positions of electrons in a many-electron system should be correlated. A 
true wavefunction must take into account this charge-correlation of elec- 
trons. While Weov describes a very strong charge-correlation because in this 
wavefunction when one electron is found near the nucleus ‘a’ the other 
electron is associated with the nucleus ‘b’ Fion disregards this correlation 
and in the limit of equal contributions of Psov and Pion [Eq. (7.91)] the 
charge-correlation is ignored completely. 


7.7 The Valence-Bond (VB) Method 
The first quantum mechanical theory of chemical bond was given by Heitler 
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and London in 1927.9 This was later developed by Pauling and others into 
a more comprehensive theory of bonding. This approach and its applications 
were reviewed by Pauling! in 1960 and is now known as valence bond 
theory. Here we outline the approach originally put forward by Heitler and 
London for treatment of Ho. 

If a system consists of two atoms a and b then its total wavefunction will 
be the product of the wavefunctions of the components. Let Isa and 15; be 
the 1s-orbitals of the two hydrogen atoms in their ground state. If an elec- 
tron labelled as ‘1’ is around the nucleus ‘a’ and the electron labelled as ‘2’ 
near the nucleus ‘b’ then the wavefunction of the composite system be given 
as 1Sa(1)1s,(2). When the two atoms are very near each other, sayabout 1A 
apart, it is difficult to say that electron ‘1’ is around the nucleus ‘a’ and the 
electron ‘2’ around the nucleus ‘b’. In fact, electrons are identical particles 
and there is no way to distinguish the wavefunction Isa(1)1s,(2) from 
Isa(2)1ss(1). The essential feature of the VB description of H2 was to choose 
the two-electron wavefunction as 

V(1,2) = Cid; + C2, (7.92) 
where 
Gi = Isa(1)154(2) 
(7.922) 


€) = 1s4(2)1 ss(1) 


Since both the atoms are the hydrogen atoms, by symmetry one can tell 
that 


C -—GC or Ci = XC 
The energy of the system is given by 
€ Y(1,2)1 He | V(1,2) > 


E= 0,21 YO, D (1.93) 


Application of the variation principle to Eq. (7.93) leads to the following 
secular equations 


Ci(Hu — E) + C(Hn — SE) =0 
7.94 
Ci(Ha — SE) + CAHn — E)=0 | n 
where 
Hy = < Òi | He | 0, y 
Hn = < $z | H. | 62> 
Ho = Hn = < Ò; | He | 0,» 
S —(9,|95 
*H. Heitler and F, London, Z. Phys., 44, 455, 1927, 


uL. Pauling, Nature of the Chemical Bond, 3rd Edn., Cornell University. Press, 
New York, 1960. 
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and the hamiltonian He is given by Eq. (7.67) for H2. Since Hi: = Hz the 
secular determinant of Eq. (7.94) leads to 
(Hu — EP = (Hn — SEP 
Hu — E = (Hn — SE) 
or Er Agam eif = Tem (7.95) 


Thus we get two energy levels for Ha. Substitution of these roots into 
Eq. (7.94) leads to two functions. The wavefunction whose energy is E+ is 
given by 


V, = Cy: + 92] (7.96) 
and the function whose energy is E- is given by 
v. = Cl — 97] (7.97) 


Normalisation gives’ 


f Wo dri dr = 1 
elf ©? dri dra + | ids dra + 2 | 10 ary ara] N 
alf 15k) dn J 1552) dra + f 110) dra J 191) d 


+f Isa(1)1ss(1) dri f 1sa(2)1sa(2) dr2| = 1 


Ci[2 + 287] = 1 
1 1 


1— 2328 or C= Via is (7.98) 
The normalised wavefunctions of H2 are therefore given by 

o, +Ò 

y,- ————1. 7.99 

t 7/2428 ioe 
$;.— 4 

w= 7100 

Via ae 


We shall now evaluate the integrals Hi: and Hia. If we split the electronic 
hamiltonian according to Eq. (7.68) and Eqs (7.69), we obtain 


Ha = Cis Dis) (a + E + LJ uscoisQ > 
ri2 


= Ç Isa(1) | H«C) | 1sa(1) > + € 1522) | H°(2) |*150(2) > 
+< aa | bb > (7.101) 
The electron repulsion integral ( aa | bb > is defined by Eq. (7.82) earlier. 
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€ Isa(1) | H«(1) | 1sa(1) > 
-Os0|- 2v - E | tsa) > = cim ES Isa(1) > 
= En — P (7.102) 


P is defined by Eq. (7:50). 
The expression for < 1s4((2) | H«(2) | 15:(2) ? is same as in Eq. (7.102) 
because Isa and 155 refer to two hydrogen atoms. One may write now 


Hu = 2Eg — 2P + < aa | bb> (7.103) 
Similarly, we proceed for Hi as follows. 


Hy = € Asa(1)150(2) (ro + He) + z J 151154) > 


= CIs«(1) | H*(1) | 1sa(1) > S + < 1s8(2) | H*(2) | 1s4(2) > S 
+< ab | ab » (7.104) 
The two-centre exchange integral < ab | ab > is defined in Eq. (7.84). 


1D | HQ) | 19) > — Cis | 5? — 3 | iso 


= ais | A | 1se» 
Tat 

= ExS—@Q (7.105) 
Q is defined by Eq. (7.55). The expression for the second term of Eq. (7.104) 

is same as in Eq. (7.105). 
Hi) = 2EnS* — 28Q + (Cab | ab » (7.106) 
Since Ex = —13.6 eV and P and Q are positive and increase with decrease 
of R [see Eq. (7.59) and (7.60)], Eq. (7.103) and (7.106) show that both Hi1 
and Hy are the- negative quantities. This implies E. < E... In other words, 


the ground state wavefunction of H2 is given by V'. of Eq. (7.99). The total 
ground state energy, Eo of H» is given as 


Ws TA Hu hia at) 
ERR) = Ee tS ag TER 
P+ OS., 1 1 
= En — 25 3 haa | 6b > + ab | ab + 


(7.107) 


All the. integrals in Eq. (7.107) decrease with increase of R and vanish at 
R = co. Therefore the total energy of Ha reduces to 2Ey when the atoms 
are infinitely separated. Thus, the VB picture gives a proper description of 
the molecular dissociation. Heitler and London calculated the total energy 
Es + 1/R as a function of R and obtained the dissociation energy of 
3.16 eV and the equilibrium bond length of 0.87 A (1.67 au). [See Fig. (7.9), 
curve b]. 
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Considering the simple type of approach this result is superior to the 
simple MO picture discussed earlier. The wavefunction ¥+ is same as the 
function coy of Eq. (7.89). The bonding in the VB picture of H2 arises from 
the presence of Hi? and the wavefunction Y^, now tells us what the electron 
sharing Lewis meant in 1916. If we had used the term 9 alone i.e., Isa(1) 
1s:(2), in the wavefunction ®, and then determined the energy as a function 
R we would have obtained the binding energy of only 0.25 eV. Thus, the 
strong bonding in Hz is due to the exchange of electrons between the two 
nuclei and the integral Hi2 may be called the exchange or resonance integral. 
Itshould be noted that this concept of exchange arises from the use of atomic 
orbitals while the exchange is not a genuine phenomenon (See Sec. 7.9). 

Since the ground state wavefunction ^, is symmetric with respect to the 
interchange of the positional coordinates of the two electrons, the Pauli 
principle requires that this function must be combined with the antisym- 
metric spin function, i.e., 


1 

V7 «090 B(1)a(2)} 
to obtain a singlet state for H2. On the other hand, the excited state wave- 
function Y_ is. antisymmetric with respect to interchange of the positional 
coordinates. The Pauli principle requires that V. be associated with the 
symmetric spin functions. We shall discuss the symmetric spin functions in 
Sec. 7.10. Here, we mention that ¥- refers to the lowest triplet state of H2 
and its total energy, £ó is given by 


BR) = E- + 4 = Mate y d 


= ag, - 3 F— 29. hal< aa | bb > — ab | ab) + 
(7.108) 


The triplet energy curve is shown in Fig. 7.9(c) where we see that while the 
ground singlet state is stable, the lowest triplet state is unstable and does 
not represent a stable excited state of H2. Hydrogen molecules excited to 
higher triplet states can make transitions to this unstable state and then 
dissociate spontaneously into hydrogen atoms with large kinetic energies. 
The spectrum of ultra-violet light emitted in this process is continuous and 
from a careful analysis of the intensity distribution of this continuous 
spectrum one can determine the potential energy curve for this unstable state 
which is shown in Fig. 7.9(d) as the experimental curve for the triplet state. 


7.8 Charge Distribution in Molecular Hydrogen 


If the total wavefunction ofa many-electron system is givén by Y(1,2,3, . . ., n) 
then V? dr, drz... dr, gives the probability of finding electron ‘1’ in 
volume of space dri, electron ‘2’ in dra, etc. If, however, we are interested 
in electron ‘1’ then the density function P(1) for the electron ‘1’ will be so 
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Interaction energies (eV) 


10 2.0 3.0 4.0 5.0 
R(a.u) 


Fig.7.9 Interaction energies vs. R(au) for H,. Interaction energy 
is defined as (E, — 2Eg) and is given in eV[1 eV = 0.0367 au]; 
(a) the energy curve of 4 (MO), (b) the energy curve for &,(VB), 
(c) the energy curve for $-(VB), (d) the experimental energy 
curve for the triplet state, (e) the experimental energy curve for 
the ground singlet state 


defined that P(1) dr; represents the sum of all the probabilities correspond- 
ing to electron 1 in dr; while all other electrons 2, 3, etc., will be found in 
all possible regions of space. 

The hydrogen molecule has two electrons and its ground state wavefunc- 
tion (1, 2) is given by either Eq. (7.76) according to the MO theory or by 
Eq. (7.99) according to the VB theory. So P(1) dr; is given by 


P(1) dry = i Vi, 2) dra ] dr (7.109) 
Following Eq. (7.76), Wo(1, 2) is given by 
(1,2) = V ORO — QJ (7.110) 


Substituting Eq. (7.110) in Eq. (7.109) we have 
(1) = à [ Hay [ ste) an + Fay | Jio) dra 
-WDH | BOO) «| 
- il A) + io] (7.111) 
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The integral f J1(2)1(2) dra is over the spin-orbit space and vanishes due 


to orthogonality of the spin functions [see Sec. 7.10]. After substitution 
of Eq. (7.72) for V, the density function P(1) (spinless) is given by 


152(1y + 1s5(1) + 2x Hs D) Lo 1) 
2 + S) 


P(1) = 411) = (7.112) 


Since electrons 1 and 2 are indistinguishable P(2) for the second electron 
must have the same value. The total one-electron density function is 


P = P(1) + P(2) = 20(1) (7.113) 
It is this density which is observed in x-ray experiments. One may write 
T di 2 2 2 $ 
P = 2A(1) = XI [Isa + 155 + 2X Isa: lso) (7.114). 


If we integrate P over all space for electron 1, we have 


[ean = ral] Isa dri +f ls dri + 2 J Ise In dn | 
=2 (7.115) 


We get the total number of electrons, i.e. 2. We can split Í P dr, accord- 
ing to Eq. (7.115) as 
L n n ae Sa LE 
free EU tes tire? (7.116) 


This means that, of the two electrons in H, 1/1 + S electrons are associat- 
ed with each hydrogen atom and 2S/1 + S electrons remain in the inter- 
nuclear region of the bond. These numbers are called electron populations 
by Mulliken."! 

If we substitute Eq. (7.99) for V(1, 2), then the spinless density function 
P(1) will be given by 


(1) = Í V2 dr, 


= aa) 91 dri + Í 4j dri + 2 forman] 
which leads to 


pa) = 180) + 10) + 2% Isal) iss 
E XI FS) 
So the total electron density is 


p = P(1) &Q) = 2P(1) 


=; igüs + 1s? + 2x Isa: 15-5] (7.117) 


URS. Mulliken, J. Chem. Phys., 23, 1833, 1997, (1955). 
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Thus, according to thc VB theory, 1/(1 + S?) electrons are associated with 
each hydrogen atom while 2S/(1 + S?) electrons are found in the internu- 
clear region. 

The MO and VB theories give nearly the same picture of covalent bond- 
ing which shifts the electron densities from atoms to the internuclear 
region. Since 0 < S < 1 the MO theory leads to a slightly bigger build-up 
of density in the overlap region than the VB theory. 


7.9 Beyond the Simple MO and VB Approximations 


There are various kinds of refinements that different people have introduced 
p ee better wavefunctions and energies for He. We shall discuss only 
a few. 

The first refinement of the Heitler-London approach of H2 was suggested 
by Wang in 1928.!2 The atomic function 1s of the hydrogen atom corres- 
ponds to unit nuclear charge. But when an electron sees the field of two 
protons of approximately 1 A apart it feels an enhanced attraction. This 
would mean that the effective nuclear charge Z’ is greater than one. Indeed, 
the two H-atoms coalesce to produce the united atom He, the appropriate 
value of Z’ is 1.69 (see Sec. 6.2). Wang tried with 1s orbitals 


is) = (E)? exp Cora) 
1s5(2) = (3)" exp (—arni) 


where the effective charge « is an adjustable factor. With these orbitals he 
treated Ha according to the Heitler-London procedure and varied «. At each 
value of R, « is varied to minimise the energy by the variation method. 
Wang obtained for Hz the binding energy of 3.78 eV, and « — 1.166; a con- 
siderable improvement over the previous value of 3.14 eV. Another good 
point of Wang's treatment is that his wavefunctions satisfy the virial 
theorem which is not obeyed by the Heitler-London functions at the mini- 
mum point of the adiabatic potential energy curve. 

The second refinement in the VB approach is to argue that when two 
atoms are near each other (say ~ 1 A apart) there is a possibility that both 
electrons may be found around one nucleus. A suitable wavefunction would 
be Isa(1) 1sa(2) or 1s,(1) 15:(2). Since both are equally probable so far as 
Ha is concerned, we must take the following trial VB function 

V = [1s«(1)155(2) + 154(2)152(1)] + Asa (1)154(2) + 155(1)152(2)] 
= oW, + Aion * (7.118) 


where Ycoy denotes the original Heitler-London function and Wion denotes 
the ionic term which we come across in Eq. (7.90). The wavefunction in 
Eq. (7.118) is not normalised. We have now essentially two adjustable para- 


. MS. Wang. Phys. Rev., 31, 579 (1928). 
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meters « and A. The best function is obtained by varying them so as to 
minimise the total electronic energy. Weinbaum?? found that at. the equili- 
brium position à œ~ 1/6, « = 1.19 and the binding energy was increased 
from Wang’s value of 3.78 eV to 4.02 eV. Both Wang's and Weinbaum's 
results led to « 7 1 at the equilibrium bond length. 

We have already shown the ionic and covalent contributions in the simple 
MO picture of H and found that they contribute equally to bonding in Ha. 
This is unrealistic and is responsible for the poor description of bonding in 
Ho and the improper description of the molecular dissociation. Coulson* 
tried to improve the MO description of Hz by varying the orbital exponent 
of the atomic orbitals as in the case of HZ and obtained better binding 
energy. However, the improper description of the dissociation of Hz can be 
remedied by taking a proper account of the charge-correlation through 
configuration interaction (see Sec. 6.5). In molecules, besides the angular 
and radial (or in-out) correlations, the horizontal correlation is important. 

The ground state of H2 is built up from the double occupation of the 
MO yı [Eq. (7.72)] which is symmetric with respect to inversion at the centre 
of the bond. We can construct an excited state of the same symmetry as 
the ground state by promoting both electrons into the MO #2 [Eq. (7.72)], 
which is antisymmetric. Since there are two electrons in 2, the resulting 
wavefunction 


Yi Fe ORO) (7.119) 
is again symmetric. The MO #2 possesses a node at the midpoint of the 
bond [see Fig. 7.7 for %2] and its purpose is to keep the electrons at opposite 
ends of the molecule. The effect of the configuration V is to remove charge 
density from the internuclear region and to concentrate it in the vicinity of 
the nuclei. This is known as the left-right (or horizontal) correlation of the 
electronic motions, which can be effected by mixing Yo with V^, It is this 
correlation which is important at large R and responsible for description of 
molecular dissociation. 

Although the MOs %ı and #2 are mutually orthogonal the matrix element 
of l/ria linking Yo of Eq. (7.76) and V2 of Eq. (7.119) does not vanish so 
that these two configurations interact. Since Y, can be shown to have the 
form 

Y i VALES) qu, PA cov) (7.120) 


an appropriate linear combination of Yo and Wz can give a proper balance 
between the ionic and the covalent contributions in the MO picture of. Hz. 
We therefore consider a linear combination of the two configurations. 


6c = C(R)Po + d(R)¥2 | (7.121) 


15$. Weinbaum, J. Chem. Phys., 1, 593, 1933. 
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where 9g is the improved wavefunction for the ground state, c and d are 
the variational parameters which are functions of R. One can improve the 
wavefunction still further by adding additional configurations as long as 
they have the correct symmetries. For a function of Eq. 7.121 the variation 
principle leads to the following 2 2 secular determinant 


Hoo — E Ho 
Hoz Hn — E 


where Hoo = ¢ Yo | He | Vo? = 2E, + Ji [see Eq. 7.8] 
Hn = ¢ Y2 | He | Ya» = 2E2 + Jn 
Ho = (Vo | He | ¥2> 


= || rra) | + | POPO) dri dra 
ra 


=0 (7.122) 


= Kn (7.123) 
The two roots of Eq. 7.122 are given by 
= (Hoo + Ha) + V (Hoo — Hn)? + AK? 
a et He XV (Ho — Hal + 4Ki os a (7.124) 


The lower root (which is obviously the one with a negative sign before the 
Square root) corresponds to the energy of the ground state. The problem of 
determining the energy is again reduced to the problem of calculating the 
electron repulsion integrals Ji:, J22 and Ki2 and the integrals E; and E», It 
can be easily shown after substituting Eq. (7.72) for /; and #2 in Eq. 7.123 
that at R = œ. 


Ju = Jn = 1/2 < aa | aa > 
Hoo = Hz = 2En + 1/2 < aa | aa y (7.125) 
Kn = 1/2 € aa | aa ò 


Therefore, the ground state energy of Hz following Eq. 7.124 converges 
toward the limiting value of 2Ej as R — co. In Fig. 7.10 are shown the 
potential energy curves of the ground state of Hz described by the simple 
MO function and the improved funcion 6g. 

Although the simple VB picture is superior to the simple MO picture the 
MO calculations are much easier and easily extendable to polyatomic 
molecules. Excited states are quite awkward to deal with by the VB treat- 
ment. Electronic spectra are easily interpreted in terms of single-electron 
transitions between two MOs. We shall deal with the excited state of H2 
according to the MO theory in the next section. It is important to mention 
that both the VB and MO treatments show that better energies are obtained 
if the orbital exponent, «, of the atomic orbitals are varied to minimise 
the energy by the variation method. At the equilibrium bond lengths of. H2 
and H2, « > 1. Figure 7.11 shows the variation of the wavefunction of the 
1s orbitals of a hydrogen atom from the nucleus for « = 1 and « > 1. For 
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Energy (au) 


R(a.u) 


Fig. 7.10 Potential energy curves of H, using V, and 65. 


1s function of hydrogen 


0 05 10 15 20 
r(a.u.) 


Fig.7.11 Variation of wavefunctions of 1s atomic orbitals of 
hydrogen for a =1, = 1.19. 


a > 1, the function decays more rapidly away from the nucleus indicating 
that the densities are more compact. This means that bond-formation from 
atoms is accompanied by orbital contraction. This question was examined 
by Ruedenberg! who found by studying the variation of the electronic 
kinetic energy in HZ that orbitals contract or more correctly the densities 
contract on bond-formation. This contraction is neither an artifact of the 
variation principle which is used to optimise the orbital exponent nor a sort 
of gimmick because of the use of the atomic orbitals in the LCAO or VB 
Scheme. Kutzzelnigg and Schwartz! have demonstrated using a criterion 


AK. Ruedenberg, Localisation and Delocalisation in Quantum Chemistry, Edited by 
O. Chalvet et al. (Reidel, Dordrecht, 1975), Vol. 1, Page 223. 
W, Kutzzelnigg and W.H.E. Schwartz, Phys. Rev. A, 26, 2361, 1982. 
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independent of the variation principle and based on formal properties of 
the exact wavefunction that the bond-formation in H2 or HZ is accompanied 
by charge contraction. 

Before leaving this section we like to mention that it is possible to obtain 
very accurate or exact results for H without depending on atomic orbitals 
and without invoking the concept of electron exchange. James and 
Coolidge!$ introduced from mathematical considerations new coordinates 


X = 7 + Tol 


ta — ri 
and es er a 


for electron 1 and similarly for electron 2 and z2 for the interelectronic 
distance, They used as variation function a mixture of terms such as 


" 


exp[—aQd X). Z A Meg ri (7.126) 


"ijk 


where m, n, i, j, k are integers and « is a variable parameter, James and 
Coolidge obtained virtually complete agreement with the experimentally 
determined bindingenergy usinga 13-term function in the above summation. 
Later, Kolos and Wolniewiez! (1968) have used a 100-term function for H2 
and obtained the exact results. Table 7.1 summarises some results of calcu- 
lations for H2. 

The'main point that the results of James and Coolidge have led to is that 
the exchange of electrons which was thought to be essential for bonding is 
nota genuine phenomenon. This arises when one deals with molecules 
using the atomic orbitals of the component atoms, 


TABLE 7.1 RESULTS OF SOME CALCULATIONS ON Hy 
sss 


Type of wavefunction Bond energy Re (AD 
(eV) 
es 
Heitler-London 3.14 0.87 
Wang 3.78 0.744 
Weinbaum 4.02 0.74 
Molecular orbital (Simple) 2.68 0.84 
Molecular orbital with optimised orbital exponent À 
(Coulson) 3.49 0.730 
James-Coolidge [13-term function] 4.72 0.740 
Kolos-Wolniewiez [100-term function] 4.746 0.741 
Experiment 4.746 0.741 


H.M. James and A.L. Coolidge, J. Chem. Phys., 1, 825, 1933, 
"W, Kolos and L. Wolniewiez, J. Chem. Phys., 49, 404, 1968. 


F 


Molecular Orbital and Valence Bond Theories 181 


7.10. The Excited States of the Hydrogen Molecule 


We shall now see what the molecular orbital theory can tell us about the 
excited electronic states of the hydrogen molecule. According to the simple 
LCAO treatment we have obtained two orbitals / and ya [Eq. (7.72)]. In 
the ground state, both the electrons occupy the orbital ¥;. The first excited 
state configuration above the ground state should result when an electron 
is promoted from the orbital / to %2. For the configuration JW, the 
following functions can be constructed. 


n- OQ) + iQ] 


* 


(7427) 
xt = D PO) = QU Q)) 


` 


If P is an operator that interchanges the electronic coordinates, then 


P 1 
PX; = —— AQ + OO) = Xx: 
v2 

ba = VT (AQ) — $094] = — Xi 
Thus, X, and Xí are respectively symmetric and antisymmetric with respect 
to the interchange of electrons. For two electrons there are four possible 
spin-functions which can be multiplied with the above space functions to 
form the complete wavefunctions. The spin functions are: 


e, = (1) 
oz = BOBO) 
es = a(1)B(2) 
e, = B(1)2(2) 


(7.128) 


The eigenvalues of these functions for the operators SA i.e. 
$: = $a $a 

are respectively +1, — 1, 0 and 0 in units of 4/27. The last two spin states 
in Eq. (7.128) clearly represent two equivalent spin states which are doubly 
degenerate. On operation with P we have 

Pos = P«(8Q) = a(2)B(1) = o4 

Po, = PROA) = «(D8Q) = es 
and hence 

P(o3 + 94) = 93 + 74 


P(o; — 04) = —(e3 — 9%) 


182 Introductory Quantum Chemistry 


It is, therefore, necessary to take the linear combination of the o3 and 94 
functions. For a two-electron system the following four spin functions can 
be constructed. 


= vo RO) — B()«(2) (7.129) 
a(1)a(2) 

r= TTPO + B(2)«(1)] (7.130) 
(1) 2) 


where 1/^/ 2 is introduced for the normalisation of the spin functions. 
The function $s is called the spin function for the singlet state and has the 


eigenvalue —1 for the operator P and is, therefore, antisymmetric. The 
second set of functions $r have three components and is called the spin 
function for the triplet state. All these three components have the eigen- 
value 4-1 of the operator P and are, therefore, symmetric. The total wave- 
function including electron spin, according to the Pauli exclusion principle, 
must be antisymmetric. Thus we have the following combinations: 

WA, = Xiós 


Y, = Xir (7.130) 
where the superscripts 1 and 3 denote the multiplicity of the states. Substi- 
tuting for X1 and ¢s in Eq. (7.131), one obtains 


Wy = eld) + Oy») V [«()8(2) — 8(1)«2)] 


= FUADO) — VOR) 
HUBAD — PDE] 
= FORD — A9) — HOD — POD 
= FU AORO) | — IAO) |] (7.132) 


Similarly, the wavefunctions of the triplet state may be written in the, 
determinant form, as 


vi | 41(1)42(2) | 
w, = vl viQ)9aQ2) 1 + | Ja 032) N (7.133) 


i TUTO, 
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We shall now evaluate the electronic energies of the excited states 1P, and 
ee 
Since ! V; is normalised, 

Eas) = (UA | He | > (7.134) 


where Hi? is given by Eq. (7.69a). 
It is to be remembered that this integral is over the entire spin-orbit space 
accessible to both the electrons. Substituting for !, 


Ee) = J Í VAL (D2) | — | 3i) DL He | yaC) | 
— | Ja(Ly2(2) |] dr dre (7.135) 


We can separate this integral into two as follows 


ive | | (138) | | Hi ILAC) I] dri dra 


= (f CUAD 11 cr PAW) I a dra (7.136) 
and 
fa = S AODH t 1 HEL | Hu) N n s 
= ff tiom | tries m an dra (1) 
Therefore 
Eaj) = 1/4(2h — 2h) = 1/20 — h) (7.138) 


Let us evaluate now the integrals J; and 72. Expanding the determinants in 
Iı we get 


Hu ff D2) — Ya(2)ybaC1)] | He | [y(t P22) — YC) Ja(1)] dri dra 
(7.139) 


Putting Ji(1)]a(2) = 4, 4(2)}a(1) = B, Eq. (7.139). can now be written in 
the bracket notation as 

nh=<(A| HIA»? E CB| HE| B5 —CA|H:| B5 — CBI Hel A? 
Since H’ is hermitian, ie. < A | Hi |,B> = € B | Hz | A >, we write Ii as 


h—4A|BL| A? -CB| | B>—2¢ Al He! BD (7.140) 


We will now examine the typical integrals in more details. Substituting 
for Ht, Eq. (7.69a), the integral < A | Hz | A > may be written as follows 


CAL HAD = CORO (E0 + HO) + +) aeo» 


= (uhi) LB) HAC) > € 309) | P) > 
+ a(2) | HD) | JAD >< VD) | (D > 


ds |= | inda > (7.141) 
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Since the spin functions as well as the orbital functions are normalised, 
using the same symbolism as before we have 


CA| H| 45 — Ei + E+ Jz (7.142) 


where Ji? describes the repulsion between the electron 1 in orbital 4 and 
the electron 2 in orbital 42. The same procedure gives 


<B | H:| B) =E + E+ Jn (7.143) 
However, the integral 
X(BI HEAD» =A] H| B» = < 4(1) | He(1) | Ja(1) >< JaQ2)) | 42) > 
+< JaQ) | H*Q) | HD > < HC) | do) > 


1 
+< (gx) |E | uda) > = o (7.144) 
because of the orthogonality of the spin and orbital functions, thus, 
h = 2E) + 2E; + 27 (7.145) 


Expanding the determinants in 7», [see Eq. (7.137)] one gets 
h= |S ORD — ANAD = jus dri s 


= ¢A|Hi|C>—¢A|Ht| D? —B| HE| C) -(B| Hi | DY 
(7.146) 
where A and B are already defined and C and D are given by 


Ji(1/2Q) = C and Jis) = D 
It may be easily seen that the first and the fourth integrals in Eq. (7.146) 


vanish owing to the orthogonality of the spin functions, while the second 
and third integrals are equal and can be written as 


KA|H[ D» —CB| HEIC) 
= < (DF |E | ne > (7.147) 


This again involves repulsion between two electrons, but the electron 1 is 
associated with both the orbitals /; and ¥2 and so is electron 2. It is 
as though electrons were exchanged between two orbitals and, therefore, 
the integrals of this type usually denoted by the symbol K, are called 
exchange integral. Thus, we have 


h= —2Ki2 (7.148) 
It is to be noted that if any one electron is associated with two orbitals 
that involve different spin functions then the exchange integral vanishes. 
The energy, Ez of the singlet excited state, ! of the hydrogen molecule is 


obtained after substituting for J; and D from Eqs. (7.145) and (7.148) in 
Eq. (7.138). Then one obtains 


Eal Pi) = Ev + a+ Jia + Ka (7.149) 
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Starting with any one component of the triplet state wavefunctions 
[Eq. (7.133)] and, following the similar procedure, one obtains 


E4QV,) = Ei + En + Ji2 Krz (7.150) 


The energy difference between the singlet and triplet states is 2Ki2 and 
since both J and K integrals represent the electron repulsion terms, the 
triplet state is more stable. This demonstrates that the states of highest spin 
multiplicity have the maximum stability (Hund’s rule). 


7.11 The Electronic Transition in the Hydrogen Molecule . 


When electromagnetic radiation is absorbed by a molecule it promotes the 
molecule from its ground state to an excited state. The energy required to 
effect this transition is, of course, the energy absorbed. Thus, we expect the 
molecule to absorb radiation of particular wavelength corresponding to the 
energy difference between the ground and the excited states. However, the 
probability of such a transition depends on the square of the transition 
dipole moment integral defined as (in a.u.). 


CT | Zril za? 


where ri is the position vector of the electron i in a molecule, Y; and Va 
are respectively the ground and the excited state wavefunctions of the mole- 
cule concerned. In this definition the summation in the integral is over all 
the electrons present in the molecule. 

Let us consider the transition from the singlet ground state ^o to the 
excited triplet state 34 of the hydrogen molecule. The transition dipole 
moment is given by 


M(Yo > 1) = < Yo LZ n | Wr? 
This integral is over the spin-orbit space. On separating the spin-functions 


and the orbital functions, one may write, using Eqs. (7.87), (7.129) and 
(7.131). 


Vo = Xobs 
3P, = Xiór 
where Xo = v4(1)/1(2) and X{ is defined by Eq. (7.127) 
Hence 
M(V, — Yi) = (Xo | Zri| Xi >< os | $7? (7.151) 


where the two integrals refer separately to the orbital and spin coordinates 
of electron. Since the spin functions $s and ¢7 are orthogonal, the second 
integral in Eq. (7.151) is zero. Transition from a singlet to a triplet state is, 
therefore, always forbidden. If, however, the spin and the orbital functions 
cannot be separated owing to the spin-orbit interaction, the transition dipole 
moment M may not be zero. 
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We shall now compute the transition dipole moment of an optical tran- 
sition in the hydrogen molecule from the ground singlet, % to an excited 
singlet !',. On separating the spin and the orbital functions as before, one 
may write 


M(¥o — 17) = Xo | Zn |X > bs | bs > (7.152) 
Since the spin function ¢s is normalised, the second integral in Eq. (7.152) 


is unity. So we need to evaluate the first integral. Inserting for Xo aud X; 
their appropriate expressions, one gets 


Mo > WE) = aK PYD | Gri + ra) | ACA) + VQ) 


5 oak PADAL) | ni | (DV) + VICO) > 
ACA) E | (AQ) + Va(2a(0) >] 


- vi VD |i L4 > (AQ) | 2) > 


OR E EJ) 440) | AQ) 
OQ) | ra 1/2) > C4) | ull) > 


+ Yal2) | ra | iQ) >< dal) | Va) > (7.153) 


Due to the orthogonality of the orbitals /, and a the second and third 
terms in Eq. (7.153) remain non-vanishing. Thus 


Mh > 1Y.) = vik PCD Eri | Yall) > + QD 72 | a2) 5] 


(7.154) 


Since there is nothing to distinguish between the electron 1 and the 
electron 2, the two integrals in Eq. (7.154) are equivalent. 


M(Po > Wry = VT «GA |i | 440) > (1.155) 
Substituting for V and %z from Eqs. (7.46), (7.47) 


MGW) eral ae et IE s 
edad ace V20 F5) VIAS) 


xL {Isa(1) + 10) [i | Css) — 1a(1) > 


sl dD A 1s» 


— CI) | i| s] (7.156) 
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The first integral in Eq. (7.156) determines the mean position of an electron 
in 1s atomic orbital which is centred on atom a. Since the orbital is spheri- 
cally symmetrical, the position of an electron coincides the position of the 
nucleus 2. Similarly, according to the second integral in Eq. (7.156) the 
mean position of an electron in 15» is the position of the nucleus, b. Thus 


MPs 194) = vA al SHUT : (7.157) 


> > 
where ra and r, are the position vectors of nuclei a and b respectively. 
Therefore 


Mo > Yi) = as (7.158) 


where R is the bond length in the hydrogen molecule. 


7.12 Molecular Orbitals of the Homonuclear Diatomic Molecules 


A qualitative but satisfactory molecular orbital treatment of homonuclear 
diatomic molecules is mainly due to Lennard-Jones!*. We have seen that 
when we bring two similar atom together each atomic level $a (or 4») splits 
into two whose LCAO forms are $a + 4 and $a — $»: One of these is 
usually bonding and the other antibonding. For the s-type orbitals the 
boundary contours for the bonding and antibonding orbitals are shown in 
Fig. 7.12. 

When two sets of 2p-atomic orbitals overlap, six molecular orbitals are 
obtained. We can have the 2p-atomic orbitals pointing towards each other 
along the internuclear axis (let us call it the z-axis). The boundary contours of 
the bonding orbital 2p; + 2p. and the antibonding orbital 2pza — 2pzs are 
also shown in Fig. (7.12). If we combine together two 2p,-orbitals we get 
two molecular orbitals as before but they have nodes passing through the 
molecular axis (i.e., z-axis). The combination of two 2p,-orbitals leads 
precisely to the similar molecular orbitals as before except that they are 
turned through 90° around the molecular axis. Since the x and y-axes are 
equivalent in space the corresponding molecular orbitals (2pya + 2pys) and 
(2pya — 2pys) must be, by symmetry, degenerate with their x-counterparts. 

The molecular orbitals of a homonuclear diatomic molecule are usually 
described in terms of a few symmetry symbols in a way similar to that in 
which atomic orbitals are described by a few quantum numbers. It has been 
shown that atomic hamiltonian (spin free) commutes with I? and L. and 
therefore it is possible to specify not only the total angular momentum but 
also a component of total angular momentum of an electron in a given 
energy state of an atom. Thus atomic orbitals are labelled by two angular 


15] E, Lennard-Jones, Trans. Faraday Soc., 25, 668, 1929. 
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Fig. 7.12 The boundary contours of the bonding and antibonding molecular 
orbitals in homonuclear diatomics. 


momentum symbols / and m. For each / there are 2/ + 1 values of m, all 
haying same energy, Sua 

When an atom is placed in an external electric field of uniform field 
strength e, (assuming the direction of the field in the z-direction), the 
(21 + 1) fold degeneracy of atomic orbitals is lost through the interaction 
between the field and the induced atomic dipole. An atom does not possess 
any permanent dipole moment but the induced dipole 4, is related to e 
through the polarizability « of the atom as 


Hz = Ge, (7.159) 
The interaction energy of the electric field with this dipole is given by 
AE = — pe, = — a: (7.160) 


This means that reversing the field direction does not change the energy. In 
other words, atomic levels with + m have the same energy in the presence 
of an electric field. So, the orbitals with different values. of | m | will have 
different energies in the presence of an external electric field. This pheno- 
menon is known as the Stark effect. From the condition under which the 


Se ne a eer 
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molecular hamiltonian commutes with [2n it is possible to say, as an analogy, 
that the symmetry of a diatomic or a linear polyatomic molecule is the same 
as that of an atom in the presence of an axial electric field. 

We shall now examine the condition under which the molecular hamil- 


tonian commutes with ine For this, one needs to show when the potential 


energy term, i.e., V commutes with E,. This molecular potential energy may 
be written as (in a.u.) 
electrons nuclei 

Ss * 1 t 1 


i a Tia 2 igjrü 


(7.161) 


where ria is the distance between a‘ nucleus and i** electron and ry, the 


interelectronic distance. In cylindrical polar coordinates Èz is given by 


ah [307 a ô 
L-M E444) (7.162) 


]n atoms, the operator E; commutes with the 1/ry terms in the hamiltonian 


(see Sec. 6.10). Since ry depends on the electronic coordinates only, L: should 
commute with the 1/ry terms in the molecular hamiltonian also. 
Let us consider, for simplicity, only one electron in a molecule, then 


^ h ô 
L: TA Oni Opi 
Suppose, V be the molecular wavefunction, then consider 


afl h @ 1 
L9) = araa (rc) 
Poh Teak Qs o 
— 2"i ria Opi 22s / 2i) 
pi n4 e 
^f Ta ^ — 27i Opi Vr 


(7.163) 


This shows that L, can commute with the hamiltonian if ria is independent 
of pi. If we consider an atom ‘a’ on the z-axis (Fig. 7.13) then ria is indepen- 
dent of pi. If other nuclei in a molecule also lie on the same z-axis then rib, 


etc., will also be independent of p;. Therefore, Lz (i.e. angular momentum 
component along the molecular axis) can commute with the molecular 
hamiltonian if the molecule is linear. 

The Hi is the simplest example of a linear molecule for which the very 
accurate solution of the Schrédinger equation is obtained by elaborate 
calculations. The wave equation in a.u. is 

Sel 7 E utar Vi 
( 2 x Ta F x) ye By 


Tb 
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Fig. 7.13 Cylindrical coordinates of electron 
and nuclei in a linear molecule. 


where R is the internuclear distance. Introducing the following coordinates 


g= eS" 1<é<o@ 
nem eae ee 


and p, an azimuthal angle about the molecular axis (Fig. 7.13) 0 € p x 27, 
then the wavefunction can be separated into three equations each of which 
contains only one of the three variables £, ?, p. These equations have been 
solved by Teller, Burrau and later by Bates!? and others for the ground 
state and several low lying excited states leading to results in good agree- 
ment with experiment. The method of solution will not be described here. 
The equation in p has been shown to be of the form 

s = — Md(p) (7.164) 


The normalised solutions of this equation are: 


abs 
= EF exp (ip) (7.165) 


where À can take on positive or negative integral values. The energy is shown 
to depend on A through à? so that except when A = 0, the orbitals are all 
doubly degenerate corresponding to + A. Orbitals of a diatomic molecule 
can, therefore, be described in the form 


V = FEE, n) exp (+ dp) (7.166) 
and these functions can be shown to be the eigenfunctions of £z as 
^ h op 


h se spe 
Lib = xp By ast EE exp (+ Agen) o +A zd (7.167) 


"DR. Bates et al., Phil. Trans, R, Soc., London, 246A, 215, 1953, 


EEE 
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Except when A = 0, all the doubly degenerate orbitals have positive and 
negative components of angular momentum along the internuclear axis. 
This situation is analogous to the behaviour of atomic states in an axial 
electric field where the atomic states with + m are degenerate. Therefore, a 
diatomic molecule can be compared with an atom in an electric field and 
the quantum number A is analogous to m and not /. 

When R= 0, the wave equation of HZ becomes that of He* and the 
quantum number A becomes equivalent to the atomic quantum number m. 
Therefore, the quantum number A is a good quantum number for the 
description of molecular orbitals at all internuclear distances. A molecular 
orbital is characterised by its value of A in the following way 

WS OL, 2,3, 40^ 
Orbital type = c, 7, 5, P 

These angular momentum symbols apply equally to both homo and hetero- 
nuclear diatomic molecules. Since for the united atom the possible values of 
m are 0, 1, 2, 3,4,...and if the molecular orbital is to be designated by 
the states of the united atom to which it reduces, then the possible mole- 
cular orbitals are 155, 2s¢, 2Ps, 2pm, 350, 3Po, 3pm, etc. In Fig. 7.14 are 
plotted the adiabatic potential curves of HZ for the orbitals Ise and 2pe, 
the two lowest states. It is seen that the Is. state corresponds to the LCAO 
from (Isa + Is») and the 2p. state to (Isa — 155) of our earlier treatment. 


0 10 20 30 40 50 
R 


Fig. 7.14 Adiabatic potential energy curves of HY , Energies 
and R are expressed in a.u. 


For molecules other than H7 the wavefunction of the form of Eq. (7.166) 
cannot be used. The convenient form for such molecules is the LCAO form 
of molecular orbitals. Moreover, according to the very commonly used 
scheme, the molecular orbitals are labelled by the atomic orbitals into which 
they dissociate when the nuclei are pulled apart. Since homonuclear diatomic 
molecules have higher symmetry (Doa) than heteronuclear (Cav), their orbitals 
may be further classified by their behaviour on inversion through the centre 
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of symmetry. Thus, for a homonuclear diatomic molecule, the orbital of the 
form Ise + Is, is symmetric, and lsa + 1s» is antisymmetric with respect 
to the inversion through the centre of symmetry. These two orbitals are said 
to have g and u-symmetry respectively. Therefore, these two orbitals are 
represented symbolically as 

Isa + Isp 7 og ls 

\ 
ISa — 185 oy Is 


These are a-orbitals because m = 0 for Is-electron in an atom, and since 
the molecular orbitals we are dealing with are one-electron orbitals, A = 0. 
Similarly, one obtains 


2sa + 255 œ 04 2$. ) 


25a — 255 FY 0, 2s 


A=0 
2p; + 2pz œ og 2p | 
2p: — 2pss FY Oy 2p J 
2pxa T 2px il 
Tu2p 
2Pya + 2pys 
A= +1 


2Pxa — 2px» 
Tg2p ] 
2pys — 2p» 


For heteronuclear diatomi¢ molecules there is no g — u symmetry and these 
orbitals will be simply denoted as ols, 02s, clp, o2p, etc. or sometimes lo, 
2c, 3o, etc. 

The energy of a molecular orbital depends on two factors, viz. the type 
of atomic orbital from which it is built up, and the overlap between these 
atomic orbitals. For example, ogls and c,1s have much lower energy than 
9,25 simply because 1s atomic orbital has lower energy than 2s atomic 
orbital. Similarly, «425 is lower in energy than o,2p. Since the overlap bet- 
ween two 2px- or two 2py-orbitals is much smaller than that between two 
2s-orbitals or two 2p,-orbitals, the energy separation of the bonding and 
antibonding 7 orbitals is less than that of the bonding and antibonding 
o-orbitals. From these arguments one may arrive at the following order of 
the molecular orbital energies. 


ols < uls < 0,25 < 0425 < op < op < v,2p < o2p — (7.168) 


This order is, however, ‘subject to change depending on the extent of inter- 
action between 2s — 2p; atomic orbitals. Once the order of energy levels is 
known, the same principle which is used to build up the electronic con- 


figuration of atoms may now be used for the homonuclear diatomic mole- 
cules and its ions. 
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The energy ordering of the MOs was first inferred by Mulliken?? in 1932 
from a study of molecular electronic spectra. The more striking evidence 
for the energy ordering comes from photoelectron spectroscopy. This is con- 
ceptually based on photoelectric effect discussed in Chap. 1. Suppose a 
radiation of frequency v, and therefore of energy hy, hits a molecule and 
releases an electron with binding energy «. If we neglect the small recoil 
then from the conservation of energy, the kinetic energy T of the ejected 
electron is given by 


T=h—e 


By selecting v of the incident radiation and then measuring T one can 
determine e, which by Koopman's theorem is the ionisation energy of the 
MO. The energy hy must be greater than e. One uses the vacuum ultra- 
violet radiation to release the valence electrons. Figure 7.15 shows the 
photoelectron spectra of Nz and reveals four distinct valence-electron ionisa- 
tion potentials corresponding to removal of an electron from 02s, e,2s, 
7,2p and o,2p. From a careful study of the four peaks it is possible to 
identify the symmetry of the relevant MOs and also to determine the sequence 
of energies. It is found that in N2 the o,2p MO has higher energy (or lower 
ionisation potential) than 7,2p while in O2 the ordering is reversed. 


Ty 2p » 
og 2s f V SEE 


19 18 17 16 15 


lonisation potential (eV) 


Fig. 7.15 The photoelectron spectrum of N, showing the three 
distinct occupied valence shell molecular orbitals. 


A comprehensive account of molecular phótoelectron spectroscopy has 
been prepared by Turner et al?!. The fine structure which is observed for 
the 72p MO arises from the vibrational energy levels of the ionised species 
and is useful for the assignment. 

For diatomics having many electrons, the electronic state is described by 
the total spin angular momentum and total orbital angular momentum 
along the internuclear axis. The total spin multiplicity 2S + 1 is written as 
superior prefix as for atomic states. The total orbital angular momentum is 
indicated by capital Greek letters according to the following scheme 


RS. Mulliken, Rev. Mod. Phys., 4, 1, 1932. 
115, W. Turner, C. Baker, A.D. Baker and C.R. Brundle, Molecular Photoelectron 
Spectroscopy, Wiley, New York, 1970. 
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Dyn, 4,0,... 

An electron configuration in which all orbitals are doubly filled is called 
a closed shell configuration which will always have !Z, symbol because there 
must be as many electrons with « spin as with 8 spin and as many with 
angular momentum of +Ah/27 as with —Ah/2z. Besides, the overall sym- 
metry of a state to inversion is obtained by multiplying all the symmetries 
of the individual electrons according to the scheme 

EXE =g uxu =g gxu= u 

Table 7.2 shows the ground state electron configuration of some homonu- 
clear diatomic molecules and some positive ions. The bond energy depends 
Approximately on the net excess of electrons in bonding orbitals over those 
in antibonding orbitals. Thus, the dissociation energy of H2 is about twice 
that of Hz. In Hez and Bezthe number of bonding and antibonding electrons 
is the same. Therefore, they are not stable in their ground state although 
some. excited states may exist with a positive dissociation energy relative to 
one excited and one ground state atom. The N2 molecule has the largest 
bond dissociation energy in the series, of molecules; shown in Table 7.2 


TABLE 7.2 THE GROUND States oF SOME HoMONUCLEAR DIATOMICS 


Molecule Electronic configuration* Ground Dissociation** 

state energy 
(eV) 

HY (e,15) "n. 2.65 

H, (7,15)* u. 4,48 

He, (6,18)*(6,,15)* 1x, KS 

He} (oL s) (als)! ash 3.10 

Li, (o,15)*(o,, 15) (s 25)? de 1.14 

Be, [Li;Xo,25)* 12 x 

B, [Li.Xc, 2s) (v,2p)* 42, 3.0 + 0.6 

C [LisKo,23)*(2,2p)* AZ. 4.9 4- 0.3 

N; [Be,](*,,2p)o,2p)* ee 9.6 

N3 [Be 2p) (o 2p) as 8.73 

O, [Be:(o,2p)*(,2p)*(5,2p)* x. 5.88 

oy [Bez](o,2p)*(r,,2p)(= 2p) n 6.48 

By [Bez](o,2p)%r,2p)(,.2p)* m 1.6 + 04 

Be [Be:1(6,2p)%=,2p)*(" 2p)" ne tty 


*Because of 2s — 2p interaction it is found that for the. lighter molecules except. for 
O, and F, the positions of orbitals ¢,2p and %,2p are interchanged in the series of 
Eq. (7.168). à f 

**A.G. Gaydon, Dissociation Energies, Chapman and Hall; 1953. 
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because it has the largest excess (six) of bonding electrons over antibonding 
electrons. When an electron is removed to form NZ the bond becomes 
weaker. On the other hand, in O», the highest partly filled orbital 7,2p isan 
antibonding orbital with two electrons. If one of these is removed, the system 
(i.e., O2) has the larger net excess of bonding electrons than O». For this 
reason the bond in OZ is stronger and shorter than that in Oo. 

We shall now deal with O2 in more detail because its electron configura- 
tions can give rise to more than one electronic state depending on how the 
spin and orbital angular momenta of the outer two electrons are arranged. 
In Oz, except for the orbital 7,2, all other orbitals are completely filled. The 
net contribution of these orbitals to the spin or orbital angular momentum 
is zero. Since 7,2p is doubly degenerate, two electrons can be allocated in 
these orbitals, taking into account the Pauli exclusion principle, in the 
following three ways. 


Tgip — mt A=-1 x, 
pt a 1 
Y o2p lag 
Sipe nas sag 
1 
Tgp ——t—— = #1 xg 


Here, the arrows 7 and |, denote electrons with spin quantum number + $ 
and — $ respectively. The configuration 7? for a homonuclear diatomic 
molecule therefore gives rise to three states ?E,, !4, and-'2,. There is, how- 
ever, one more symmetry operation which has not been mentioned so far. 
This is a reflection from a plane (p — 0) containing the internuclear axis 
and is denoted by c,. Since all the o-orbitals are symmetric to this operation, 
this operation is redundant. However, when we have two electrons occupy- 
ing the degenerate pair of 7 orbitals such that their orbital angular momenta 
cancel, this symmetry operation becomes informative. Suppose, 7; and 72 
are the components of the degenerate 7 orbital. Since these orbitals are made 
up of two different types of 2p-atomic orbitals for which m = +1, the mole- 
cular orbitals m; and 72 have the factor exp (ip) and exp (—ip) where p is 
the azimuthal angle about the molecular axis (Fig. 7.13). The operation a, 
changes p to (27 — p) (see Fig. 7.16 where z — x is the plane of the mirror). 
Then 


o, exp (ip) = exp fti(27 — 9)] = exp (ip) (7.169) 
since 
exp (27i) = 1 (7.170) 
There are two electronic arrangements of the type 
mi(1)7(2) 


mi(2)m(1) 
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Z 


Y 


Fig.7.16 Operation of c,. z-x is the plane of the 
mirror, the dotted line is the result of reflection of 
the solid line in the x-v plane 


To make the two electrons: equivalent we must take wavefunctions as 
-4 + ~ my) 4 m2(1)m1(2) 
=~ Rfexp (ip)(1) exp (— ie )(2) + exp (—ip)(1) exp (ip)(2)} 


where R is the part of wavefunction independent of p. On operation with 
2, one obtains 


ob, = R(exp (—ip)(1)-exp (ip)(2) + exp (ip)(1) 
exp (= ip)(2)} =Y 
awh- = R(exp (ip)(1) exp (ig)2) — exp (ip)(1) 
exp (—ip)(2)}-= — 4- 
Both //, and s/_ stand for Zg state in Oz. Since, according to the Pauli exclu- 
sion principle, total wavefunction including spin must be antisymmetric, 
y+ (hence 27) must be associated with antisymmetric spin function and y- 
(hence Zg ) with symmetric spin functions. Therefore, three electronic states 
of Oz are symbolised as 327 , 157, 14,. T 
In the evaluation of the energies of these three states of O2 we shall con- 
sider only the open shell configuration, e.g. (7;2p?^, and leave other orbitals 
that are completely filled out of account because the latter orbitals make 
roughly the same contributions to the energies of three states. Therefore, 
the procedure of evaluating the relative energies of the electronic states of 
Oz is the same as described earlier in this chapter for the ground and excit- 
ed states of H». Thus one obtains 


E(14,) = 2€ + Jar) = 26 + Jar 


(7.171) 


Eal E$) = 2e + Jmm + Krim (1172 
ERE) = 2e + Jarm — Krm 


j 
i 
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where e is the energy of the component orbitals z;(or 72) of 7,2p, J and K 
are the coulomb and exchange integrals defined as N 


Jam = mD | 2 | mmn > 


Jaan, = < m(D)mQ) | I 


ma 1)2(2) > 
Jarra = < mD mal) | © | n(n) > 


Krim = (m(1)mx(2) la. | m(1)mQ) > 


For a homonuclear diatomic molecule one can easily prove that 
Jmm, = Jmym) = Jaryn (7.173) 


Because the electron repulsion integrals are positive, the most stable of the. 
three states of Oz should be 32, . This agrees with the experimental obser- 
vations and is consistent with Hund’s multiplicity rule. This also explains 
the well known paramagnetism of oxygen gas as the ground state isa triplet 
state. The simple way in which the observed magnetic property of O2 has 
been explained is one of the triumphs of the molecular orbital theory. The 
other two states of Oz are also observed. It follows from Eqs. (7.172) that 
the next high energy state of O2 above the ground state 32, is !A,. The 14, 
state is observed at 0.98 eV and the !Z7 state at 1.63 eV above the ground 
state. This is also consistent with Hund’s angular momentum rule which 
says that, of the states with same multiplicity, the one with the highest 
angular momentum lies lowest. s 


7.13 Non-crossing Rule and the Correlation Diagrams of the 
Homonuclear Diatomics 


A complete understanding of the molecular orbitals requires us to know 
not only the atomic orbitals into which they dissociate when the nuclei are 
infinitely separated but also those into which they turn when the inter- 
nuclear distance is reduced to zero, and the two nuclei coalesce. This is 
known as the united atom viewpoint. The atomic orbitals of the united 
atom together with the orbitals of the separated atoms give rise to the 
correlation diagram (Fig. 7.17). For example, when.a proton and a hydro- 
gen atom coalesce to form a united atom—an isoelectronic ion He*, the 
ols orbital will pass smoothly into the helium 1s atomic orbital. The orbi- 
tal o,1s does not, however, correlate with 2s-orbital of helium atom since 
this has the wrong symmetry under inversion. In Fig. 7.12 it has been shown 
that suls orbital has a nodal plane at the centre of, and. perpendicular to 
the bond. When the internuclear distance is reduced to zero, the two halves 
of e,1s orbital touch each other at the nodal plane. It is, therefore, obvious 
that c,ls orbital correlates with 2p atomic orbital of the united atom. 
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From a similar consideration of Fig. 7.12, the v,2p; correlates with 2p. and 
952px With 3dxy. It is to be noticed that among the molecular orbitals whose 
Separated atom parentage is a 2-quantum state, all the bonding orbitals 
have a united atom correlation with the same principal quantum number as 
in the separated atoms while all the antibonding ones show an increase of 
quantum number by either 1 or 2 in the united atom. 
There is one important point in building up the correlation diagram. 
„How does one know that o,2s orbital correlates with 2s orbital and o,2p 
with 3s-orbital of the united atom and not the other way round? This is due 
to the operation of the non-crossing rule which says that two states of the 
same symmetry cannot cross as the internuclear distance is varied. The 
proof of this theorem is due to Neumann and Wigner and later by Teller”. 
Let us consider two electronic states ¢; and ¢2 of a diatomic molecule. 
When the internuclear distance is reduced, the energies of the orbitals as 
well as their wavefunctions change, The new orbital at a smaller value of 
internuclear distance may have the wavefunction of the form 


y = chi + c2 Ü (7.174) 
where c; and c? are such that the energy glven by 
_ <b lm ly 
E C195 (7.175) 


is minimum. The application of the variation theorem leads to the 
following secular determinant 


Hu— E Hr 


=0 
Hi Ha — E 
since 4 = 45-1 
432 =0 


The solutions of this determinant may be written as 


pa Hut Ho Wh + Hay — (HH — Hi) 
2 


EU Hn Hn — Ha? + aute (1.176) 


Corresponding to the two roots, there will be two new wavefunctions say, 
Jy and V2. If the two roots are equal ata certain value of internuclear dis- 
tance, then the crossing in the correlation diagram can occur: In order that 
the two roots in Eq. (7.176) be equal, the conditions 


Hu = Ho? and Ay =0 (7.177) 


must be satisfied simultaneously. If ¢; and ¢2 have different symmetry then 
Hio = (| He | $2 > = 0 (since gx u = u, but the nonvanishing integral 
must be symmetric). 


9E, Teller, J. Chem. Phys., 41, 109, 1936. 
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Since Hi; and Hz are functions of internuclear separation it may be possi- 
ble for these two integrals to be equal at some distance. In that case, the 
two energy levels become equal and the crossing can occur. If $41 and $z 
have same symmetry then Hi2 # 0. In general, it is not possible, by varying 
the internuclear distance, to satisfy the two conditions of Eq. (7.177). Hence 
the two energy levels given by Eq. (7.176) cannot be equal and the crossing 
is impossible. 

It follows that the potential energy curves for states of different symme- 
tries in a diatomic molecule can cross. This argument is equally valid for 
states of different spin multiplicities. 
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Fig. 7.17 Correlation diagram for the homonuclear diatomics. 


7.14 Molecular Orbitals of the Heteronuclear Diatomic Molecules 


The heteronuclear diatomic molecules have no centre of symmetry. Any 
particular molecular orbital may be compounded from atomic orbitals of 
different electronic shells (for example, 1s orbital of H and 2p.-orbital of F 
in HF), and therefore the former notations like ols, o2s, o2p, 72p, etc. 
cannot be always used. Mulliken used the notations like xo, yo, zo, wr, vm, 
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etc. with an advantage of applying to heteronuclear diatomics. However, 
these notations are very rarely used now-a-days. It is still true that the 
molecular orbitals are of v, 7, 5. ... type and their degeneracy is same as 
in the homonuclear case. Total molecular electronic states will be 
represented by Z+, Z-, IT, A. etc. 

Although two dissimilar atomic orbitals may be involved in the formation 
of a molecular orbital, there is no ambiguity regarding ihe value of A for 
the molecular orbital. Atomic orbitals characterised by same value of m can 
only combine to form a molecular orbital in a heteronuclear diatomic 
molecule. For example, a 2s orbital on atom A can combine with the 2p; 
(m — 0) orbital on B to form a molecular orbital if z is chosen the direction 
of molecular axis. Thus, 

Ji = ci2s4 + c22pz,p 

where cı and c2 are the LCAO coefficients. A 2px or 2p, (m = +1) orbital 
cannot combine with an s-atomic orbital to form a bond because the over- 
lap between the two such orbitals is zero (Fig. 7.18). Since the coefficients 
cı and c2 cannot be determined by symmetry in a heteronuclear diatomic 
they are to be determined by a method based on the variation theorem. As 
an example of the very crude molecular orbital calculation, we take the 
lithium hydride molecule. Lithium in the ground state has the electron 
configuration 1s?2s and hydrogen has an electron in a 1s orbital. We anti- 
cipate that a bond is formed between the 2s-orbital of lithium and the 1s- 
orbital of hydrogen. Lithium hydride has the electron configuration 102202, 
hence the ground state is !Z, where the lo-molecular orbital is mainly 
localised on 1s-orbital of the lithium atom and the 2c-orbital is given by 


V = cils + co2szi (7.178) 


© 
E : 
X 
Fig. 7.18 The overlap between an s-type orbital on one atom and 
Py(orpy) type on other atom. The positive overlap 


region (unshaded) is exactly cancelled by the negative 
overlap (shaded) region. 


Thus, we assume that lithium hydride is essentially a two-electron problem. 
The application of the variation method leads to the following secular 
determinant which is zero. 
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Hu — E Hn — SE ó 
Hi) — SE Hn — E 
where 
Hu = € lsa | He | Isa > 
Ho = €2su | He | 2su > 
Hiz = < Asn | He | 2557 
S = < Isx | 25u > (7.179) 
and He is an effective electronic hamiltonian of the molecule. At the 
equilibrium bond length of 3 a.u. (1.6 À) the overlap integrals have the 
value 
S= 0.5 
. According to the simple treatment, the integrals Hi; and Hz» are equated to 
the ionisation potentials of the respective atomic orbitals. Their values are 
available from the spectroscopic data. They are 
Hu = —13.6 eV = — 0.5 a.u. 
Hn = —5.44eV = — 0.2 a.u. 
The integrals Hi, often called resonance integral and usually denoted by B, 
is assumed to be proportional to the magnitude of the overlap between the 
two atomic orbitals. Mulliken? gave an approximate formula for the 
evaluation of B, according to which H12 is given by? 
Hn = B e KS(H + Hz2)/2 
&40.5(—0.5 — 0.2). 
= —0.35 (7.180) 
Substituting the numerical values for various integrals in the determinant 
one obtains 


ll 


0.5 + E 0.35 + 0,5E b 


0.35 +05E 0.2 +E 


Expanding the determinant in (7.181) one gets the following quadratic 
equation: 


(7.181) 


0.75E2 + 0.35E — 0.023 = 0 (7.182) 
Equation (7.182) has the following roots: 
E = —0.526, +0.06 


The lowest root (i.e. —0.526) corresponds to the energy of the lowest mole- 
cular orbital which should be occupied with two electrons in the ground 
state of the lithium hydride molecule. We shall now find the molecular 


23R.§, Mulliken, J. Chem. Phys., 46, 497; 675, 1949, 
2The value of K for the 2s-1s atomic orbital overlap is usually taken as ~ 2. 
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orbital corresponding to this energy. Substituting this value of E into one 
- of the secular equations, we obtain 


C(0.50 — 0.526) + C2(0.35 + 0.5x —0.526) = 0 
or 
Ci/Cz = 3.3 (7.183) 


Let yı be the molecular orbital corresponding to the lowest root. The 
normalisation condition gives the following equation 


<hi | Va » = CE Isu | lsa > + C3 2su | 2szi? + 201€ 
< lsa | 2s) = 1 
or 
Ci + G T2608 = 1 (7.184) 


since each of Isq and 2sz; orbitals are individually normalised. Combining 
Eqs. (7.183) and (7.184) and using the value of S as 0.5, we get 


Ci = 0.8465, C2 = 0.2565 
Therefore, the lowest molecular orbital is given by 
ty = 0.8465(1s4) + 0.2565(2sz1) (7.185) 


Using this wavefunction, one finds the density in the 2e-molecular orbital 
of lithium hydride as 
P = 2 = 2((0.8465)?155; + (0.2565)22sz1 
+2 0.8465 x 0.2565(Isx, 2szi)] (7.186) 


This density consists of atomic orbital densities like lsz and 2s; and the 
overlap density 1sg2sr;. Mulliken proposed that the overlap density like 
Papo where $a and 4; are the atomic orbitals on atoms a and b could be 
equally divided between the orbitals $a and ¢, according to the following 
approximate formula?* 


babe = Sl + di) (7.187) 
where Sa, is the overlap integral. This formula ensures the conservation of 
the net charge. Equation (7.186) may now be written as 

P = 2(0.8465)"1sz + (0.2565)?2szi + 0.8465 x 0.2565 
«0.5 x (155 + 2szi)] 
= 2[(0.7166- 155r + 0.0658- 2st; + 0.1085(1s% + 2s2,)] 
= 2[0.8251(1sz) + 0.1743-(2sz)] 
= 1.65: (152) + 0.3522) (7.188) 
This procedure gives what Mulliken calls the gross atomic population num- 
bers which add up to the total number of electrons in the bond. Since the 


"R.S. Mulliken, J. Chem. Phys., 46, 497, 1949. This formula is valid for homonu- 
clear diatomics but rather ambiguous in the case of heteronuclear diatomic molecules. 
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1c-molecular orbital with its two electrons is localised on the lithium atom, 
the net electron populations on the hydrogen and lithium atoms in lithium 
hydride are respectively 1.65 and 2.35. This leads to the ionic character of 
the bond that can be described as 

Lito6s — Hg-*6 
These mumbers are in- qualitative agreement with the observations that 
lithium hydride is predominantly ionic in its ground state. 

We shall now examine the behaviour of lithium hydride in its lowest 
excited state. The molecular orbitals corresponding to the root (+0.06) of 
Eq. (7.182) is obtained as before by substituting this value of E into a 
secular equation and employing the normalisation condition, one obtains 

do = —0.7691(1sag) + 1.1310(sz) (7.189) 
Therefore 
= (0.7691) (152) + (1.13)2Qs2)) — 2x0.7691 x 1.131(1sx2sx1) 

= 0.5915(152) + 1.2792(2szi)? — 0.4349(1su + sti) 

= 0.16(1s4)? + 0.84(2szi)? (7.190) 
The lowest excited state is obtained by promoting an electron from #1 to %2 
without disturbing the core electrons in 1o. The net atomic population 
numbers on the hydrogen and lithium atoms in the lowest excited state of 
lithium hydride, are given as 


p! = d + + Alo? 


= 0.98(158) + 3.02051)? (7.191) 
The lowest electronic excited state of lithium hydride may be described as 
Li v9 gal V H*oo 


which demonstrates that the molecule is predominantly covalent in its lowest 
excited state. The numbers in Eqs. (7.188) and (7.191) are highly approxi- 
mate in view of the crude nature of the calculation. However, this example 
illustrates qualitatively the principle used to derive the information of 
chemical interest from the molecular orbital theory. 


7.15 Correlation Diagrams of the Heteronuclear Diatomics 


We have already found three molecular orbitals of lithium hydride accord- 
ing to the simple treatment.They are Io, 1 and ia where 1 and #2 are also 
the orbitals of «symmetry. It is obvious from Eqs. (7.185) and (7.189) that 
yy correlates with lsg and 2 with 2sz; when the internuclear distance 
increases to infinity. Figure 7.19 shows how the three orbitals of lithium 
hydride correlate with the orbitals of the united atom (i.e; Be) and of the 
separated atoms. A correlation diagram for the heteronuclear diatomic mole- 
cules similar to Fig. 7.17 can be drawn when molecular orbitals are cons- 
tructed from two identical atomic orbitals, one from each atom. The most 
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Fig. 7.19 Correlation diagram of lithium hydride 


important difference from the correlation diagram of Fig. 7.17 is that, 
because of the absence of g-u symmetry, the second orbital, which for a 
homonuclear diatomic molecule would be c, 1s, correlates with the 2s 
orbitals of the united atom. Figure 7.20 gives the correlatiore diagram of a 
heteronuclear diatomic molecule AB with A being more electron-negative 
than B. The non-crossing rule is obeyed so that two o or two 7 orbitals do 


not cross. It should be noted that because of lower symmetry for the hetero- . 


nuclear diatomics there are less crossings in Fig. 7.20 than in Fig. 7.17. 


7.16 Hartree-Fock Self-Consistent Field Method 


The solutions of the Hartree-Fock equations, for atoms and ions have been 
obtained but the Hartree-Fock equations for molecules are too difficult to 
solve exactly, This difficulty arises from the dependence of molecular orbital 
functions on two or more coordinates whereas in the case of atoms angular 
coordinates can be separated out, as spherical harmonics and then we can 
work out the radial functions which depend only on a single variable, r. 
Roothaan has developed a self-consistent field (SCF) method for molecules. 
In this method the molecular orbitals are constructed as before from a linear 
‘combination of atomic orbitals which may, in turn, be solutions of the 
Hartree-Fock equations for the respective free atoms. However, for conve- 
nience, the Slater’s orbitals are very commonly used. For qualitative or 
semi-qualitative discussion, the exact functional form of atomic orbitals is of 
minor importance. Slater’s atomic orbital is of the following form: 


$(n, I) = Nr“ exp (—Pr)Yi,m (8, $) 


eR M IDE T eS 
'*C.C J. Roothaan, Rev. Mod. Phys., 23, 69, 1951. 
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Fig. 7.20 Correlation diagram for the heteronuclear diatomics. 


where N is a normalisation constant, n and / are principal and orbital 
angular momentum quantum numbers and Yi,n(9, $) is the angularly 
dependent component. The orbital exponent P is an effective nuclear charge 
that allows for the screening of atomic nucleus by other electrons in the 
atom. Although Slater gave a set of empirical rules for determining P for 
orbitals in free atoms, these values may not necessarily be the best values 
when the atomic orbitals are combined linearly to form molecular orbitals. 
Therefore, in an accurate calculation the P values for various atomic orbitals 
are varied until the molecular energy is minimised with respect to them. 

Slater's atomic orbitals contain no inner radial nodes and do not form an 
orthogonal set on the atom. For example, Is and 2s orbitals on an atom 
are always positive and their overlap does not vanish. It is possible to 
orthogonalise 2s orbital with respect to Is orbital as 


2s’ = 2s:— elis) 


where the coefficient c is so chosen as to make 2s’ orthogonal to 1s. There- 
fore, a greater flexibility can be introduced into the calculation by intro- 
ducing a linear combination of Slater orbitals on each atom. Since the 
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angular momentum operator Í? does not commute with the molecular 
hamiltonian, atomic orbitals of different values of n and / can combine. 
an Thus atomic wavefunction ġa on atom a can be written as 


$a = ai(1sa) + ax2so) + ax(2po) + a4(3da) +... (7.192) 


A molecular orbital can, therefore, be represented by a linear combination 
of several atomic orbitals: 


ji = Z curb (7.193) 


where each atom can contribute several atomic orbitals as in Eq. (7.192). 
For a diatomic molecule (or a linear polyatomic molecule) /; of Eq. (7.193) 


are the eigenfunctions of angular momentum operator L. also and this 
limits each combination to atomic orbitals with the same value of m. In a 
homonuclear diatomic molecule it is convenient to take advantage of the 
symmetry of the molecule by first constructing the group orbitals or 
symmetry orbitals: 


ols = vi (ISa + 152) 9,]s = va (Isa — 155) 
os = vi (2sa + 2s») oy2s = vi Qsa — 25») 
9,2p = vi (2Poa 2p) 2p = vit — 2po) 


1 

og3d a (3doa + 3deb) o,3d = vi 
These symmetry orbitals are essentially molecular orbitals when the inter- 
nuclear distance A is very large. For smaller values of R, molecular orbitals 
are generally a linear combination of simple symmetry orbitals of same 
symmetry type. For example in Eq. (7.194) we have four symmetry orbitals 
of symmetry o, and therefore we should have four c, molecular orbitals 
which are orthogonal to each other. They are denoted, in order of increasing 
orbital energy as Ji(s;), (oz), Y3(0 5) Ja(o;). Thus we have 


Vies) = bi(esls) + bi2(o,2s) + bix(eg2p) + bia(0g3d) 
i= 1,2, 3,4 (7.195) 
and similarly for /;(c,). Once the sequence of orbital energies is known the 


ground state wavefunction of a 2n-electron system may be written in the 
form of a Slater determinant as 


(Gd, — 3dos) (7.194) 


to = Jm | dn(og) Ja(o;) b(c,) Palou) . . .| (7.196) 


The average energy for this ground state wavefunction is then determined by 
the SCF procedure where not only the orbital exponents P but also the 
coefficients by are varied until the energy is minimum. 


T 


— 
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For any molecule the single configuration approximation with the opti- 
mum values of the orbital exponents and coefficients is just the Hartree- 
Fock self-consistent field method, Although the single-configuration Hartree- 
Fock wavefunctions are superior to the antisymmetrised product of simple 
molecular orbital wavefunctions, these functions suffer from the same limi- 
tations arising from the neglect of the spatial correlation of electrons with 
opposed spins as the simple functions themselves. Therefore, the single 
configuration Hartree-Fock approximation cannot be expected to give the 
correct energy. The calculated energy is found to be always higher than the 
true energy by a finite amount called the correlation energy. In principle, 
the spatial correlation of electrons with opposed spins can be taken into 
account by mixing the single-configuration Hartree-Fock function with 
several excited configurations through the interelectronic Coulomb inter- 
action. The method is then called the extended Hartree-Fock method. Das 
and Wahl?" have developed the formalism of the extended Hartree-Fock 
method and obtained very realistic potential energy curves, binding energies, 
and the spectroscopic constants for a few diatomic molecules. 


7.17 Valence Bond Treatment of Heteronuclear Diatomics 


In heteronuclear diatomics, the two atoms are different. One atom can 
draw more electrons toward its centre than the other atom. This results in 
flow of charge from one atom to the other depending on the relative elec- 
tron-attracting power of the two atoms. We then say that the bond is polar 
and polarity i5 the result of the ionic structure of the molecule. According 
to the VB treatment of a heteronuclear diatomic AB, the best possible 
wavefunction could be written as 


y = Crap + Capare + Cuba-n* (7.197) 
where, omitting the spin factors, 


tan = $4(1) $22) + $4Q) $81) 
Warg- = $2(1) Bl2) 
Ja-p* = a(l) $a(2) 
where $4 and $s are the appropriate atomic orbitals of the atoms Aand B 
respectively. The coefficients Ci, Cz and Cs could be determined by the 
variation method: But, then, it is necessary to determine the energies of the 
three structures. 

The energy of the ionic structure A+B- is given by Ia — As + Q where 
I, is the ionisation potential of atom A and Az is the electron affinity of 
atom B and Q is the Coulomb attraction between the positive and negative 
charges, i.e. e?/Ras. Similarly, the energy of the ionic structure 47 B* is 
given by Ip — Aa + Q. Fora homopolar bond one can assume that the 
two structures occur with equal weight in Eq. (7.197) and this is possible if 


—_—_ 
21G, Das and A.C, Wahl, J. Chem. Phys., 44, 87, 1966. 
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Ia — An + Q— Ip— As t Q 
ie. Ia + Aa = Ip + An 


This is the definitive property of electronegativity values. Mulliken?? adopted 
the mean of J and A to denote electronegativity, X4 of an atom A as 


Xa = 1/24 + Aa) (7.198) 


X4 > xp, then A+B- has higher energy than A~B*. Thus a scale for electro- 
negativity of each element is evolved and the ionic character of a bond in 
AB is determined by | X4 — Xs |. The chief drawback of Mulliken’s scale is 
that it uses isolated atom properties while electronegativity means to 
describe the behaviour of an atom in a molecule. 

On the other hand, Pauling!? adopted 4/4 as a measure of the difference 
in electronegativities of two elements as 1/4 æ |X4 — Xs | where 4 is defi- 
ned as 4 — De,4n- (De,42: De,52) ^? with De being the bond dissociating 
energy. In Pauling's original treatment one of the ionic structures 4* B^ and 
A7 B* is unimportant from the energy considerations. Thus for the polar 
molecule HF, the energy of H-F* is about 7 eV higher than the energy of 
H*F-. So in the ground state of HF such structure can be assumed to play 
no role in the bonding. Therefore, the wavefunction of HF can be written as 


Pur = Ci Vg.r (cov) + Coats (ion) (7.199) 


while Cı and C2 can be determined by the variation method. Pauling gave a 
simple treatment from chemical intuition. He said that the dipole moment 
of HF arose mainly from the ionic structure H*F-. Since Re = 0.92 À and 
the dipole moment of HF is 1.82 D, one may write 


Chex Re = 1.82 D 
Ga 1.82 
2 48x 107! x 0.92 x 10-8 


Since Ci + C2 = 1 because Yur of Eq. (7.199) must be normalised by 
neglecting the overlap, one has Cj = 0.59. Thus one may conclude that 
HF has 41% ionic character and 59% covalent character. Table 7.3 gives 
the values of C3 for halogen hydrides. The results of Table 7.3 are reason- 
able. As we should expect from chemical knowledge the electronegativity 
difference between the hydrogen and halogen atom decreases as we go to 
heavier elements so the value of Cz should decrease. 


= 0.41 


TABLE 7.3 IoNIC CHARACTER IN THE HYDROGEN HALIDES 


Molecules HF HCI HBr HI 


n(D)* 1,82 1,03 0.83 0.45 
G2 0.41 0.17 0.11 0.05 


(1D* = 3.334 x 10-3? Cm) 


"R.S. Mulliken, J. Chem. Phys., 2, 782 (1934) and 3,573 (1935). 
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This treatment of Pauling is not very accurate because it assumes that the 
covalent function in Eq. (7.199) does not contribute to polarity of the bond. 
But Coulson”? has shown that homopolar dipole could arise from inequality 
of the size of the atomic orbitals. The more dissimilar the atoms are in size, 
larger is the homopolar dipole. The homopolar dipole in HC1 is about 1D. 

Although we have talked of ionic and covalent structures in describing 
a chemical bond in the VB theory, they do not really exist as separate 
entities. It is also inaccurate to speak of any resonance between them. 
The main value of the VB theory lies in its selection of a particular structure 
which has the largest weight in the molecular wavefunction and gives a 
simple pictorial description of the chemical bond. 


APPENDIX 7 


The two centre molecular integrals are evaluated by transforming the variables 
into elliptical coordinates. The transformation is as follows: 


a(0,07R) 
2 


borg) 


alli 


Fig. A7.1 Elliptical coordinate system 


From Fig. A7.1, we have 


X = RON (2 — D ( — -cos $ (A7.1) 

Y = RDN/ (9 — 1) (1 — %)-sin 4 (A7.2) 

Z = 1/2 Rp» (A7.3) 
Ta +r Fa — Fi 

pm op b y= CS d (A7.4) 

dr =È gà — 9) du dedi (A7.5) 


The range of variables is as follows 
1<pew,-l<v<e+1,0<¢< 20 


We shall here evaluate the overlap integral S defined by 
s= J 15,: Is dr (A1.9 


aCA. Coulson, “Valence”, Second Edition, Oxford University Press, 1961. 
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Using the explicit form of hydrogen 1s-atomic orbitals and making the 
transformations just described, one obtains 


= i| exp [— (ra + r2)] d7 


-Ef exp (— -eR du [^ qa a [7 dé 


WR: = rs = jx 2 » | 
= BP exp (un) aw [e ^, ^ - [7 
‘oO 3 fo 
= Ef. exp uR) mde = T f exp eR an (A7.7) 


The two integrals in Eq. (A7.7) are evaluated making use of the following 
standard integral. 


iv exp (—ax)x" dx = Za *exp (—a) Poen (A7.8) 
The resulting analytic expression for S is 
2 
S(R) = exp (-R) (1 RO E) (A7.9) 
PROBLEMS 


1. Determine the terms symbol for the ground states of C} and By. 

2. Describe the molecular orbital treatment of HeH*. Show that the ion HeH+ dis- 
sociates more readily into Ht and He than into Het and H. The ionisation poten- 
tials of neutral helium and hydrogen atoms are given as 24.6 cV and 13.6 eV 
respectively. 

3. The ion He;* has the configuration (¢gls)* (c415)!. Find the total electronic energy 
of this system in terms of J and K integrals. Assume the energies of the molecular 
orbitals ogls and culs as E, and E, respectively. 

4. Using the united atom approximation give the probable electronic configuration 
and the term symbol for the ground state of the radical NH. 

5. Tie MO wavefunction of the valence electrons in LiH is given by 


ymo = 0.323 4h! + 0231 gh! + 0,685 aft 


where ¢ stands for the atomic orbital functions, Find the charge distribution of 
valence electrons in LiH, the extent of promotion of electrons from 2s-orbital to 
2p-orbital in Li and the fractional ionic character of the bond. Assume that core 
electrons of Li occupy the 1s-orbital of Li and the overlap 


(Ms > =< shi lef > =0.5 


for the equilibrium bond length of LiH (1.6 ) A. 
6, The ionisation potentials of some alkali metal atoms and the electron affinities of 
some halogen atoms are listed below 
T(eV): 5.39(Li) 5.14 (Na) 
E(eV) 3.50(F) 3.60 (CI) 


At what distances is it energetically favourable for M*X- to form? 


8 


Chemical Bonding in 
Polyatomic Molecules 


8.1 Directed Valence: Introduction 


There ‘are two quantum-mechanical approaches to explain the chemical 
bonding, viz. molecular orbital theory and valence bond theory. In the 
molecular orbital treatment described in the previous chapter, electron pairs 
were delocalised over the nuclei and not concentrated just between two 
nuclei. Valence bond theory is an extension of the Heitler-London treat- 
ment of the hydrogen molecule and may be considered as a direct transla- 
tion of the Lewis theory into the language of quantum chemistry. Accord- 
ing to the valence bond theory electrons in a molecule occupy atomic 
orbitals rather than molecular orbitals. The atomic orbitals overlap on bond 
formation and the larger the overlap, the stronger is the bond. This localis- 
ed picture of a chemical bond is, in a way, equivalent to the delocalised 
picture given by the molecular orbital theory because, if the charge distri- 
butions in each molecular orbital are worked out and then added up in the 
regions where the bonds are expected, it will be found that the total charge 
density will be nearly two, that is the charge on an electron pair. 

But with the localised electron-pair concept, it is much easier to visualise 
the shape of polyatomic molecules than with the delocalised or the mole- 
cular orbital concept of electron-pair bond. The concept of directed valence 
is a direct consequence of this localised electron-pair (or valence bond) 
theory. ` 

The essential condition for chemical bonding is that the orbitals of atoms 
participating in bond formation must overlap and the direction of the bond 
is determined by the direction in which the two orbitals overlap as much as 
possible. Let us illustrate it with an example of the water molecule H20. 
The central oxygen atom has the electron configuration 


15?2s2p22ps2py 


where the 2px and 2p, orbitals are available for bond formation with two 
Is-orbitals of the hydrogen Hı and Hz. Electron pairs in the 2p.- and 2s- 
orbitals of the valence shell are called the non-bonding or lone pairs. If we 
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place Hi and Hz along the directions of 2px and 2p,-orbitals of O (Fig. 8.1) 
respectively then there is strong overlap between 1s orbital of Hı and 2px- 
and between 1s-orbital of H2 and 2p,-orbitals. 


Fig. 8.1 Localised molecular orbital 
of H,O 


Thus, we can construct two localised molecular orbitals of the form 


$1 = Cils(Hi) + C22p.(0) 
$2 = Cils(H2) + C22p,(0) 


instead of making a linear combination of all four atomic orbitals. Since 
the s-type of atomic orbitals is non-directional and the p-type, directional 
and behave like vectors, the angle between 4; and ¢2 is expected to be 90°. 
In NH;, the central nitrogen atom has the electron configuration 


1522522p!2p!2p! 


and the maximum overlapping with the three attached hydrogens will be 
obtained if they are placed along the X, Y and Z directions. The ammonia 
molecule should, therefore, be pyramidal in shape with apical angles of 90°. 
However, in both H20 and NH;, the observed bond angles are greater than 
90* and this discrepancy is partially accounted for through the Coulomb 
repulsion between the attached hydrogen atoms which possess some positive 
charge owing to the dipole moments associated with O-H and N-H bonds. 


8.2 Hybridisation 

The simple concept of directed valence as described in the last section does 
not work when dealing with carbon compounds. The lowest state of a 
carbon atom has the configuration 


1522522p12p!2 p? 


which has two unpaired electrons and, therefore, the carbon atom should 
be bivalent with valence angle of about 90°. But the carbon atom is always 
tetravalent. In order to obtain the tetravalence, the atom has to be excited 
by promoting an electron from the 2s-orbital to the vacant 2p,-orbital. The 
excited atom has then the following configuration 


1s?2s!2p}2p}2p! 


M 


f 


Chemical Bonding in Polyatomic Molecules 213 


The energy of such excitation in a carbon atom is not'high and, therefore, 
it may be argued that the amount of energy gained through the formation 
of the extra-chemical bonds offsets any energy required to promote an 
electron from the 2s-orbital to 2p-orbital. But there is another difficulty. 
If we assume the bond formation to take place through overlap with the 
orbitals of other atoms then the carbon compounds will have three bonds 
of one kind and the fourth one of a different kind, on account of different 
overlapping properties of the s- and p-orbitals. But in methane (CH4), all 
the four bonds are equivalent and are inclined at equal angles of 109° 28’ to 
each other as in a tetrahedron. The only way to obtain four equivalent 
bonds in carbon compounds like methane is to mix the atomic orbitals of 
different directional properties but having same or slightly different energies. 
The new orbitals that are generated from such mixing are called hybridised | 
orbitals. 

For example, there are three p-orbitals directed along the X-, Y- and Z- 
directions. Any linear combination of these three p-orbitals, i.e. 

apx + bpy + cp: 

where a, b and c are the arbitrary mixing coefficients can give rise to another 
p-orbital in shape though it will be oriented in a different direction depend- 
ing on the values of a, b and c. Thus, any mixing of p-orbitals with each 
other does not give rise to any new orbital and nothing is gained by so 
doing except a new direction of its axis. Therefore, it is meaningless to talk 
of p?-hybridisation. If, however, we mix a p-orbital, say Px, with an s-orbital, 
the resultant orbitals look different from the component orbitals (Fig. 8.2). 


Dos 
d. : 
s P. 


x 
$- py 


Fig. 8.2 The boundary contours of sp-hybrid orbitals 


It should be noted that the new hybrid orbitals, called sp-hybrids, have 
more pronounced directional property than the p-orbitals and are expected 
to form stronger bonds when hydrogen atoms come up towards their posi- 
tive lobes. Thus, a combination of s- and p-orbitals gives rise to new orbitals 
whose directional and overlapping properties are different from those of the 
component atomic orbitals. Such hybridisation plays an important role in 
describing the bonds of the carbon compounds. 

Methane has four equivalent C-H bonds, which point towards the 
corner of a tetrahedron. We need to construct four equivalent bonds 
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tetrahedrally oriented from one 2s- and three 2p-orbitals of the carbon 
atom. Consider a linear combination of these four orbitals, i.e. 


$ = as + bpx + cp, + dp: (8.1) 


where a, b, . . . are the mixing coefficients. There should exist four possible 
combinations which are mutually orthogonal and normalised. Since the 
combination of three p-orbitals among themselves gives rise to another p- 
orbitals in any chosen direction, we assume that an appropriate combina- 
tion of three p-orbitals is made and gives a p-orbital, say pi, along the 
direction of the first bond. Then we write the wave function of the hybridis- 
ed atomic orbital of the first bond as 


4i = as + Ap (8.2) 

` Since four such hybrid orbitals are equivalent, each hybrid must contain the 
same fraction of s-character and the same fraction of p-character. We 
immediately deduce that each contains 1/4 s-character and 3/4 p-character. 


By this we mean that probability density $f must contain 1/4s? and 3/4p?. 
Thus, we deduce 


a@=1/4 or a=} 
M= 34 or A= V3 


and hence 

$i = 1/2s + w (8.3) 
Consider now the hybrid orbital of the second bond, i.e. 

$2 = 1/25 + Mes (8.4) 


where pais a p-orbital in the direction of the second bond. Since 4; and ¢2 
are orthogonal we have 


<i 1¢2>=0 


ie. 1/4< s/s > +4 Cli) V Cpis 2t t € pls y= 0 


(8.5) 


Since the net overlap between a s- and a p-orbital centred on the same 
nucleus is zero (Fig. 8.3), the third and fourth integrals in Eq. (8.5) vanish. 


Fig. 8.3 The overlap between a s- and a 
p-orbital centred on'the same nucleus. The 
shaded and unshaded regions represent res- 
pectively the positive and negative overlaps. 
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Equation (8.5) may be written as 

1/4 + 3/4 (n | pi > cos 012 = (8.6) 
where pa is written as pi cos 912, 812 being the angle between the directions 
of pı- and p2-orbitals. Thus 


1/4 + 3/4 cos #12 = 0 
or cos 0; = —1/3 
or 812 = 109° 28’ (8.7) 


Such arguments can be extended to other bonds. Thus, sp?-hybridisation 
leads to four equivalent bonds tetrahedrally oriented. 

The tetrahedral hybrids are not the only hybrids that are important in 
carbon. There are two.others, sp^- or trigonal and sp- or diagonal hybridi- 
sations. In the trigonal hybridisation, we leave one of the three p-orbitals, 
say pz, unmixed and mix s- with px- and p,-orbitals. Thus we obtain three 
hybrid orbitals- which ought to be directed in the x-y plane. Consider a 
linear combination of these orbitals 

g — a's + b'px  c'py (8.8) 
where a', b' and c' are the mixing coefficients. 
We assume, as before, that an appropriate combination of p. and py 
orbitals is made and gives a p-orbital, say pi along the direction of the 
first bond in the x-y plane. Then, we can write the wave function of the 
hybrid orbital of the first bond as 


t b= a's + Xni (8.9) 
Since three such hybrid orbitals are equivalent, each hybrid must contain 
1/3 s-character and 2/3 p-character. Thus, we deduce 


i 1 2 
d) hos Med p fec 
V3 3 
and hence Fi 
$0 = vi + [o (8.10) 
Similarly, the hybrid orbital wave function of the second bond is 
; I D 
EA Ay (8.11 
$i v3 s "| 3 pa ) 


where pz is a p-orbital in the direction of the second bond. Since $í and 42 
are orthogonal we have 


bil %2>=0 
or E Cal) d < plp > cos Pia + VA IK lpi > + < sipa 1 = 0 


or L Fostna = 0 
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or 942 = 120° (8.12) 


Thus three hybrid bonds in sp? hybridisation are inclined to each other by 
120° in the x-y plane. In diagonal or sp-hybridisation, two of the three 
p-orbitals remain unmixed and only one p-orbital mixed with an s-orbital. 
The analytical expressions for the two sp-hybridised orbitals are 


dites vit + pi) 


pne 
oz = vi" + p2) (8.13) 


The orthogonality condition between ${’ and $5’ leads to a bond angle of 
180°. 

In olefins and aromatic hydrocarbons a carbon atom is joined to three 
other atoms which lie in the same plane with angles of nearly 120° at the 
carbon atom..In these compounds, each carbon atom is hybridised 
trigonally to form three equivalent bonds which are referred to as o-bonds. 
Thus, in ethylene, two carbon atoms form six o-bonds and there remains 
one unmixed pz-atomic orbital associated with each carbon atom. The two 
Prorbitals, perpendicular to the plane containing o-bonds must overlap 
sidewise to form a bond, called 7-bond [Fig. 8.4(a)]. Thus, a double bond 
in any unsaturated carbon compound consists of a o-bond and a 7-bond. It 
is clear that the o-electrons are contained in the plane containing the 
nuclei while the -electrons are to be found in a plane perpendicular to 
the molecular plane. This description of a double bond explains the absence 
of free rotation around the bond. The diagonal hybrids explain the triple 
bond found in acetylene. Thus, acetylene is a linear molecule (HC = CH), 
and about each carbon atom, the first bond of the triple bond (i.e. o-bond) 
and a carbon-hydrogen bond are formed using $i’ and $% of Eq. (8.13). 
The second and third bonds (i.e. z-bonds) of the triple bond are formed 
using the unmixed p.- and py-orbitals associated with each carbon atom. 
Two z-bonds of a triple bond are, therefore, perpendicular to each other 
and perpendicular to o-bond [Fig. 8.4(b)]. 


(a) (b) 


Fig. 8.4 (a) Shapes of the orbitals involved in the formation of the 
double bond in ethylene, (b) Shapes of the orbitals involved in the 
formation of the triple bond in acetylene 
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When d-orbitals are available for hybridisation besides s- and p-orbitals, 
square and octahedral arrangements are formed. In a square arrangements 
the four equivalent orbitals are obtained from the dsp? combination of 
orbitals. The explicit analytical expressions for the four hybrid orbitals in 
x-y plane are as follows: 


1 1 1 
d= xt Pi er) 
1 i^ l5 
¢2 = 35 + Vi ray dx s y 
ig 1 1 5 i 
$3 = z757 V3 R dx? — y (8.14) 


l is a I apala a 
b= 58 5h) dx? — y 
These mutually orthogonal hybrid-orbitals are used in a square planar 
complex such as Ni(CN)s. The octahedral hybridisation arises from the 
selection d?sp3. These hybridised orbitals are used in octahedral complexes 
such as Fe(CN); 5, CO(NH3)e ^, etc. 


8.3 Hybridisation and Geometry 


It should be noted that the concept of hybridisation is a description rather 
than an explanation of the molecular structure or shape. However, this 
localised picture which the concept of hybridisation leads to, emphasises 
the presence of two electrons in each chemical bond and permits the shape 
of molecules to be easily ascertained. Lennard-Jones and Pople! (1950) 
pointed out that water and ammonia could be described in terms of sp?- 
hybrid orbitals, on the central atom, which are occupied by two bonding 
and two lone pairs of electrons in water and three bonding and one lone 
pair in ammonia. Gillespie and Nyholm? (1957) have shown that these 
ideas can be extended to account for the general shapes and bond angles of 
most inorganic molecules. They pointed out that. the arrangement of elec- 
tron pairs in a valence shell of the central atom in a molecule could be 
regarded as arising from the mutual interactions between the electron 
pairs. These interactions are a consequence of both electrostatic forces and. 
the operation of the Pauli exclusion principle. The repulsion between the 
electron pairs in the valence shell may be called Van der Waal's repulsion or 
exchange repulsion and it increases as the overlap of orbitals, each contain- 
ing electron pairs, increases. Since lone pair electrons are under the in- 
fluence of only one nucleus while bonding pairs are under the influence of 


HEC € GENPPI eee 
1j E. Lennard Jones and J.A. Pople, Proc. Roy. Soc., A202, 166, 1950. 


R.J. Gillispie and R.S. Nyholm, Quarterly Revs., 339, 1957. 
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two nuclei, orbitals containing lone pair electrons are likely to be bigger 
than a bonding orbital in the neighbourhood of a central atom. Hence, the 
lone pair orbital will overlap with the neighbouring orbitals more exten- 
sively and will repel electrons in the neighbouring orbitals more strongly 
than an electron pair in a bonding orbital. Thus, electron pairs in a valence 
shell repel each other in the following order: 
lone pair-lone pair > lone pair-bond pair > bond pair-bond pair 

In the series, CH4, NH; and H20 the successive replacement of bonding 
pairs by lone pairs causes the bond angle to decrease from 109.5? in CH4 
to 107.3? in NH; and to 104.5? in H20. 


8.4 Simple Huckel Theory of the Linear Conjugated Systems 


The unsaturated carbon compounds which consist of alternate double and 
single bonds are conventionally called the conjugated molecules. These 
molecules are generally planar, and it is taken for granted that the valence 
orbitals of carbon hybridise in the sp? manner pointing the three hybrid 
orbitals in the direction of three neighbouring atoms in the plane while the 
unhybridised 2p.-orbital lies with its axis perpendicular to the molecular 
plane. The electrons in the sp?-orbitals, called c-electrons, are contained in 
the molecular plane and do not possess any angular momentum. The 
orbitals formed from the unhybridised 2p.-orbitals are called 7-orbitals and 
electrons in these orbitals lie above and below the molecular plane. These 
electrons possess one unit of angular momentum about the carbon-carbon 
bond. Since o- and z-electrons are contained in planes perpendicular to each 
other, the interaction between these two types of electrons is likely to be 
negligible in the planar conjugated molecules. Therefore, the molecular 
orbitals for 7-electrons in a conjugated system may be treated independently 
of c-electrons. These orbitals are set up according to the linear combina- 
tion of 2p.-atomic orbitals of each carbon atom in a conjugated molecule. 
This concept was originally introduced by Hiickel’ in 1931 but it was later 
developed by Coulson and Longuet-Higgins* and several others into a 
more useful theory capable of providing significant interpretations of the 
chemistry of such systems. 

Let us consider a system of unsaturated hydrocarbons with alternate 
single and double bonds. If this system has n-carbon atoms each offering 
one 2p;-orbital with one z-electron in it then, according to the LCAO 
approximation, the molecular orbital is written as 


y= d Ciói (8.15) 


where ¢, is a 2pzatomic orbital of atom i and the summation is over all 
2p. atomic orbitals. The coefficients and energies of these orbitals are 


3E. Hückel, Z. Physik, 70, 204, 1931. 
*C.A. Coulson and H.C. Longuer-Higgins, Proc, R. Soc., 192A, 16, 1947. 


a 
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obtained by solving the secular equations: 


E ciHy — Sue) = 0 (8.16) 
2, Shu ses 
where 
Hy = ¢ $i | H| 4> 
Sy =< bi 1 > (8.17) 


The set of secular equations (8.16) are obtained according to the variation 
principle described in Sec. 7.3 of the previous chapter. 
Huckel introduced a set of approximations which are as follows: 


1. The hamiltonian H is the sum of effective one-electron hamiltonian 
where the potential of each electron is determined by its own coordi- 
nates alone. Since such an effective hamiltonian in a many-electron 
system cannot be defined explicitly, their matrix elements are related 
to the empirical quantities. 

2. The terms Hi(= < 4; | H | 41>), called Coulomb integral, represents 
approximately the energy of an electron in a 2p-orbital on the ph 
carbon atom. Since we are dealing with carbon atoms only, all such 
integrals are equal and denoted by the symbol «. 

3. The terms Hy (=< 4: | H |% >), called resonance integrals, re- 
present the energy of interaction of two atomic orbitals. For atoms 
i and j not being directly bonded Hy = 0. When atoms i and j are 
bonded, H; is finite. All such integrals are assumed equal and denoted 
by the symbol B. 

4. The integrals Su = 1, because they are the normalisation integrals. 
The overlap integrals Sy are neglected. 


After the introduction of these approximations into the secular equa- 
tions (8.16), we obtain for a linear polyene the following set of equations: 


Ci(« — E) + C$ = 0 
CiB + CX« — E) + CB = 0 
CB + Cx — E) + CB = 0 
(8.18) 


The corresponding determinant vanishes if the above set of equations is to 


have non-trivial solutions; 


x—E B 0 0 0.. 
B &—E B 0 0. 
0 pee S EDD B Oria sep (8.19) 
0 0 B ee By wil. 
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If we write 
z Ex (8.20) 
then Eq. (8.19) can be written as 
x 1 0 0 [SEN 
Eno M S.T) cn 


Expansion of an n X n determinant like (8.21) yields a polynomial equation 
which has n real roots. Hence the system has n energy levels. The energy of 
the p'^ level is given by 

=a + x8 (8.22) 


where x, is the p'^ root of P "bbs Since « and P are negative, a 
positive value of xp represents an energy level which is more negative and, 
therefore, more stable than the energy of an electron in a carbon 2p- -orbital. 
Such an energy level is called bonding molecular orbital. A negative value 
of xp corresponds to a level which has higher energy and therefore less 
stability than an electron in a carbon 2p-orbital. This level is called anti- 
bonding molecular orbital. The energy level corresponding to xp being zero 
is called non-bonding molecular orbital. 

Substitution of the n values of energies individually into Eq. (8.18) gives 
n sets of n simultaneous equations. Combining these equations with the 
normalisation condition for each molecular orbital yields the values of the 
coefficients Ci, C2, C3 ...etc. for each molecular orbital. There are n- 
molecular orbitals for a conjugated system of n-carbon atoms. If there are 
n7-electrons in a system, electrons gradually fill up the orbitals starting 
from that of lowest energy because each orbital cannot accommodate more 
than two electrons. We shall illustrate this procedure with specific examples 
later. Now, we shall define a few quantities of chemical interest which can 
be derived from the simple Hückel theory. 

Electron densities—For an electron i in the j molecular orbital, i.e. yj, 
the density distribution is given by 4j. The LCAO form of ; is given as 


y = E Cui (8.23) 
The normalisation condition of /; gives. 
(4145-1 
Le, Ee È Giai P Cibi» = 1 
or Ci < $1 dio + Cn (hh + Cap (Oh bs > 


Cup < bn | $n) + 2CijCrj < $1 | $2 > 
+ 2CyCy<¢ di | ¢s>+...=1 8.24) 
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Integrals like < 4: | ¢ > are normalisation integrals and are equal to unity. 
Since the overlap integrals < ¢ | $; > etc. are neglected in Hiickel theory, 
Eq. (8.24) may be rewritten as 


(y ly > = Cus + Cop Cin +... Cue 
=2cp=1 (8.25) 


Hence, cya may be interpreted as the partial electron density on atom i due 
to an electron in Jj. The total electron density q: at an atom i, is therefore 
the sum of such contributions from each electron in each molecular orbital 


Occ.MOs 
qi = ZnjCi (8.26) 


when 7y is the number of electrons in the j™ molecular orbital and the sum- 
mation in Eq. (8.26) is over all the occupied molecular orbitals. A useful 
check on calculations of these numbers is the knowledge that the sum of all 
q values equals the total number of 7-electrons in the conjugated system. 

Bond order—The concept of mobile bond order was introduced by 
Coulson (1939).5 The partial bond order between atoms k and / in the j' 
molecular orbital is defined as 

Ped = crycy (8.27) 

This quantity might be associated with the binding power of a 7-bond. 
When the product of atomic coefficients is large and the coefficients are of 
like sign, the situation corresponds to a strong bond. If the coefficients are 
of opposite sign, indicative of a node between the atoms, we then have an 
antibonding situation. If one of the coefficients is zero, the situation then 
refers to a non-bonding one. The total mobile bond order or simply bond 
order is made up of contributions from all occupied molecular orbitals and 
is defined as ; 


Occ.MOs Occ.MOs 
pua = 2 njpk = z njCi Cy (8.28) 


where ny is the number of electrons in the j* molecular orbital. 

It is reasonable to suppose that there should be some relationships 
between bond order and bond length. The larger the bond order, the stronger 
is the bond and. shorter the bond length. Therefore it is possible to find a 
qualitative correlation between bond order and bond length. If we assume 
a C-C o-bond. in ethane to have a bond order of unity, a C-C double bond 
in ethylene to have.a bond order of two and a C-C triple bond in acetylene 


three, they can be shown as follows: 


Molecule . —. Bond length (À) Bond order 
Ethane (C — C) i 1.54 1 
Ethylene (C=C) 1.35 pir 
Acetylene (C = C) 1.20 3 


NR. Us ae 2 
3C.A. Coulson, Proc. R. Soc., 169A, 413, 1939. 
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If these bond orders are plotted against the corresponding bond length, the 
order length curve (Fig. 8.5) is obtained. This curve may be utilised to 
predict approximate bond length for bond orders of intermediate values in 


conjugated hydrocarbons. 


Bond length (A) —— 


Bond order — 


Fig, 8.5 Bond order length curve (From “Valence”, 
C.A. Coulson, Oxford University Press, 1952; with 
permissions from both author and Clarendon Press, 


Walton Street, Oxford) 


Free valence—The concept of free valence, F, was also introduced by 
Coulson.$ It is defined as the difference between the maximum bond orders, 
Nmax around a carbon atom and the total calculated bond orders N; around 


the atom i in a molecule, i.e. 
: Fi = Nmax — Ni (8.29) 


The maximum value of N so-far found in the unsaturated carbon com- 
pounds is 4.732 which is associated with the central atom of trimethylene 


wt 
M d NH 


Therefore, the free valence of a carbon atom in a molecule is given as 


methane: 


Fi = 4.732 — Ni (8.30) 


The concept of free valence provides the quantum mechanical interpretation 
of Thiele’s theory of partial valency used in classical organic chemistry. 
The magnitude of free valence at a given position in a molecule determines 


the extent of susceptibility of that position to attack by free radicals. 


8.5 Examples of Simple Huckel Calculations 


px» 
Ethylene: O—O. This is a simple system containing two p-orbitals. 


‘C.A. Coulson, Discuss. Faraday Soc., 2, 9, 1947. 
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The determinantal form of the secular equation is simply 


1 x 
following the notations and approximations used in (8.21). The expansion 
of this determinant gives an equation 

x—1-20 
or x=+1 (8.31) 


In other words, 


Ej = a + P (bonding) 
| (8.32) 


E; = « — B (antibonding) 
Two available z-electrons in ethylene occupy the molecular orbital of energy 
æ + B. The total z-energy, Er is equal to 2x + 2. Since the energy of two 
electrons in isolated carbon 2p-orbitals is 2%, the 7-bond energy in ethylene 
is 28. The coefficients of atomic orbital in each molecular orbital are 
obtained after substituting the values of x in any one of the two secular 
equations: 
ax d 0-0 


cr cox = 0 (8.33) 
For 
x=1 
ata=0 or a= c (8.34) 


Since every molecular orbital is normalised, the normalisation of the mole- 
cular orbital 


V = cibi + cada 

gives rise to an equation 
ch di 1 $1 > + Ohh? 2erer Cdr | $2 >= 1 
or dtús (8.35) 
where the overlap integral is neglected. Combining Eqs. (8.34) and (8.35) 
we get 
Set oe a Gage 
V2" V2 


Hence, the molecular orbital which corresponds to the energy level 
E = «—B, is given by 


= aah — (8.36) 
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By a similar procedure, the molecular orbital whose energy is Ei(Ei—«-- B) 
is given by 


t= eth +t 3 (8.37) 


Since two 7-electrons occupy the molecular orbital / in ground state, the 
a-electron densities and bond order, following their definitions in Eqs. (8.26) 
and (8.28), are given as 


q74-—1 


pali (8.38) ` 


In ethylene each carbon atom is bonded to two hydrogen atoms. If we 
assign a bond order of unity to each carbon-hydrogen bond then the total 
bond order number N associated with each carbon atom in ethylene is four, 
Following the definition of free valence in Eq. (8.30) we have 


Fi = Fp = 0.732 (8.39) 
Allyl system A 
LH 3 


This system contains three 2p-carbon orbitals in a chain. The determinan- 
. tal form of the secular equation is 


x 1 0 
15 Kt = 0 
0 1 E. 
Expansion of this determinant gives a polynomial 
x3— 2x =0 $ (8.40) 
having roots: s 
x=0,4V7V2 (8.41) 


The energy levels are given by 
E, =a + M28 (bonding) 
Ej-—a (non-bonding) (8.42) 
Es =« — 4/28 (antibonding) 


The total 7-electron energies of the radical, cation and anion are respecti- 
vely given by 


E, (radical) = 3a + 2/28 
E, (cation). =-2a + 24/28 (8.43) 
E, (anion) —.4« + 24/28 


TY TH T I a a s ii à 
PAPINE S ES ——e uni ÓÁ 
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The three molecular orbitals corresponding to the three different roots in 
Eq. (8.41) are obtained after substituting the values of x in any two of the 
following secular equations 


axt+a=0 
ataxta=0 (8.44) 
c2 + 3x = 0 


For x = — V2, we have 


—/2a + c =0 
a—V2a+e0=0 (8.45) 
co — V2e3 = 0 


One of these three equations is redundant as this does not give any new 
relation between ci, ca and cs. Therefore, to solve for ci, c2 and cs, one 
more equation is needed. The normalisation condition gives an equation 
viz. 


dtdrd-id (8.46) 
The combination of Eqs. (8.45) and (8.46) gives 


e — 01, a= UE 


Thus the molecular orbital corresponding to the root x — 4/2) 
(or Eı = « + +28) is given by 
di = Mi + V22 + 43) j (8.47) 


By a similar procedure, the other two molecular orbitals are obtained. They 
are - f 


1 
p= —z($i-— 4s) 
v2 (8.48) 


bs = lbi — V242 + $3) 
In the ground state of allyl radical, two 7-electrons occupy the molecular. 
orbital /; and the odd electron occupies the molecular orbital %2. Thus, the 
odd electron has an equal probability of being found on carbon atoms 1 
and 3 with zero probability on the middle carbon atom (i.e. atom 2). 
This result is in agreement with the following resonating structures of allyl 
radical. 


prat Pe WE lr d ME je 
3 


cH th 
y* s 
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where the position of the odd electron is indicated by a dot. This argument 
can be extended to a cation and an anion where the hole in one case or an 
extra electron in the other case has the same probability distribution as the 
odd electron in the radical. Thus we have the following resonating struc- 
tures for cation and anion. 


f — M + 
CH CH» CH, CH» 
CH AM 
zs Dd A———- NICE 
CH CH2 CH2 CH» 


The calculations of electron densities, bond order and free valence are now 
straight forward. For the allyl radical which has the electron. configuration 
Jf, we have 


ga=o=2xt+1xt=1 
=2x2/4+1x0=1 
p2 = pan axe + Dg a 7 = 0.708 
= F; = 4.732 — 3.707 = 1.025, 
Fz = 4.732 — (3 + 20.707) = 0.318 
for the allyl cation which has the electron configuration Jiu, we have 
qı = q% = 0.5; Q= 1.0 
p = pn = 0.707 
Fi = Fy ='1.025, Fz = 0.318 
For the allyl anion with electron aerea Vili, we have 
q = g = 1.5; = 1,0 
Piz pa = 0.707 
Fi = F; = 1.025, F2 = 0,318 


‘Butadiene z 4 
D 


This system consists of four carbon 2p-orbitals in a chain. The determi- 
nantal form of the secular equation is 


x 1 0 0 
1 x 1 0 
0 1 x 1 
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Expansion of this determinant gives the following polynomial 


x — 3x2 +1=0 (8.49) 
with the following roots: 
x = + 1.618, 10.618 (8.50) 


We, therefore, have the following energy levels: 

Ei = « + 1.6188 (bonding) 

E» = « + 0.6188 (bonding) (8.51) 

Es = « — 0.618B(antibonding) 

E, = « — 1.6188 (antibonding) 
The total z-electron energy of the four 7-electrons in butadiene is 
4a + 4.4728. The energy of two electrons in ethylene is 2« + 2g. 
The delocalisation energy is defined as the difference in energy of the 
z-electrons in a molecule and sum of the energies of the isolated double 


bonds present in the classical structure of the same molecule. Butadiene 
has the following classical structure 


CH, = CH — CH = CH? 
with two double bonds, Delocalisation energy (DE) is therefore given by 
DE = 4a + 4.4728 — 2[20 + 28] = 0.4728 (8.52) 


The DE is a measure of the stability of the molecule. The higher the energy, 
the more stable is the molecule. Thus butadiene is more stable than two 


ethylene molecules by an energy of 0.4728. 
The four molecular orbitals are obtained by the usual procedure. In the 


order of increasing energy they are as follows: 


Ja = 0.3755(¢1 + $4) + 0.6070(¢2 + 3) ) 
da = 0.6070(¢1 — $4) + 0.3755(¢2 — $3) 
+ (8.53) 
ps = 0.6070(¢1 + $4) — 0.3755(da + $3) | 
ts = 0.3755(41 — $4) — 0.6070(42 — $) J 


The schematic diagram of these four molecular orbitals is shown in Fig. 8.6. 
The z-molecular orbitals always have the molecular plane as the nodal 
plane. Besides this, there are nodal planes perpendicular to the moJecular 
plane. These are shown by the dotted lines in Fig. 8.6. As expected, the 
number of such nodal planes increases with energy in butadiene. 

The calculation of electron densities, bond order and free valence Jeads 
to the following results: 


4q74274Q74q-1 
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Fig.8.6 Schematic diagram of the four x-molecular orbitals in butadiene 


Piz = pa = 0.912 
pa = 0.436 

Fi = Fs = 0,820 
Fo = F; = 0.384 


It is interesting to note that whilst the charge distribution in the ground | 
state is uniform over the four atoms, the bond order between them is not. 
The central bond in butadiene has lower bond order than the two end 
bonds. This is an indication that the middle bond is weaker and longer than 
the two end bonds. This suggests that the assumption of the same resonance 
integral for all bonds in butadiene must be in error. 

The free valence index shows that the central carbon atoms (i.e. atoms 2 
and 3) have less partial valency than the end atoms (i.e. atoms 1 and 4) and 
therefore, the end atoms are more susceptible to chemical reaction than the 
central atoms, The 1 : 4 addition in Diels-Alder reaction can be explained 
from the large free valences at the end carbon atoms in butadiene. 


CH CH 
i Sai CH— CO aic; >r = > 
T o —- 0 

x L a x e - 


CH2 CH3 
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8.6 Simple Huckel Theory for the Cyclic Conjugated Systems 
and Aromaticity 


The classical explanation of the stability of aromatic compounds had been 
based on the ‘strain theory’. A six-membered ring is highly stable because 
it undergoes no strain force. However, on the basis of this argument we 
cannot understand the reason why some five-membered rings such as furan 
and pyrrole are stable and aromatic while others such as cyclopentadiene 
is not. Some seven-membered conjugated rings such as tropone and tropo- 
lone are known to exist in stable form. This seems to suggest that in order 
to explain the aromatic stability in ring compounds, factors other than the 
strain forces are important. 

It is difficult to give a definition of aromaticity. But this term usually 
applies to the mono or polycyclic conjugated systems with the following 
properties: 

1. Molecules have planar cyclic structure. 4 

2. Molecules show high electronic stability even if the'large strain in the 
ring does not permit it to be stable in the classical sense. 

3. Molecules exhibit characteristic chemical reactivity, such as substitution 
reactions. 

4. Molecules show peculiarity in physical properties such as large dia- 
magnetic susceptibility, large chemical shift in proton magnetic resonance 
spectra, etc. 

Hückel" in his pioneering work gave a reasonably satisfactory explanation 
for aromaticity in cyclic polyenes. In a cyclic polyene one of the secular 
equations [see Eqs. (8.18) and (8.20)] is 

Cia + xCr + Cra = 0 (8.54) 


where r — 1, rand r + 1 are the successive atoms in a ring of the carbon 
atoms. If. there are N carbon atoms in a ring, any solution must satisfy the 
boundary condition, i.e. 


C; — Cn+r (8.55) 
We now seek a solution which is periodic in N. We try the following: 
C, = eit (8.56) 
Then gir! = gKreNM 
or e*— 1,  ie.cos NO + isin NO = 1 (8.57) 


NO = 0, +27, +47, 6m, +87 (because cos (—9) = cos 6) 
or 0 = 2jn|N, where j= 0, +1, +2, + 3, + 4, etc. (8.58) 
If we substitute from (8.55) and (8.56) in Eq. (8.54), we obtain 
eir-09? 4- xeir’ 4 erdt — 0 


"E. Hiickel, International Conference on Physics, London, 1934, Vol. II. The Physical 
Society, London, 1935, p. 9. 
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or e—#4+x+e—"=0 
x= (e + e—"!) 
= —2 cos 60 
= —2 cos 2jn/N (8.59) 
Since x = (« — E)/B 1 
: E = « + 28 cos 2jn/N (8.60) — 
where j=0, £1, +2, +3 
The molecular orbital can be written as 
$= z [077 
=2 erté, 


- Ze ( zj )e 
Or the normalised wavefunction is given by 
y — VN. Ee (i 2j j)* (8.61) 


where j is called the ring quantum number, r is the running index over the 
atom of the ring and N is the total number of the atoms in the ring. 

Since the total number of linearly independent molecular orbitals is equal 
to the number of atomic orbitals, i.e. N, when N is odd, the possible values 
ofjare 0, E 1, + 2,... + N x 1 and when Nis even, the possible values 
ofjare0, + 1, + 2,...+ N/2. This means that for an odd membered 
ring, except the lowest MO, all other orbitals occur in pairs (degenerate) 
while for an even membered ring, except the lowest and the highest MOs 


all the remaining orbitals occur in pairs (Fig. 8.7). Each set of energy levels 


may be thought of as a shell. 


E=+28 cos E 


Esd*25 


Ezd*20 cos T 
E=d+26 cos T. 
Exd+2h6 


Ez 2/0 cos 4 


E=d+2 cos 2 
E-X-2A4 


Fig.8.7 Energy levels of three-, four- and five-membered rings 


1 
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The cyclo-propenyl system can form cation, radical and anion with the 


following electron configurations: 
m 


44 —— 


te f+ 28 H a 2s A 


Cation Radical Anion 
DE«24 DE=4 DE =0 


This shows that cation A has the largest stability. Although the 


parent cation has not been isolated the triphenyl derivative? has been 
synthesised and is found to be stable. 

The cyclobutadiene ring with four -electrons has zero delocalisation 
energy (see answer to Problem 1). Several attempts to prepare cyclobutadiene 
have failed; however, some experiments have shown that it is capable of 
existence at least transiently. 

The cyclopentadiene cation, radical and anion have the following electronic 
configurations: 


dec ene 
A JE + 


Cation y Radical Anion 
DE «1.236 8 DE 1.8545 DE 22.4738 


This shows that, of these three species, CsHs anion is most stable. The 
relatively high stability of this anion is reflected in the high acidity of cyclo- 
pentadiene and it reacts with potassium to form K*+CsHs. On the other 
hand, it is difficult to prepare the carbonium ion CsH?. Hence the MO 
theory succeeds in predicting the high stability of anion compared to that 


Hy p 


XD RU 


*R. Breslow and C. Yuan, J. Am. Chem. Soc. 80, 5991, 1958. 
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of cation, whereas the classical resonance theory predicts those two ions to 
be equally stable because of equal number of resonance structures in 
both cation and anion. The heterocyclic derivative such as pyrrole and furan, 
with 67-electrons have the aromatic character by virtue of the aromatic 
sextet. In benzene, with 67-electrons, the bonding shells are complete as in 
CsH; , anion. The DE is 28 and the large aromatic character is not only 
due to high electronic stability but also due to the strainless six-membered 
ring. The substitution of any-heteroatom of carbon atoms will cause a 
change in the position of the energy levels but the basic stabilisation of 
67-electrons will largely hold good. Thus the following compounds with 
6n-electrons are stable and aromatic. 


| 
"vs lion p 


| 
Oe A 


H 


On the other hand, the following compounds with eight m-electrons 
hydrolyse and oxidise readily. These molecules do not have aromatic character 
-in qualitative agreement with the simple Hiickel theory. 


one 


Tropylium radical with seven z-electrons has a delocalisation energy 
2.5438. Even though this is quite high, the radical is unstable, oxidises easily 
and its ionisation potential is very low (6.60 eV). On the other hand the 
C7H7 has a closed shell configuration with DE of 2.9888: Indeed, this 
molecule exists at room temperature as solid. crystal of C7H7 Br-. The 
negative ion C7H7, on the other hand, is extremely unstable. 

i The Hückel theory predicts that cyclooctatetraene with eight 7-electrons 
is unstable. This hydrocarbon synthesised by Willstatter? long time ago 
behaves as a highly unsaturated polyene without any aromatic character 


*R. Willstatter and E. Waser, Ber. 44, 3423, 1911. 
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and has nonplanar tub-like structure. On the other hand, the dianion 
CsHs with ten -electrons forms a closed shell and has a DE of 3.6578. 
and is stable in its planar form. This shows that CsHs with eight 7-electrons 
is nonplanar more because of z-electronic instability than because of the 
steric strain. 

This very brief resume of the MO theory of cyclic polyenes points out 
the special electronic stability of the ring compounds with 2 (i.e. 4x0 + 2), 
6 (ie. 4x 1 + 2), 10 (i.e. 4x2 + 2), etc. electrons. This observation was 
made by Hückel? who gave a rule referred to as (4n + 2) rule (n = 0, 1,2, 
etc.). This rule states that the monocyclic coplanar systems, which contain 
(4n + 2) «-electrons will possess a large electronic stability. The large stabi- 
lity is due to the closed shell configuration of electrons as in inert gas atoms. 
This rule appears to apply not only to monocyclic systems but also to the 
catacondensed hydrocarbons in which every unsaturated carbon atom is 
assumed to lie on the perimeter!? of the molecule. Thus the aromaticity of 


naphthalene and azulene can be attributed to their perimeters of ten carbon 
atoms, only slightly perturbed by a cross link, and carrying ten 7-electrons. 
It should be noted that a molecule like pyrene cannot be treated in this way. 
But this perimeter model can be applied to certain nonbenzenoid hydro- 
carbons to predict whether or not they are aromatic. Hafner!! has reported 
synthesis of the following heptalene and pentalene derivatives. Experimentally, 


CH3 


CH; lio 


1 3d u 


the molecule I is.aromatic while II is not. The perimeter models of I and II 
are shown below. 


10M J.S. Dewar, J. Am. Chem. Soc., 74, 3345, 1952; M.J.S. Dewar and R. Pettit, 
J. Chem. Soc., 1617, 1954. 
11K. Hafner J. Schneider, Angew. Chem., 70, 702, 1958; Ann., 624, 37, 1959. 
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These perimeters are cyclic polyenes with 13 and 11 carbon atoms, each 
C-atom carrying one z-electron; Now we add one electron to each cyclic 
polyene. We then have cyclic systems with 14 and 12 electrons respectively. 
Therefore, the molecule I belongs to (4m + 2) class (n = 3) and hence 
aromatic while the molecule II belongs to 4n class (n = 3) and hence non- 
aromatic. 

Craig!? has given a set of rules for aromaticity, based on valence bond 
(VB) calculations. These rules say that if the total VB wavefunction of 
a hydrocarbon in its ground state is totally symmetric, the molecule is 
aromatic; if not, the molecule will not have the aromatic stability and is 
called pseudo-aromatic. It is very easy to apply these rules. A symmetry 
operation which transforms one structure into itself or another is such that 
at least two 7-centres lie on the symmetry axis. The molecule is first labelled 
with equal number of spin symbols « and £ as far as possible. Alternatively, 
different symbols may be given to the ends of all the double bonds, in one 
Kekule structure, as shown below. 


4 j4 
doni 
i 
m ess pe2 
q=0 Iv 222 


Let p be the total number of interchanges of z-electron centres effected 
by the operation, and q be the number of interchanges of the spin symbols. 
If p + q is even the VB wavefunction is symmetric and the molecule should 
be aromatic. If p + q is odd, the VB wavefunction becomes nontotally 
symmetric and the molecule becomes pseudo-aromatic. Thus molecule IV 
is aromatic while molecule III is pseudo-aromatic. There is no obvious 
reason why electronic asymmetry should destroy the stability of a molecule, 
so that Craig's work does not entirely clear up the matter. However, this 
rule works with success and is used to predict whether or not a given 
hydrocarbon is aromatic. i 


D.P. Craig in Theoretical Organic Chemistry. The Kekula Symposium, Butterworths 
Scientific. 
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8.7 Huckel Treatment of the Linear Polyenes 


Let us consider the polymethine dyes of the carotenoid type with N = 2n 


>See CH CH 


number of conjugated carbon atoms. As in cyclic polyenes, one of the secular 
equations [see Eqs. (8.18) and (8.20)] is given by 
Cm-1 + XCn + Cai = 0 (8.62) 
where m — 1, mand m + 1 arethe successive atoms in a chain. We consider 
here a chain of carbon atoms with m — 1 and m — N then 
Co — 0 and Crna =0 (8.63) 
These are the boundary conditions for linear polyene of finite length. We 
therefore look for a periodic solution guided by the fact that for an electron 
in a linear box, the wave functions are of sine and cosine form (see Sec 3.2). 
We assume 
Cm = exp (im0) (8.64) 
where 0 is a constant. Following Eq. (8.62) one obtains 
ei(m-1)? 4 xeimt 4. gim+DI — Q 
embe’ + x + et] = 0 
or . 
x = —[e- + e] = —2cos 0 (8.65) 
Since cos (--0) = cos 4 it follows also that Cm = e~'™? satisfies the Eq. (8.62) 
and that 
" = A exp (im0) + B exp (—im8) (8.66) 
will be a general solution where A and B are the two arbitrary constants. 
Since Co = 0 


A+B=0 (8.67) 
and hence 
Cn = A[exp (im8) — exp (— im6)] 
= 24i sin m8 
= D sin mô (8.68) 


where we write D for 24i. The second boundary condition i.e, Cni = 0 
gives. 

Cni = Dsin (N + 06 = 0 
or 


ll 


sin (N + 18 = 0 
(N--DÓ— km. - (8.69) 
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where k= 0, 1, 2, 3, etc., and 
kr . 
= 8. 
6 Wri (8.70) 
The integer & in Eq. (8.70) may be called the chain quantum number; thus 


for each value of & there is a solution, i.e., a molecular orbital and its 


energy. 
Let us consider the energy levels. We substitute for 9, Eq. (8.70) in 
Eq. (8.65) and obtain 


kr 
X= -2o NFI (8.71) 
i aE 
Since x = B^ we have the k'*^ energy level as 
kr 
k) = fat ae 
Eo a+ 2B cos 5 Ti (8.72) 


Finally, the coefficient of the m'™* atomic orbital in the kt molecular orbital 
is given by (use Eq. 8.68) 


Cm = De) sin [re] (8.73) 


These are the required solutions for all linear polyene chains, no matter 
how many carbon atoms (N) there may be. It should be noted that k — 0 
is not permissible because the wavefunction of polyene then becomes zero. 
Since 7-electrons are present, wavefunction cannot vanish. So the permissible 
values of k in the above equations are 1, 2, 3, etc., or any positive integer. 
The constant Di in Eq. (8.73) can be chosen so as to normalise the MO 
and takes the value Dw = V2/(N + 1). 

Since there are N distinct atoms in the linear polyenes there are N 
distinct solutions or energy levels according to Eq. (8.72). If we try 


D keNcTLh NT... 


we simply find repetitions of the results for k = 1, 2, . . ., etc. Thus, fora 
N-membered linear chain we find N energy levels. These levels are symmetri- 
cally disposed about E = « which is the energy of a z-electron in a carbon 
atom. The energy levels that have lower energies are called bonding MOs 
and those with higher energies are called antibonding MOs. When N is odd 
there is always a solution with x = 0 i.e., E = «. This refers to the non- 
bonding MO. In Fig. 8.8 is shown the distribution of energy levels for a 
linear polyene. As N increases the density of the levels increases. When N 
is very large and k — 1 the energy of the lowest occupied MO is given by 
[from Eq. (8.72)] 


EO —«--28 since cos ( )eeso = 1 


kr 
N+1 
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Fig. 8.8 Distribution of energy levels for a linear polyene of N carbon atoms 


When both N and k are very large, the energy of the highest unoccupied 
MO is given as 


kr 
Ha a — 28: ; EI. 
E¢ « — 2B; since cos (s E i) cos T 1 


Thus as the chain becomes infinitely large we obtain continuous band of 
levels within the width of 48. This should make an infinitely long chain 
polyene a conductor of electricity like metals. But the experimental fact 
suggests that there is always a finite gap between the filled and the unfilled 
energy levels in a long chain polyene. 

Various examples of polyene spectra can be found in the literature!’. The 
longest wavelength band of a polyene can be correlated with the transition 
from the highest occupied MO i.e., # (k = n) to the lowest unoccupied 
MO i.e., (9 (k — n + 1). The energy difference is given by 


AE E Eni beri En 
EN (n + 1) E nt | 
= 26| cos ttt cos T 
t m 
= — 48 sin NED (8.74) 
The wavelength of the lowest energy band is then 
MES EE Lx hc 
A= = AEC OC ABsindel2N + D) G75) 
For large N 
sin [o c3 
(2N + 2) 
tends to 


leves] 


13M. Jaffe and M. Orchin, Theory and Applications of Ultraviolet Spectroscopy, 
Wiley, New York, 1962. 
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hence 
T TEN AD 
Az Dag) aa (8.76) 
The value of £ is usually 25,000 cm~! (he ergs = 1 cm~!) Then, 
108 
XÀ) = — ren at (N + 1) œ 640 N (8.77) 


Therefore, according to Hiickel theory, the wavelength of the longest wave- 
length absorption band should increase with N i.e., chain length. This is 
usually observed when the chain length is very small but as N increases the 
experimentally measured frequencies of maximum absorption appear to tend 


toward a finite limit (v = 18,000 cm-!). In Fig. 8.9 the observed wave- 


numbers (v = v/c) of maximum absorption are plotted against n for linear 
polyenes. This observation suggests that there is a finite energy gap bet- 
ween the filled and unfilled electronic levels as the chain length increases 
indefinitely. 


20,000 


N= 
(Chain length) 


Fig. 8.9 Wavenumbers of maximum absorption plotted against chain length 


A satisfactory explanation of this phenomenon was put forward by Kuhn"* 
who said that in large polyenes the 7-delocalisation is not so extensive and 
that the z-electrons are somewhat clustered in localised regions. He put 
forward that alternate bonds in polyene are actually double (short) and 
single (long). In other words, the real physical situation would be best 
ig e by the classical picture of alterhate double and single bonds as in 

ig. 8.10. 


MH, Kuhn, J. Chem. Phys., 16, 840, 1948. 


mue ura mnie 
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Fig. 8.10 Polyene with the alternate double bonds and single bonds 
The idea of alternate single and double bonds was used by Dewar!’ to 
explain the observed spectra in long chain polyenes. He employed different 
values of B for short and long bonds to obtain the experimental frequencies. 


It should be noted that the bond alternation also exists in infinite cyclic 
polyenes where the unsymmetric structure becomes stable.!5 


8.8 Theory of Electrocyclic Reactions: Woodward-Hoffmann Rule 


Hückel molecular orbital theory, inspite of its empiricism and approxima- 
tions, is capable of providing significant interpretations of chemical reacti- 
vity in organic molecules. A detailed discussion on wave-mechanical theory 
of chemical reaction is beyond the scope of this book. However, we shall 
describe here the great contribution of Woodward and Hoffmann!" who 
have developed, using correlation diagrams, a general rule which enables 
one to predict the possible reaction paths in electrocyclic reactions. The 
basic principle employed by them was that a chemical reaction proceeds 
with the conservation of orbital symmetry. 

Electrocyclic reaction is defined as the formation of a single bond 
between the termini of linear conjugated system and the converse process. 
An interesting example is the inter-conversion of cyclobutene to butadiene. 


H CH. == CH H 

NE WINING or^ CH — CH 
mene arm eem ee 22 IN 
| | CH? CH3 
H H 1 4 


In this process the single 1-4 o-bond in cyclobutene is broken. This bond is 
formed from the overlap of two sp?-hybrids. For simplicity, only the p- 
character of the orbital will be emphasised. We shall deal with only those 
relevant bonds which participate in this reaction. The C-H bonds which 
do not directly take part in this reaction will not affect its course materially. 
In the conversion of cyclobutene to butadiene, o and o* orbitals (i.e. 
bonding and antibonding) of 1-4 c-bond and 7 and a* orbitals (i.e. bond- 
ing and antibonding) of 2-3 z-bond in cyclobutene pass adiabatically to 


15M..J.S. Dewar, J. Chem. Soc., 3544, 1952. 
3L, Salem, The Molecular Orbital Theory of Conjugated Systems, Benjamin, New 
York, 1966, Chap. 8. 
“R.B. Woodward and R. Hoffmann, J. Am. Chem. Soc., 87, 395; 2511, 1965. 
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four 7-molecular orbitals of butadiene [i.e. #1, Jo, 43 and V4 of Eq. (8.53) 
or Fig. 8.6]. The question now arises as to how the orbitals of the two sets 
are correlated. The answer depends on whether the reaction proceeds in 
conrotatory or disrotatory mode (Fig. 8.11). | 


D elt) 


(LA SAS) 
Fig. 8.11- Rearrangement of cyclobutene to butadiene 


Either mechanism assumes that the breaking of o-bond and its rearrange- 
ment to a 7-bond is concerted. Now consider an axis passing through the 
centres of 2-3 and 1-4 bonds in cyclobutene [Fig. 8.12(a)]. A rotation by 
180° about this axis is called a cz-operation and the axis a two-fold axis. 
Clearly, when the reaction occurs in conrotatory fashion, both the reactant 
and the product preserve a two-fold axis of symmetry throughout the 
reaction. In disrotatory mode, a symmetry plane perpendicular to the 
molecular plane as shown in Fig. [8.12(b)] is maintained. A reflection from 
such a plane is called o;-operation. 


95 -plane 


Fig. 8.12 The symmetry elements in the conrotatory and disrotatory processes 
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The c, ox and 7, 7* orbitals of cyclobutene are given by 
o=¢$i +ø v—hcth i 
(8.78) 
ot = bi— bs t= b2— bs 
where 4, 44 are the po-orbitals on atoms 1 and 4 along the direction of 
the 1-4 bond, $2, ¢3 are the p,-orbitals on atoms 2 and 3, the normalisa- 
tion factors being omitted for convenience. A schematic diagram of these 
orbitals is shown in Fig. 8.13. These orbitals may be classified according as 
they are symmetric or antisymmetric with respect to two-fold axis. 
en = cdi + $4) = de += 0:8 
abi — 49 = 4 — $i = =o": A 
col¢2 + $3) = — da — da = —(bs + p) = —7:4A 
em* = cda — d) = —b3 + $2 = mtis 


g 
g4 
Í 


1 L 
Te 


Fig. 8.13 The schematic diagram of a, o* and x, x* orbitals in cyclobutene 


Thus, c and 7* orbitals are symmetric (S) and o*, 7 orbitals, antisymmetric 
(A) with respect to cz-operation. When cz-operation is performed on four 
7-molecular orbitals of butadiene the following results are obtained. 
cuj = ca[0.375(g1 -+ $4) + 0.607(¢2 + 43)] 
= 0.375(—$4 — $1) + 0.607(—¢3 — $2) = —h:4A 
ca2 = caf0.607(¢1 — $4) + 0.375(42 — 43)] 
= 0.607(—¢a + $1) + 0.375(—$3 + $2) = $2: S 
cas = c2[0.607(91 + 44) — 0.375(42 + $3)] j 
= 0.607(—¢4 — 41) — 0.375(—¢3 — 43) = =h : A 
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cal. = col0.375($1 — $4) — 0.607(¢2 — $3] 
= 0.375(—44 + $1) — 0.607(—¢3 + $2) = 44:S 


We are now in a position to draw the following correlation diagram for 
the conrotatory conversion process. 


T:A xdg s, 


For the disrotatory conversion process the correlations are different. 
Thus, eyoperation on the orbitals of cyclobutene gives the following 
results. 


aye = oi + $4) = M + $i = 5,5 
sue lake Hm $5 =o") A 
ont = olh + $3) = $3 + da = 7, S 
oyr* = o(¢2 — $3) = $3 — da = —7*, A 


When this operation is performed on the 7-molecular orbitals of butadiene, 
the following results are obtained. 


ons = Ja, S 
ont, = — Ya, A 
ons = Ys, S 
onpa = —tbs, A 


Hence, we arrive at the following correlation diagram for the disrotatory 
process. 


0 :A- ~~. 
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Having correlated the orbitals of cyclobutene with those of butadiene via 
the conrotatory and disrotatory modes we can now correlate the electronic 
configurations of the two molecules. Clearly, the lowest energy configura- 
tion c?z? of cyclobutene correlates with the ground state JV, of butadiene 
for conrotatory mode and with higher energy or less stable state Ui of 
butadiene for disrotatory mode. It is, therefore, immediately obvious that 
conrotatory route is energetically more favourable than disrotatory one for 
the thermal electrocyclic interconversion between cyclobutene and buta- 
diene. On the other hand, the next excited configuration o?z7* of cyclo- 
butene correlates with the configuration 1/2 4 for conrotatory route and 
the more stable configuration J1/2/4 of butadiene for disrotatory route. If 
electronic excitation of the 7-bond were to initiate the reaction, disrotatory 
mode would be energetically most favourable. Therefore, the reaction path 
depends upon the way in which the reaction is carried out. The very sane 
type of arguments using the Hückel molecular orbitals for the 7-electrons 
show that photochemical and thermal reactions follow opposite routes for 
the interconversion of cyclohexa: 1-3 diene to hexa 1-3-5 triene. Thus, 


N 
Z 


Woodward and Hoffmann have arrived at the general rules for electrocyclic 
reactions: the thermal electrocyclic reactions of a Kz-electron system will 
be disrotatory for K = 4n + 2, conrotatory for K = 4n(n = 0, 1, 2, .. 5 
in the first excited state these relationships are reversed. 


8.9 Self-Consistent Field Method 


Although Hiickel theory is computationally simple, it has many defects. 
These defects arise from the difficulty of giving a precise definition of an 
effective one-electron hamiltonian. An electron repulsion energy term like 
e?/ry depends on the coordinates of both electrons and cannot be replaced 
by any one-electron potential energy term. This failure to consider electron 
repulsion adequately leads to a poor approximation of excited state pheno- 
mena and unmeaningful charge distribution of a molecule in its ground 
state. However, in closely related series of molecules, the neglect of electron 
repulsion may be minimal in its influence, hence sometimes satisfactory 
correlations between some Hiickel calculated and observed properties may 
be obtained. The general situation is, therefore, not encouraging. 

The self-consistent field (SCF) formulation of the molecular orbital 
theory based on the many-electron hamiltonian has been developed by 
Roothan.5 These are simplified by systematic approximation of the 


"WC. C.J. Roothan, Rev. Mod. Phys., 23, 69, 1951. 
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integrals and reduced to expressions involving empirical parameters analog- 
ousto those of Hiickel theory, together with electron interaction terms, 
by Pariser and Parr,!? and Pople.?? 

For a 7-electron system, the hamiltonian operator ‘is expressed in a.u. as 


all electrons , 1 


H- z Hi (core) + = 5z E (8.79) 


The first term in Eq. (8.79) determines the attraction energy of the core for 
the z-electron. This is a one-electron operator as it depends on the coordi- 
nates of one electron only and is given by 


all yen Za 


Hi (core) = —}V? — (8.80) 


Tia 
where Za is the nuclear charge on nucleus, a, ria, the distance of an electron 
i from nucleus, a. Each 1/ri term in Eq. (8.79) involves the coordinates of 
both electrons simultaneously and cannot be evaluated exactly. This term 
can be approximated by considering an electron, say 1 subjected to the 
average field of an electron, 2 which occupies the molecular orbital, say #1. 
This average field is given by 


2 I 
f ro (4) dra 
Since electrons can exchange between the molecular orbitals, this can be 
considered by including the term 


-| «vo (4) an 


These two terms ought to be summed over all the occupied molecular 
orbitals. Therefore the eigenvalue equation to be solved for an electron 1 in 
molecular orbital say (1) is given by 


allelectrons 4 Occ. MOs 
Hi(core)+ 2 (Ji — KD Will) = H) (8.81) 
Wh bs rdi) = { | vay (i)i bun (8.82) 
Reba) = {| sno (4) euo (83) 


The operators J and K are called Coulomb and exchange operators. Since 
each molecular orbital is occupied by two electrons, Coulomb term will be 
double; however, the exchange term will remain a single term as this will 
become zero unless the molecular orbitals 4; and /; refer to the same spin 
functions. The operator on the left hand side of Eq. (8.81) is called an 


19R. Pariser and R.G. Parr, J. Chem. Phys., 21, 466, 767, 1953. 
*»J,A, Pople, Trans. Faraday Soe., 49, 1375, 1953. 
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effective Fock-operator (F) and the eigenvalue equation is simply written as 


Phy = ed (8.84) 
As in simple Hiickel theory, the molecular orbitals are built up in the 
LCAO form as 
all AOs 
w= E City (8.85) 
Application of the variation method leads to a set of secular equations 
which in determinant form are given by 


an — € Bi— Sue Bis — Sne... 


Bia — Sue 22 — € Bos — Sne... iA (8.86) 


where 
«4| FI di? = Fu = % 
(4| F | o> = Fy = Bu (8.87) 
bi | > = Sy 
Evaluation of the diagonal terms, «i, and off diagonal terms, By, gives 
(see Appendix 8) 
a = a (core) + bai < ihi | bids > + m q < $i | dbi > (8.88) 


By = Bu (core) — > pu < bih | drby > (8.89) 


where q; is the total 7-electron density on atom i, py is the móbile bond 
order if i and j are the neighbouring atoms linked directly. «i (core) and 
By (core) are defined as 


all electrons 


a (core) = CH | Z M (core) | 4) >, i=j (8.90) 


all clectrons 


By (core) - €] Z H; (core) | $i > i # J, 


atom i being linked to atom j (8.91) 
=0, otherwise (8.92) 


The integral < ġidi | dif: > in Eq. (8.88) describes the electron repulsion 
between two electrons in the field of the same core, and, (4/4; | dj; > in 
Eq. (8.89), between two'electrons on the neighbouring cores $; and dy. With 
these equations for «s and Ps, the secular determinant is solved for coeffi- 
cients, and hence the charges and bond orders. This set of g and p values 
is used to compute an improved set of «and B values and the process is 
iterated until the convergence is achieved. 
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8.10 Valence State Ionisation Potentials 


Consider an atom in which electrons are placed in suitably hybridised 
orbitals. The atom is then said to be promoted to a valence state. In other 
words, the valence state of an atom is a state which is prepared through 
electronic rearrangement prior to the bond formation. In the localised-bond 
model, a carbon atom in a conjugated system is supposed to be in an sp- 
hybridised state, Such carbon atom is represented by the configuration: 
1s(tr1)"(tr2)"(tr3) (2p)! (8.93) 
where try, tr», trs are trigonal hybrids formed from 2s, 2px, 2py-orbitals. 
One may assume without any serious error that the configuration of a 
carbon atom given by (8.93) is equivalent to that given by 
1s?2s!2p:2p)2p! (8.94) 
because three electrons occupying the hybrid orbitals that have 1/3s and 2/3 
p-characters should be equivalent to one electron occupying the s-atomic 
orbital and two occupying p-atomic orbitals. Thus, the valence state ionisa- 
tion potential of 2p: orbital in carbon is given by the difference in energy 


between neutral carbon in the configuration (8.94) and the ion C* in the 
configuration: 


15225) (2p) (2py)! (8.95) 
Similarly, the valence state ionisation potential of 2s-orbital in carbon is 


given by the energy difference between the configuration (8.94) and the 
following configuration of C*: 


(13 Qp.)Qp)!Qp;)! (8.96) 
The most commonly used values of the valence state ionisation potentials 
are, —13.6 eV for hydrogen 1s, —21.4eV for carbon 2s, —11.4 eV for 


carbon 2p, —26.0 eV for nitrogen 2s, —13.4 eV for nitrogen 2p, —32.0 to 
—35.3 eV for oxygen 3s, and —14.8 to —17.8 eV for oxygen 2p. 


8.11 The Pariser-Parr-Pople Approximation (PPP Approximation) 


The semiempirical methods proposed by Pariser, Parr and Pople!?:29 (1953) 
to.evaluate the parameters «; (core), By (core), the one-center and two- 
center electron repulsion integrals of Eqs. (8.88) and (8.89) are con- 
Sidered in this section. Consider the integral a; (core). This is the energy 
required to remove a 7-electron from the 2px atomic orbital of a carbon 
atom which is linked to three other atoms by bonds. Consider now the two 
ions C+ and C^ formed by adding one electron to or removing one electron 
from this 2p, orbital. The energy required to remove an electron from C 
to form C* is the corresponding valence state ionisation potential Z.. Then, 
by definition, one may write 


a; (core) = — 1. (8.97) 
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The energy liberated when an electron combines with C' to form C- is the 
corresponding valence state electron affinity, Ac. Consider the process 


2C > Ct+C: (8.98) 


The total energy change in this process should equal J. — Ac. But there 
should be ‘an additional energy arising from the mutual repulsion of two 
a-electrons in C^. This is essentially the definition of the one-center integral, 
< didi | didi > for the it carbon atom. While the total energy of two 
n-electrons on two carbon atoms is — 27, the total energy of two 7-electrons 
in C" is 2I, + < pepe | cpe > where $c isa 2ps-orbital on a carbon atom. 
The change in energy involved in the process (8.98) is given by 


Dc + € epe | Pebe >] — 2e 
=I, Ae 
or € bebe | debe > = Ie — Ac (8.99) 


Similar arguments can be put forward for other atoms and the one-center 
electron repulsion integrals are estimated in this way. For carbon, Pariser?! 
obtained the value of 10.53 eV. 

In the work of Pariser and Parr? the resonance integral By (core) of 
Eq. (8.91) was taken to be zero for all orbitals except those on the nearest 
neighbouring atoms. They obtained the value of y for C-C bond by fit- 
ting the observed spectroscopic data to the calculated differences in energy 
between the ground and excited states. Pariser and Parr estimated By for 
C-C bond in benzene at —2.39 eV. 

The values of two-center integrals, i.e., < fii | $j% > depend on the inter- 
nuclear separation Rj. Let us use the symbol Yy for this two-center integral. 
The semiempirical method must obey the following boundary conditions. 
ie., 


Yy = Yu (one center integral) 
| 


Ry > 0 

VES L (8.100) 
Yj = e|Ry i 
Rij > oo J 


This approach is known as the Pariser-Parr-Pople (PPP) approximation. 
Pariser and Parr!? however developed a method of determining the two- 
center electron repulsion integrals suited for z-electron calculations. This 
method is called the uniformly charged-sphere approximation. They sug- 
gested that the charge cloud on each 2p,-orbital could be replaced by two 
spheres each having charge of —e/2 uniformly distributed and the radius, d 
and touching at the corresponding nucleus, as shown in Fig. 8.14. The 
repulsion between these clouds can now be calculated according to 
Coulomb's law. 


IMMO ncs 
“R, Pariser, J. Chem. Phys., 21, 568, (1953). 
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Fig. 8.14 The uniformly charged sphere approximation for 
electron repulsion integrals 


In the case of two identical carbon atoms d; = dj = d, we have, 


Ry Vv Ri + 4d? 
z Ad2\~12 
whe 4d? 8.101 
5 e (ug) ] (8.101) 


where the radius ‘d’ is given by 


4) = 228 (8.102) 
and P js the orbital exponent of the 2pm atomic orbital. For carbon, 
p= 1.59, Pariser and Parr found that Eq. (8.101) is valid for R > 2.8 A. 
For R < 2.8 Å an exptrapolation to the one-center limit is made through 
the expression proposed by Parr” 


€ dui | bibs > = LAC Huds | ibs > + Cb | dh >] 
—aR — bR? (8.103) 


where a and b are determined by parabolic fitting to the values for R = 2.8 A 
and R = 3.7 À calculated using Eq. (8.101). For example, the two-center 


integral between the two 2p,-orbitals of carbon is given by Eq. (8.104) for 


R-—238 A, 
€ di | did; > = 02157 R? — 2.625R + 10.53 (8.104) 


where R is expressed in À aud the integral obtained in eV. Table 8.1 shows 
the values of one-center and two-center integrals between the two 2pz- 
orbitals of carbon for some distances. 


*R.G, Parr, J. Chem. Phys., 20, 239, 1952. 


| 
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Table 8.1 INTEGRALS OVER 2p,-ATOMIC ORBITALS OF 


CARBON 
Integral R(A) Values (eV) 
Chibi | ita > 0.0 10.53 
€ fibi] babs > 1.35 7.38 
1.40 7.30 
1.46 746 
240 5.46 
2.78 4.90 
2.97 4.65 
APPENDIX 8 


In this appendix we shall derive Eqs. (8.88) and (8.89) from the definition 
of Fock Operator Ê. The Operator Fis given by 


all electrons 


if Occ. MOs 
Fs z Hı (core) + z QJ, — Ki) 


We shall neglect the differential atomic-orbital overlap, i.e., 


$id; © 0 
We shall first consider «y: 
aj = < (1) | ÊI 9» 
= (0 I ^ Hi cor) | $1) > + < #0) | 


Occ. M: 


Ban — K) | $0? 
Occ.MOs 
= aj (core) + < 41) | z 24, | (1) > 


Occ.MOs 
—< el) | Z Kil $(1)> (A8.1) 


Now, we shall evaluate the integrals over Jand K separately. 
Occ.MOs 


cse | 24160» = 29 | 727 [| Grade eD > 


For the definition of Í see Eq. (8.82). Using the LCAO form of $i 
[Eq. (8.85)] and neglecting the differential AO-overlap one obtains 


Occ.MOs Occ.MOs 
<a Z 2| $0»-2. 2 C2, C biti | $i 


Occ.MOs AOs 


2 2 Che < did | rhy > 


k#j 
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Occ.MOs 2 
Since qg —-2 EX Ci (see Eq. (8.26)] 
where each molecular orbital is doubly occupied, we have 


Occ,MOs 
(«0| 2 i | $)(1) > — g < br | db > 


+ T ge < rbr | dii» (A8.2) 


Consider the integral over K. From the definition of K (Eq. (8.83)] one 
obtains 


Occ.MOs 
9 172^ x19» 
Occ. MOs 
= C901 °° [ KOWD an» 


Occ. MOs Occ.MOs AOs z 
= Z.C C dhs | br +S, Ck Chbh | $b > 


(A8.3) 


Since the differential overlap is neglected, the second term in Eq. (A8.3) is 
zero. We have then 


Occ, MOs Occ.MOs s 
(«0I È Kl$»- P C lh 


= (1/2g € db) | hh > (A8.4) 
The combination of Eqs. (A8.1), (A8.2) and (A8.4) gives 
aj = o (core) + 1/2g; € duds | $$; > 


AOs 
+ 5 a € debe | bby > 
The derivation of Eq. (8.89) proceeds as follow: 
By = C0 | FL4402 = CA TE Th (Core) | (1) > 

OccMOs | ^ ^ 

+ €9«0 | Z QJ; — K) | &(0 > 

Occ.MOs 4 
= By (core) + € 4i(0 | Z 2J, | $((1) > 

Occ.MOs a 

- (0 72^ Bel D) (A8.5) 


In view of the zero-differential atomic orbital overlap approximation the 


second term in (A8.5) is zero, Consider the integral over K. 


Occ.MOs , 
«DI Z K|9(» 
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Occ.MOs 
=<] 2 f $:(2)4,(2)Iri2 do | p1) > 


Using the LCAO form of /; and neglecting the differential atomic orbital 
overlap, one obtains 


Occ.MOs 4 Occ.MOs 
< ġ(1) | z K: | 401) > = z CyCu (bibi | Hih > 


Since the bond order pi; between itt and j'^ atoms is defined as 


Occ.MOs 
Py = 2 A CuCu 


where each molecular orbital is doubly occupied, we have 


Occ.MOs 
(0| Z Kil)’ = t pu < hihi | hb» (A8.6) 


The combination of Eqs. (A8.5) and (A8.6) gives Eq. (8.89), i.e., 


By = By (core) — 3 pu < dihi | diy) 


PROBLEMS 


. Calculate the total x-electron energy and delocalisation energy in square cyclo- 


butadiene. Show that its ground state is a triplet. 


. Show that in the lowest excited configuration (i.e. visiul)of butadiene the central 


bond is shorter than the end bonds while in butadiene-anion (92241) the bond 
orders become nearly equal. 


. Establish the Woodward-Hoffmann rule for the inter-conversion of cyclopropyl 


cation to allyl cation and that of cyclopropyl anion to allyl anion. 


. Calculate the transition energies for transition from the ground state to the first 


excited singlet and the lowest triplet states of ethylene using the PPP approxima- 
tion. i he value of 8 for ethylene is —3.0 eV for the equilibrium bond length of 
1,35 A. 

Find the energy levels and MO wavefunctions of benzene from Eqs. (8.60) and 
(8,61). Show from Hiickel theory that the x-delocalisation energies in neutral, 
cation and anion of benzene are same. 


. Show that for unsaturated molecules z q, = n, where n, is the total number of 


electrons in the molecule. For definition of q, see Eq. (8.26). 


9 


Symmetry 


9.1 Introduction 


Symmetry is a widely distributed property in nature. The human body is 
symmetric; the left hand side is the mirror image of the right hand side. 
Each wing of a butterfly is the mirror image of the other wing. Thus, a 
plane of symmetry divides the two halves and a reflection in this plane 
transfers the left hand side to the right hand side and vice versa. As this 
operation does not cause any change or deformation in the object, the 
result of the operation is indistinguishable from the original. Such opera- 
tion is called the symmetry operation. There are essentially three funda- 
mental types of symmetry operations—the rotation of the object through a 
definite angle about some axis, the reflection ofit in some plane, and the 
translation of the object over some distance. Of these, the translation opera- 
tion is applicable only to an infinite medium such as a crystal lattice. An 
object of finite dimensions, such as a molecule, can be symmetrical only 
with respect to rotations and reflections. 4 

Symmetry operations in a molecule are carried out with respect to some 
fixed plane or a fixed axis. These features are called elements of symmetry. 
Consider the water molecule as shown in Fig. 9.1. A reflection in the zy 
plane merely interchanges the two hydrogen atoms without disturbing the 
oxygen atom. Similarly a rotation by 180? about the z-axis interchanges the 
two hydrogen atoms so that the result in each case is indistinguishable from 
the original molecule. Thus, the zy plane and the z-axis are the elements of 
symmetry. On the other hand, if a rotation by 180° is performed about the 
x- or y-axis [Fig. 9.1(c) and (d)] then the water molecule becomes distingui- 
shable from the original in the space fixed coordinate system. Hence, the 
x- and the y-axes are not the elements of symmetry and the rotation by 
180° about the x- or the y-axis is not the symmetry operation for the water 
molecule. 


9.2 Various Types of Symmetry Operations 


Although there are two fundamental types of symmetry operations, suchas 


Symmetry 253 


Y z 
Reflection in 
X ————- x 
the zy plane 
Hp Ha 


(a) d io ce (b) 
ne Rotation about z axis 


by 180 


otation about x axis 
by 180° 


Rotation about 
y axis by 180° 


y 7 


Hi Ha Ha Hb 
x x 


(c) (d) 


Fig. 9.1 Symmetry operations in the water molecule 


rotation and reflection mentioned in Sec. 9.1, an examination of different 
molecules reveals that there are essentially four types of symmetry 
operations—rotations, reflections, improper rotations, and inversion—which 
will now be considered in detail. 


Rotations 

A rotation through 27/n radians or 360°/n about an axis is denoted by Cn. 
Such an axis is called the n-fold axis of symmetry. The number n» can take 
any integral value: n = 1, 2, 3, 4, etc. The value n = ] corresponds to a 
rotation through an angle 27, which means doing nothing on the molecule. 
In other words, Ci means an identity operation E which leaves the molecule 
unmoved. The z-axis in the water molecule (Fig. 9.1) is a twofold axis of 
symmetry. A rotation through 27/2; i.e. 180° about this axis is called the 
C» operation. 

Figure 9.2 shows an ammonia molecule that has a threefold axis of 
symmetry, C3. Rotation about this axis by 27/3 (i.e. 120°) may be perform- 
ed in a clockwise or anticlockwise direction. Whilst either operation restores 
the molecule to its original appearance neither result is identical with the 
original so far as the position s of the different hydrogen nuclei are concern- 
ed. The clockwise C3 and anticlockwise C3 rotations must therefore be 
regarded as two distinct examples of rotations about a threefold axis. 

If, however, C; is performed twice, i.e., C2, the molecule is then brought 
into a position identical to that which results from Cj on the starting object 
(Fig. 9.2), i.e. : 
GXG = Ci = C (9.1) 
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C3 C3 
| H N 
£ hoe Clockwise "s Dr 
L^ HU PE Hp! so / 
Hp He 
Anticlockwise Clock wise 


C3 


A | = 
Lo 


Fig. 9.2 The clockwise and anticlockwise rotations about a 
Cs-axis in the ammonia molecule 


However, it may be noted that 
Ci = E = (C9 (9.2) 


Thus, a rotation in a clockwise manner could be expressed in terms of a 
rotation in an anticlockwise fashion or vice versa. It will be, therefore, 
advisable to consider all rotations as being performed in the same sense. 

Figure 9.3 shows SFe (sulfur hexafluoride) that has a fourfold axis of 
symmetry which passes through Fs-S-Fs atoms and is perpendicular to the 
plane of the other four fluorine atoms. It can be seen that successive C4- 
operations (all clockwise) yield four different symmetry operations, Cs, Ci, 
Ci and CÅ. Note that 


C =E (9.3) 
C=C (9.4) 


The fivefold and sixfold axes of symmetry are seen in cyclopentadienyl 
anion CsHs and benzene CsHg respectively (Fig. 9.4). 

Linear molecules, such as acetylene, hydrogen chloride, etc., have an 
infinite-fold axis (Fig. 9.5). A rotation through an indefinitely small angle 
0 about the internuclear axis gives rise to a conformation which is 
indistinguishable from the starting molecule. Such an operation which is 
denoted by Cx is a symmetry operation for diatomic and linear polyatomic 
molecules. 

It should be noted here that a molecule may have two-, three- and four- 
fold axes of symmetry but the axis of n-fold rotation characterised by the 
largest n is called, by convention, the principal axis, 


Symmetry 255 


Fs 
nce er pee 
is Nbr C 3 N J 

1 / Dg y 


Fig. 9.5 An infinite-fold axis in acetylene 
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Reflections 
If the molecule is left unaltered by a reflection in a plane, this plane is said 
to be a plane of symmetry. The plane of reflection is given the symbol c and 
it is evident that a double reflection in the same plane is the identity 
operation, i.e., 

g-—E (9.5) 

Planes of reflection are classified relative to the principal axis of rotation. 
If the plane contains the principal axis, the symbol is c, (vertical plane). If 
the principal axis is perpendicular to the plane of reflection, then the reflec- 
tion on this plane is called c; (horizontal plane). 

Figure 9.6 shows that the ammonia molecule has three while water has 
twoo,-planes of symmetry. In benzene and cyclopentadienyl anion (Fig. 9.4), 
the principal axes are the axes of the six-fold and five-fold rotations respec- 
tively. At right angle to the principal axis is the plane of the molecule itself. 
A reflection in the plane of the molecule leaves the molecule unaltered. 
Hence, both benzene and cyclopentadienyl anion possess a c;-plane each. 


Fig. 9.6 Two c,- and three ¢,-planes in Fig.9.7 One a,~, one oy- and a a plane 
H,O and NH; respectively in benzene 


Besides the c,- and c;-planes, a special class of the o,-plane is found in 
some molecules that have twofold axes at right angles to the principal axis. 
If the planes of reflection bisect the angles between two adjacent two-fold 
axes and pass through the principal axis, they are called o;-plane (d for 
dihedral). In Fig. 9.7 are shown a ca- and a o,-plane in benzene while the 
plane of the molecule itself is a c;-plane. 


Improper Rotations 
Arotation by 2z/n about an axis followed by a reflection in a plane per- 
pendicular to the axis of rotation is called a rotation-reflection symmetry - 
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operation (or improper rotation) and the axis is called a rotation-reflection 
axis and given the symbol Sy. If c; is a reflection in a plane perpendicular 
to the principal axis, then by definition 
Sn = Cntr = G1 Cn (9.6) 
where the order in which the operations C, and c are performed does not 
affect the result. One'can see that this is a new form of symmetry operation. 
When 7 is even, 
Sh = Cro, — EXE — E (9.7) 
Thus, an n-fold repetition of the improper rotation returns the molecule to 
its initial position. If z is odd, then 
Sn = CnXon = EXon= Gk (9.8) 
An n-fold repetition would be equivalent to a simple reflection in a plane 
perpendicular to the axis. 

Figure 9.8 shows the molecule (PNCIZ)s which has the Ss-symmetry. The 
threefold axis of improper rotation is perpendicular to the equilateral tri- 
angle formed by the three phosphorus atoms and located at the centre of 
the triangle. It is to be noted that the two chlorine-atoms bound to a 
phosphorus atom are above and below the plane of the equilateral triangle. 
A rotation through 27/3 (i.e. 120°) about the S3-axis followed by a reflec- 
tion in a plane at right angles to the axis brings Cla to the site of Cls. At 
the same time, other Cl atoms have moved, i.e. Cl; > Cle, Cle — Cla, etc., 
leaving the molecule unaltered. It can be shown that 


S? = S xS = C3; S3 = % 
st = Cy Si = Con S$ = E (9.9) 


Fig. 9.8 Sysymmetry in (PNCle)s 


Inversion : ; ‘ 
An important special case of the improper rotation is the inversion opera- 


tion. It is easy to see that a rotation through an angle 7 followed by a 


reflection in the plane perpendicular to the axis of rotation is inversion. A 
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molecule symmetrical with respect to this transformation is said to have a 
centre of symmetry. The operation of inyersion is denoted by i, so that 


i= Sp = Cw, (9.10) 


In Fig. 9.9 is shown that trans-dichloroethylene has a centre of sym- 
metry while cis dichloroethylene does not. The action of inversion (i.e. i) on 
the trans-compound causes the atom Cla to move to Cl, Hato He and Ce 
to Cy and vice versa and thus, reproduces the original molecule exactly. On 
the other hand, a similar action on the cis-compound causes the atom Cl, 
to move to He and Hy to Cl; and vice versa, and therefore this molecule is 
not symmetrical with respect to inversion. 


S,(ori) 
|l 2 
Cla M ; Cla 


yeg Dee 


He | Clb Clb |! He 


Fig. 9.9 Symmetry operations in cis- and trans-dichloroethylene 


9.3 Point-Groups 


A molecule may have different elements of symmetry such as axes of 
symmetry, planes of symmetry, centre of symmetry, etc. A collection of these 
elements of symmetry constitute a symmetry group. If in an object of finite 
dimensions (say, a molecule), at least one point of the object remains fixed 
when any of these symmetry operations is carried out, then the symmetry 
group is called the point-group. The elements of a point-group obey the 
following rules: 


(1) Each group contains the identity transformation E, called the unit 
element of the group, just as the unit matrix in matrix algebra. 

(2) The elements of a group can be multiplied by one another. By the 
product of two operations we mean the result of applying them in succes- 
sion. It is, therefore, obvious that the product of any two elements of a 
group is also an element of that group. 

(3) If A, B and C are elements in a group then they follow associative 
(but not necessarily commutative) multiplication, i.e. 


A(BC) = (AB)C (9.11) 
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If for all elements 4B = BA, the group is said to be Abelian. 

(4) For each element A, ina group there exists in the same group an 
inverse element A~! which means undoing or reversing the operation repre- 
sented by A. In other words, if A and 4^! are carried out in succession the 
net effect is the identity transformation, i.e. 


AA = A'A =E (9.12) 
We shall now enumerate some important point-symmetry groups. 


C,, Groups 

These are known as the cyclic groups. In the C, groups the n-fold axis is 
the only symmetry operation besides the identity operation, i.e. E. Such 
groups contain z-symmetry elements as 


Cr C. Cha ue Cue E 


Thus, Cı is a point-group without any symmetry operation except E. Ca is 
a group with one twofold axis of symmetry and has therefore the elements 
C» and E. Notice that Cz = E, and Cz 1 — Cz... so that the elements of 
the group C» obey all the four rules of a point-group. The C3 group 
has the elements C3, C$ and C3 = E, The Cs group contains Cs, C = C, 
C2 = C2, = C$, Ck and C — E. One can show that all elements in a 
cyclic group commute with each other; hence a cyclic group is Abelian. 


Cry Groups 

These groups are obtained from the C,-groups by adding a vertical plane 
of symmetry, i.e. ¢,. The addition of one o,-plane may imply the presence 
of another operation if the set of operations has to satisfy the above four 
requirements of a point-group. Thus, in C», to which the water molecule 
belongs (Fig. 9.10), when the C2(z) and ,(xz) operations are carried out in 
succession the net effect is also obtained by o;(yz) on the starting object. 

In algebraic form this is written as 


Cx(z)e«(zx) = os(yz) 


This shows that the Cz» group possesses the elements E, C2(z), ov(yz) and 
oX(yz). In Table 9.1 is given the group multiplication table for the Cz, 


group. 


TABLE9.1 Group-multiplication Table for the Cy, Group 


E Cz) a,(zx) e, (yz) 
Sn L 
E E C: e s, 
Cc) e E 9; 9r 
e,(zx) Or [4 E Cy 
e, (yz) o; 9, C; E 
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Fig. 9.10 Effect of oy and C. on H,O. The subscripts ‘a’ and ‘b’ are added 
to emphasise the detailed effect of the operations 


Table 9.1 shows that for the C2» group, the result is independent of the 
order in which the two operations are carried out. The elements of the 
group therefore commute and the group is Abelian. 

We shall now examine a non-Abelian group, the C3» group. Molecules 
like NH3, PHs, CH3, etc., belong to this symmetry group. This group 
contains, besides the identity operation E, two rotation operators, i.e. Cs 
and Cj, and three vertical planes of symmetry each of which contains one 
of the hydrogen nuclei (Fig. 9.6). If the three hydrogen atoms are labelled 
as Ha, Hs and He then the three o,-planes can be identified as Cra, oro, and 
Oye. It is seen in Fig. 9.11 that 


Chea É Orals 


C3 
LU 


LU 
C3 oz 
/N PUN AN ue re 
He (47b Ha Hp jMa m Ha Hb He 


= [A = A, 


iie Ha 


Fig. 9.11 The o,- and Cyoperations in NH; 
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On the other hand, we find 


C305. = 90,5 
Su C3 = Fre 


The group-multiplication for the C3, group is shown in Table 9.2. 


TABLE 9.2 Group-multiplication Table for the C,, Group 


Second First operation 
operation 2 
E €; Cj Sra 9c Sec 
2 
E E C3 CZ ote 97b Cue 
2 
C3 € c3 E Soc Sea S 
2 2 
Ci C3 E C; [^ Sie mi 
2 
9ta Sra Srb Sre E G c3 
2 
Feb arb Sec Seg C3 E € 
2 
Fee Sve Gra Seb Cs C3 E 


One can infer from the above multiplication table that each reflection 
operation is its own inverse, while C3 2G. 

The point-group Coy has an co-fold rotation axis and an infinite number 
of planes through this axis (Fig. 9.12). 


Fig. 9.12 An infinite-fold axis and an infinite number of 
planes through this axis in an heteronuclear diatomic 
molecule 


A heteronuclear diatomic molecule has this symmetry with the Ca axis 
along the bond. 


C,,, Groups 
These groups contain the n-rotational operators and also the n-operators in 
which each rotation is multiplied, in turn, by 9, as 

Cn, Gs Cc, ... Cn = E, Cron = Sm Cron, Chon. e an 


Thus, Ci; has the elements E and oy. The Cz, group has E, C2, c, and i. An 
example of C2, is trans-dichloroethylene (Fig. 9.9). A Cnr group, therefore, 
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contains 2n-elements. All the elements of such group commute and hence 
it is Abelian. When n is odd, the C, groups do not have the element i, 
while they do when z is even. 


S, Groups 

The S,-group has an S,-axis as its basis. The presence of an n-fold rotation- 
reflection axis implies the presence of other symmetry operations. For 
example, an S4 operation implies a presence of C2 and S3 = S;'. Point- 
groups Sn are defined for even n. Ifnis even, then Sn = C; = E, so there 
will be n symmetry operators but if z is odd then Sn = Cnx op = cy and 
S2" = E and the group will then have 2n-symmetry operators. Since Sn 
(n odd) has both c; and C; = S2*. it becomes identical with Cna (n-odd). 


D, Groups (Dihedral Groups) 

Such groups have n twofold axes, perpendicular to the principal n-fold axis. 
There is no plane of symmetry in this group. D; has the elements E and C2 
and is therefore identical with the C2 group. Dz has E, C$, C$? and cp. 
Ds has two threefold axes Cs and C3 and three twofold axes Cz 'perpendi- 
cular to the Cs axis. The staggered form of ethane has this symmetry 
(Fig. 9.13). 


H 
\ | 
wi [NC 


Fig.9.13 The staggered form of ethane 


The group Ds has two sixfold axes Cs and C$ while C$ = E, two threc- 
fold CÊ = C; and C6 and óne twofold axis C = C». Besides the above, it 
has six twofold axes perpendicular to the principal axis. They are denoted 
by three C3 and three CZ. All these elements of symmetry are shown in 
Fig. 9.14. Thus, the De group has twelve elements. 


Dna Groups 
The addition of ea-operation to D, groups yields the Dna 3 
groups. The ele 
ments of D» are E, CS, C? and CS”. The Daa group will contain, in addi- 
tion to the elements of 
Da, oax E, Cf? X o4 = S4, C? x o4 = Si, and Cf! x oa = ot. 
An example of Dag is allene, H2C = C = CH2. 
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Fig. 9.14 The various two-. fold axes in a Ds group 


D,, Groups 

The addition of a c;-plane to the set of elements of the D, group yields Dna. 
Das is one of the very frequently occurring point groups among mole- 

cules. It is often called Va. It has three mutually perpendicular two-fold 

axes, three mutually perpendicular planes of symmetry and as a conse- 

quence a centre of symmetry. Pyrazine is an example of Das. In Fig. 9.15 

are shown the various elements of symmetry in the pyrazine molecule. 


j 


x 
--|-—vt-H--cC6 N e N 
[ 
1 
N Zl»xy 
Center of symmetry 

P 
us 


a 

2 

9; oy (2) 
Fig. 9.15 The various elements of symmetry in pyrazine 

The point group Diss has one three-fold axis, Cs, three two-fold axes at 


right angles to the former and three planes of symmetry Te through it, as 
well as one o; plane perpendicular to av but no centre of symmetry. 
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The point-group De, is important because it represents the symmetry 
group of the prototype benzene molecule. The addition of a e;-plane to the 
twelve elements of Ds, yields twenty-four elements of symmetry. The addition- 
al twelve elements are obtained by multiplying each of the twelve elements 
of Ds by op. 

The point group Da, has a ©-fold axis Co and an infinite number of 
twofold axes C2 perpendicular to the Co axis, an infinite number of planes 
through the C. axis and a plane of symmetry perpendicular to the Co axis 
which also implies the presence of a centre of symmetry i. Figure 9.16 
shows the various elements of Dc. 


Fig. 9.16 The various elements of Daoh 


lt is to be noted that as with the Cy, group, when n is odd, the Dna 
groups do not have a centre of symmetry but when n is even they do. 


Cubic Point Groups 
The cubic groups differ from the axial point groups in that in cubic sym- 
metry, there is always, more than one axis of order higher than two. For 
example, a cube has three four-fold and four three-fold axes. The three four- 
psa Bors i Fig. 9.17, where C" is 5x eat to the plane 
234, C4" perpendicular to the plane 2387, and C? i 
eae p 4 perpendicular to the 
eu d dedos pied the four three-fold axes of the cube. The axis 
of C3 ses through the points 1 and 6, C$”) passes thri th ints 2 
ons 5, ce through 3 and 8 and C$” daph dud if ae mae 
ere are essentially two types of point groups with cubic symmetry: The 
tetrahedral (T) and the Octahedral (O) groups. — Vd 
The relationship between a cube and a tetrahedron is shown in Fig. 9.19. 
The group T consists of four three-fold axes, Cs, and three two-fold axes Cz 
mutually perpendicular along x, y and z. 
One can show that the elements C; and C2 are two different operations 
(Fig. en while C3 = E. There are therefore four C$ operations in the 
group T. 
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Fig. 9.17 The three four-fold axes in a Fig. 9.18 The four three-fold axes ina cube 
cube 


eu z 


Fig. 9.19 A tetrahedron in a cube 


T4 Groups 
The addition of a c4-plane to T generates the T4 group. Methane is an 
example of a molecule possessing the Tz symmetry. 


TT) Groups 
If a centre of symmetry is added to T the T; group is formed. The elements 
of T, are those of T and also each of those operators multiplied by i. 


O Groups à 
The system of axes of the octahedron group is that of a cube. There are 
three fourfold axes, Cs, which pass through the centres of opposite faces (see 
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Fig. 9.20 The C, and CG operations on a tetrahedron 


Fig. 9.17), four three-fold axes through opposite corners (Fig. 9.18) and six 
two-fold axes through the midpoints of opposite edges. The system of axes 
is shown in Fig. 9.21. It can be shown that Cs and C3, C4Cs and C4 are 
different operations. Hence, there are altogether twenty-four elements in 
the group O : E, eight C; and C3 rotations, six C4 and Cj rotations, three 
Ci and six C2 rotations. 


Fig. 9.21 A Cy, a Cı- and a Cy-axes in a cube 


O, Groups j 

This group is generated from O by adding a centre of symmetry. Thus, the 
three-fold axes in the group O are converted into rotatory-reflection axes 
of the sixth order. In addition, another six planes of symmetry appear 
passing through each pair of opposite edges and three planes parallel to the 
faces of the cube. Thus the group Oa contains 48 elements. Both the cube 
and the regular octahedron have this symmetry. Numerous octahedral 
coordination complexes are examples of this point group: 


SiFs?, SFe, PbCls*, Fe(CN)s ‘> Mo(COJs, etc. 
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I Groups (Icosahedral) 
These groups have five-fold axes in addition to three-fold and two-fold axes. 
The addition of a 9,-plane perpendicular to the two-fold axes leads to a 
centre of symmetry and the group is then called the J, group. Such groups 
are of rare occurrence in chemistry and are found among some boron 
compounds. 4 

The above point groups are of importance in chemical problems. In 
crystals, only axes of order n = 1,2, 3, 4, 6 occur, so that most of the 
above point groups fall into the 32 crystallographic point groups; Cn, Sn, 
Cuv, Cui, Dns Dua; Dnis T, Ta, O and On. 


9.4 Properties of Point-Groups 


The point-groups are studied with the help ofthe general mathematical 
technique called group theory. Let G be some group with g elements. 
Suppose, some set of elements, say Hi, H2, .. . Hi, which are present in G 
are found to obey the four rules of a point-group (see Sec. 9.3). Then, these 
set of elements Hi, H2, ... Hn form a subgroup H. The number of ele- 
ments ina group or subgroup is called the order. Now take an element F, 
of the group G, which is absent in the subgroup H and form the products 
FH, FHo, . . . FHn. They must allbe in the group G but not in the sub- 
group H. If FHi = H; were one of the members of H then F — HjHi! 
should also be in the subgroup H according to the rules (see Sec. 9.3). This 
is contrary to our assumption concerning the selection of F. We have thus 
found 2h members of the group G. If 2h « g, it will be possible to find 
another element D not present among Hi, Ho, ... Hy nor among FH;, 
FHo, ... FH. Repeating the same arguments we obtain h new elements 
DHi, DHa, . . . DHn. Since the group G is of finite order, i.e. g, this proce- 
dure will end until 
kh = g (9.13) 
where k is an integer. Thus, a group of six elements, for example, can only 
have subgroups of order either one or two or three. 
We shall now introduce the concept of conjugate elements. Two elements, 
say A and B, of a group are said to be conjugate if 
A= X-1BX (9.14) 
where X is another element of the same group. Such transformation is 
known as similarity transformation. If we multiply 4 on its left by X and 
on its right by X^! and do the same on the right hand side of Eg. (9.14), we 
have 
XAX^ = XX-!BXX^! (9.15) 
Since XX-! = E, one may write Eq. (9.15) as 
XAX = B (9.16) 
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In other words, the conjugate property of A and B is mutual. A complete 
set of elements, such as A, B, C,... etc. of a group, which are mutually 
conjugate with each other, is called a class. Each class is completely deter- 
mined by any one element of it. For example, if an element A of a group 
is known we obtain the whole class by forming the product XAX^! where 
X is successively every element of the group. The unit element E of any 
group is a class by itself, since for every other element of the group 
XEX-! = E. It is important to note that a class of a group is not a subgroup 
because a class does not have to contain a unit element. 

We can now show that the C3, group which has six elements (see Table 9.2) 
has three classes of operations. The identity operation E is a class by itself. 
That C; and C3 form a class can be shown by examining their similarity 
transformation (Eq. 9.14) with every other element of the group (see Fig. 9.11 
and Table 9.2). 


E-!CjE = EGE = Cs 
C3'CsC3 = GGO = GG = Cs 
(OOC = GOC = 6G = 6E = Cs 

Gja C30 ra = Calva = rave = C3 

O75 C30 ub = 049. = Ci 

Gr. C30 ce = Feeds = C3 
Similarly, the similarity transformation of C$ by E, C3 and C$ gives C3 and 
by Ora, c.) and oy gives Cs. Therefore, G and C; are conjugate and the 
members of the same class. In an exactly same manner, the three o,-planes 


can be shown to belong to a class. The three classes of the C3, group are as 
follows: 


E, (C3 and C3, (Gea, 9:5, Ove) 


They can be written as E, 2C3, 30,. 

We shall now introduce the concept of isomorphism. Two groups G and 
G' of the same order are said to be isomorphous if we can establish a one 
to one correspondence between their elements such that, if the element A 
of the group G corresponds to the element A’ of G', and B of G to B' of 
G', then AB corresponds to A’B’. Two such groups have identical properties 
though the actual meaning of their elements may be different. 


9.5 How to Determine the Point-Group of a Molecule? 


The first stage in the application of the theory of symmetry in a molecular 
problem is to establish the symmetry point-group to which the molecule 
belongs. In order to establish the point-group the following rules are 
important. 
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(1) There are three special groups which do not have any unique axis 
of high symmetry. They are tetrahedron, Ta (e.g. CH4), the octahedron. 
On (e.g., Fe(CN)e 4) and icosahedron, J; (e.g., boron compounds, BsHiz)). 

(2) Ifa molecule does not belong to any of the special groups, we look 
for an axis of symmetry. If it has none, it may have a mirror plane (C14) 
or a centre of symmetry (S2). If it has no symmetry at all, the point group 

. is Ci. 

(3) If the molecule has axes of rotation, Cn, locate the axis of the highest 
order. This will be the principal axis. Sometimes there may be no unique 
principal axis but instead three mutually perpendicular C2 axes (e.g, 
naphthalene). In this case one of these axes is arbitrarily chosen es the 
principal axis. 

(4) If the molecule has the axis of improper rotation Sa where n is twice 
the order to the principal axis, then the group is S; provided there is no 
other symmetry element except perhaps an inversion. 

(5) Next, look for n twofold axes of symmetry perpendicular-to the 
principal n-fold axis. If these are present the group is D, if not, it is C. 

There are three types of the D-groups: (a) If there is no mirror plane, 
the group is Dn (D2: twisted ethylene), (b) If the mirror plane is perpendi- 
cular to the principal axis, the point group will be Dan (e.g. Den: benzene), 
(c) If there is no e; plane but there are planes that contain the principal 
axis and also bisect the angle between any two of the n-fold axes perpendi- 
cular to the principal axis (i.e. ou plane) then the point group will be Dna- 

There are also three types of the C-groups: 


(a) If there is no plane of symmetry the group is Cn, 
(b) If there are o,-planes, the group is C»; (Cz: ammonia), 
(c) If there is a horizontal plane, the group is Cy; 


(6) Linear molecules belong to infinite or continuous point-groups which 
are of two kinds: Cay has no centre of symmetry (e.g. HCN, HCl). Don has 
a centre of symmetry (e.g. CO», O2, N2). 


9.6 Representations of Groups 


Let us consider the Cz, group to which the water molecule belongs. There 
are four symmetry operators in the Cz, group, i.e. E, Cx), o«(xz), oX(yz) 
(Fig. 9.22). 
Consider the effect of the various operations on the 2s, 2px, 2p, and 2p: 
orbitals of the oxygen atom. They are as follows: 
E25 = 2s,  Cx(2)2s = 2s, ` o(xz)2s = 25, of(yz)2s = 2s 
E2p, = 2px, Cr(z)2px = — 2ps 


o,(xz)2px = 2px. oXyz)2ps = — 2px 
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2Px 
?Pz 


Fig.9.22 One 2s- and three 2p-orbitals of oxygen in H,O 


E2py = 2py, CY(z)2py = — 2p», 
o.(xz)2p, = — 2py, eXyz)2py = 2p» 
E2p: = 2pz, C2(z)2p: = 2p:, 
o,(xz)2p: = 2pz, o(yz)2p: = 2p: 
Thus, we see that the effect of the various operators in this case is to restore 
the orbital to its original position either with or without a change of sign. 
This is same as multiplying the orbital by —1 or by +1. When the orbital 
is multiplied by +1, the orbital is said to be symmetric and when it is 
multiplied by —1, it is antisymmetric with respect to the operation in 
question. In other words, the effect of operators of the Czv group on the 
oxygen orbitals can be summarised by the following set of numbers 
(Table 9.3). 


TABLE 9.3 Effect of Operators of Cay on the Oxygen Orbitals 


E C.) ox(xz) a(z) 
2s 1 1 1 1 T, 
2px 1 -1 1 =f D: 
2py 1 -1 2y 1 P 
2p: a 1 1 1 T. 
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Thus, each orbital is characterised by a set of numbers. The orbitals 2s 
and 2p; are characterised by the: set of four numbers +1, +1, +1, 4-1 
which means that these two orbitals are totally symmetric in the Co, group. 
According to the: group multiplication table (Table 9.1) we see that 
0,05 = Ch, then if an orbital is symmetric under c, and antisymmetric under 
o, it must be antisymmetric under C». This is shown above by the behaviour 
of the 2px and 2p, orbitals. 

Any set of numbers which multiply according to the group multiplication 
table is said to form a representation of the group. A representation is 
denoted by T and Table 9.3 shows three representations of the Co, group 
because l' and T4 are the identical set of numbers. There may be sets of 
matrices which satisfy the group multiplication table. For example, if the 
various operations of Co, are carried out on the two hydrogen 15 orbitals, 
Haand Hs, we can generate the following set of two-dimensional matrices 


(Fig. 9.22). 
Ain) = (ous can) = o 2] 
cofa) = (Di. som) = (i 9a) 
ocala) = (Conn t Coda) ~ o 2) 


odoin) = (es ton) (i oos) 


The set of matrices, 


E ` mon ee?) eon 
UG Ue a) bab irn 


satisfy the group multiplication rule of the Cz, group, For example 
( i) [ ) A ( )) 
0- 1^ M20] O 


ie. oop = C2 


Hence, the above set of matrices forms a representation of the C», group. 
The set of numbers in Table 9.3 shows the special case where the matrices 
are one-dimensional. 

The representation of a group is, therefore, a set of matrices which 
express mathematically the operation of a group on a function or a set of 
functions. Thus we can see that it is possible to generate as many represen- 
tations as we like depending on the particular set of functions initially 
chosen; but there are, however, only a finite number of representations that 
have a special significance. These representations are called irreducible 
representations, It is possible to draw an analogy between a representation 
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and a vector. In a three-dimensional space, one can imagine infinite number 
of vectors but each such vector can be expressed as a linear combination 
of only three orthogonal vectors. Similarly, for a finite group, any represen- 
tation of the set of numerous representations can be expresssd in terms of 
the finite number of the irreducible representation as 


T= arD + rO + GTO +... cro (9.17) 


where Ci; C2, . . . are either positive integers or zero, TO is the i'^ irreduci- 
ble representation. 

The method of breaking down a representation is by means of a similar- 
ity transformation. Suppose a representation of a finite group has been 
found, consisting of matrices (A), (B), (C), (D), each matrix being of 
dimension n. If there'is a similarity transformation by a matrix X such that 


Ai 0 
XAX = 
0 A2 


Bı 0 
X-!BX = etc. 
0 Bài 


where Ai, Bi... are of dimension m(m < n) and 42, B2, . . . are of dimen- 
sion (n — m), then the matrices A, B, etc., are said to be reduced. If Ai, Bi, 
etc.,and A2, B», etc., cannot be reduced further by a similarity transforma- 
tion, then these sets of matrices form the irreducible representations. 

A criterion for reducibility or irreducibility of a matrix representation is 
provided by Schur’s lemma. It says that, if there exists a non-constant 
matrix, i.e, one, which is not a simple multiple of the unit matrix, that 
commutes with all the matrices of a representation then the representation 
is reducible. 

Let the set of matrices E, Ai, 42, - . . An forma representation of a group 
with E being the identity matrix. Let M be a Hermitian matrix which 
commutes with every matrix of the representation, i.e, 


MA; = AiM (9.19) 


Any Hermitian matrix can be diagonalised by a similarity transformation. 
Let us assume that the diagonal matrix is D and the transformation matrix 
is X, then 


(9.18) 


D = X-IMX (9.20) 
Equation (9.19) may be written as 
MXX^Mi = AiXYAM (9.21) 


Since the matrix equation is not affected by a similarity transformation, 
we may write Eq. (9.21) as 


XC(MXX^4)X = X (4XX-1M)X 
or (X MX)OCMIX) = QC UGX)YX-!MX) 
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or DA = AiD (9.22) 


where the similarity transformation of Ai with ¥ is Aj. Thus every matrix 
Ai, A>, .. . An of the representation commutes with a particular diagonal 
matrix D, The matrix equation (9.22) can be expanded as 


Du 0 0 073 ‘Att ptum 


0 Dat qx Oxo E Az, 
0 0 D3 . i BE 
ite Und Di POE 4 e 
=| An A2 0 Joy tectis ste 
MA 0 0 Ds .-.* 
| Dudi Du4i2 . « AuDu — AiDa... 
wa Dndà — Dad... | 7| 4hDu ^ 4mDa.-.: (9.23) 


Under two conditions, Eq. (9.23) is valid: 

1. Du = Dz = D3 =... in which case the matrix D is a constant 
matrix. Or 

2. All the off-diagonal elements of A’, i.e. Aia, Art, etc., are zero, in 
which case the matrices A1, 42, . . . An are reducible. The matrices 4; are 
reduced by a similarity transformation with a matrix X which also 
brings the commuting matrix M into diagonal form. Thus, the Ai consist 
of nonzero diagonal elements and. zero block diagonal entries such as in 
Eq. (9.18). 

For an Abelian Group (such as Ca.) every element commutes with every 
other element. Thus such group must be represented by diagonal matrices 
since only sets of diagonal matrices will, in general, commute. The represen- 
tations must be one-dimensional because a set of diagonal matrices of 
dimension greater than one will commute with a nonconstant diagonal 
matrix, in which case the representation will be reducible according to 


Schur’s lemma. 


9.7 The Character 


Jements of a square matrix is called the character 


The sum of.the diagonal e 
and is denoted by the symbol X. The character of a matrix is not altered by 


similarity transformations. For example, 
X-AX =B (9.24) 


If B isa nxn matrix, then 


xa Em (9.25) 
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where Buis a diagonal element. 
n nnn 
Xp = X Bu = X ZE X7’ Aka (9.26) 
po oq ijk 


Since the matrix elements are scalar numbers, their order of multiplication 
will not matter. Hence, we write Eq. (9.26) as 


nn 
Xp) = ESE XuXy' Ajk 
ki j 
nn n 
Tan by Aj = z Akk = XA (9.27) 


where ôx; is Kronecker's delta such that 
8y—0 kzj 
=) bik =f (9.28) 
Therefore, the matrices that correspond to the operators belonging to the 
same class in a group have the same characters, 


9.8 Some Important Theorems Concerning the Irreducible 
Representations and Their Characters 


If two irreducible representations differ only by a similarity transformation 
they are said to be equivalent. The nonequivalent irreducible representations 
are an important characteristic of a group and play a fundamental role in 
all quantum mechanical applications of group theory. We shall now list, 
without proof, some important theorems concerning the irreducible repre- 
sentations and the characters of the matrices that form the representations. 

I. The number of irreducible representations is equal to the number of 
classes of the group. 

If. The sum of the squares of the dimensions of the irreducible represen- 
tations of a group is equal to the order of the group, i.e. 


R+b+B+...R=h (9.29) 


where l; is the dimension of the i'* irreducible representation, T; and / is 
the order of the group. 


Mi. The matrix elements of any two non-equivalent irreducible represen- 
tations T; and T} satisfy the orthogonality relation 
Z Ti(R)nn'V (hilt) T{R)paV Gh) 


= 8 Smp3ng (9.30) 
where R is an element of the group, /; and /; are the dimensions of J’; and 
Ty. It is to be noted that 8j = 1 if i =j, 8 = 0 otherwise. 
Equation (9.30) covers three different cases: 

(a) If T; and T; are different, 8; = 0 then 


Z TAR) nl (Rp, = (9.31) 


ine EE 
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(b) If T; and Ty are the same, 9j = 1, butm # pand n # q then 
2 (RT (re =0 (9.32) 


(c) If i= j, m = p,n = q, then 
Z LR) nal (Rn =hlh (9.33) 


We, therefore, see from the above relations that the matrix components 
D(R)m, D(Ra)nn ++ Ti(Ridmn of the h elements of the group can be 
regarded as the components of an h-dimensional vector which is orthogonal 
to anyone of the vectors obtained. by a different choice of the subscripts m 
and n, as well as orthogonal to any of the similar vectors obtained from a 
different irreducible representation of the same group. If there are n such 
irreducible representations, each of dimension /, there are li + Bheda 
such orthogonal vectors. But it is possible to construct only / orthogonal 
vectors in an /i-dimensional space. Hence 


RETIA 
Thus Eq. (9.29) follows directly from Eq. (9.30). 
IV. Let us consider the relation 
2 TR) mm (R)pp = (hl) ymp (9.34) 


Suniming over m from 1 to l; and over p from 1 to /j, one gets 


rm 
23489) = MDa Z, Zo, 


hi 
= (I), Z 1 = hy (9.35) 
uc 


Ifi = j, we have 
Z | X(R) P =h (9.36) 


Thus, we see that the characters of the matrices of the irreducible represen- 
tations form sets of orthogonal vectors and the Jength of each such vector is 
41/2, We also notice that the relation (9.36) can be used as a criterion of 
the reducibility of a representation. For a reducible representation the sum 
in Eq. (9.36) is always greater than A. s 

Equation (9.35) can be used to decompose any reducible représentation 
into irreducible ones. Let X(R) be the character of an operation R of a 
reducible representation. Then 


x(R) = ZaX(R) (9.37) 


where a; is thc number of times the it" irreducible representation occurs in 
the reducible representation. Multiplying each side by x(R) and summing 
over R one obtains from Eq. (9.35) 


z x(R)x;(R) = Z z aix(R)x(R) = ajh (9.38) 
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So that 


ay = F E (RW) (9.39) 


9,9 Character Table for Point Groups 


For most chemical applications, it is sufficient to know only the characters 
for each of the symmetry classes of a group. A character table is a collec- 
tion of such data for all irreducible representations of the group. A few 
character tables for some common point groups that are used in chemistry 
are given in Appendix 9. A character table for any group can be obtained 
by application of the four important theorems I-IV discussed in Sec. 9.8, 
along with the knowledge of the complete multiplication table for the 
group. The labelling of the irreducible representations is done according 
to the following general rules on nomenclature: 


(1) A and B are used to label irreducible representations of dimension 1, 
E and T to label those of dimension 2 and 3 respectively (sometimes F is 
used instead of T). The nomenclature E here should not be confused with 
the identity operation. 

(2) Ais used when the character for the rotation about the principal 
n-fold axis is +1 and B when it is —1. In other words, A stands for 
‘symmetric’ and’ B for ‘antisymmetric’ to such rotation. 

(3) If the molecule has a centre of symmetry, the subscripts g and u are 
used to label the representations that are respectively symmetric and anti- 
symmetric to inversion. 

(4) The subscripts 1 and 2 are used to denote the representations that 
are symmetric and antisymmetric to reflection in a o,-plane. 

(5) The superscripts ’ and " are used respectively to denote the representa- 
tions that are symmetric and antisymmetric to reflection in a c;-plane. 

The characters of the irreducible representations of most point groups 
are integers. However, for certain groups, particularly the C, groups, 
complex characters occur and hence for such groups the irreducible repre- 
sentations can be taken in pairs. In other words, the characters of one repre- 
sentation become the complex conjugate of the corresponding characters of 
the other representation. Such a pair of representations is equivalent to a 
doubly degenerate representation. 

Consider a cyclic group Cn, where each element commutes with every 
other. It follows, therefore, that each element of a cyclic group is a class by 
itself. For the C, group there are n elements, i.e. Cj, C2, C3, . . 5 Cn, = E, 
and therefore there are irreducible representations (see Theorem I in 
Sec. 9.8). According to Theorem II of Sec. 9.8, i.e. 


ÉTÉT...R- 


enba ees ORAE 


eee 


MRP er ns Fee 
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each of the n representations will be of dimension one so that each repre- 
sentation is a character. Since the character of the identity operation E 
must always be one for one-dimensional representation and Cn = E, we 
have 

(Xc.)" = xe = 1 (9.40) 
That is, xc, must be equal to the n'^ root of unity. Such numbers are in 
general complex and lie on the unit circle in a complex plane and have the 
form e. 


(xc,)" (e) = 1 = emm (9.41) 
where m is either zero or any integer. Therefore, 
nó = 2nm 
$ = (27m/n) (9.42) 
or Xe, = eim Im (9.43) 
The character for Cy will, therefore, be given as 
XE) E enint (9.44) 


Thus, the characters for the different representations are obtained by setting 
m — 0, 1, 2,... etc., while the characters for the different elements arc 
obtained by setting k — 1, 2, 3, etc. 

Let us take, for example, the C; group which has the elements Cs, G 
and Ci = E. There are three irreducible representations. One representa- 
tion is obtained by setting m =0,n = 3 and k = 1,2, 3 for the three 
elements, in Eq. (9.44). We then have 

AGG=E 

| Dass Tap, | 
The second representation is obtained by setting m = 1,n=3andk = 1, 
2, 3 for the three elements. They are 


3 
[o G Q=E 
eam 13 etri eri 


The third representation is obtained by setting m = 2, n = 3 and k — 1, 
2, 3 for the three elements. They are 
C; G G-E 
etri LUE eri 
Since e^ = cos 0 -+ isin 0, one can readily show that 


gm em] (9.45) 
If we use the symbol e for e?"/? then 
e = cos 27/3 + i sin 27/3 (9.46) 


One can write 
etril = cos (7 = z) + isin (7 = 2) 
= cos 27/3 — isin 27/3 = «* (9.47) 
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Similarly 
e&t/3 = cos (2m +.27/3) + 4 sin (27 4- 22/3) 
= tos 27/3 4 i sin 2/3 = e (9.48) 


Using, Eqs. (9.45)-(9.48), one can now write down the character table for 
the Cs group. It is given in Table 9.4, where two complex conjugate repre- 
sentations T2 and I’; are bracketed together and given the label E. 


TamLE9.4 The Character Table for the Cy Group 


E €, c2 

Ans Pl 1 1 1 
T2 1 € e* 

E r3 1 eo € 


It should be noted that in the Cs group (in fact, in all Cn groups) the 
doubly degenerate representation is separable into two one-dimensional 
representations as shown in Table 9.4. 

We shall once again illustrate the above principles in constructing the 
character table of the point group C3.. This group contains six elements 
divided into three classes and their multiplication table is recorded as 
Table 9.2. 

Since there are three classes, according to Sec. 9.8, Theorem I, there should 
be three irreducible representations whose dimensions, A, b, l satisfy 
(Sec. 9.8, Theorem I). 


R+B+h=6 (9.49) 
It is easily seen that the set of integers that satisfy Eq. (9.49) is 1, 1 and 2. 
We conclude that C3, has two one-dimensional and one two-dimensional 
irreducible representations. 

It should be remembered that the character of any element belonging to 
One-dimensional representation can be either +1 or —1 and the character 
of the identity operation, E of one-dimension must always be +1. For the 
C3, group there are elements E, Cs, C3, c.a, v. Oy. According to the 
multiplication table (9.2), we see that 


Ga" Ora = E (9.50) 
Hence 


X9 = Xe = 1 
or 


X Ga = +1 (9.51) 


In other words, the character for any v. element of C3, is either +1 or — 1. 
The operators C; and Cj multiply as 


C3:C3 = Ci (9.52) 


ne, at E os 
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Since C2 belongs to the same class as Cs, We have 


Qe? = Xes (9.53) 
or Xea ea — 1) = 0 
ie. X4 = Lord (9.54) 


Since the value of Xe, being zero is ruled out for one-dimensional repre- 
sentation, Xc, must always be +1 for all one-dimensional representations. 
The characters of two one-dimensional representations are therefore obvious 
and they are shown in Table 9.5. 


Taste 9.5 The Character Table of Cay 


E 26; 3e, 
WS) toast! poire eee to eruere ned. fed eec ns 
FRE 1 1 1 
A, T2 1 1 El 
E T3 2 A 0 


QE [300 eem RA 


The characters of the two-dimensional representation of C3» can be de- 
duced by invoking Eq. (9.35) and from a knowledge of the characters of 41 
and A2. If we treat the characters X3(R) for the two-dimensional representa- 
tion as unknown, then from Eq. (9.35) we get 


Z X,(R)X3(R) = 0 
R 


1e: X3(E) + 2Xx(C3) + 3X(e)) = 0 (9.55) 
z Xa(R)X3(R) = 0 


ie. XX(E) + 2X3(Cs) — 3x3(¢,) = 0 (9.56) 
From these two equations it is obvious that X3(¢,) = 0. Since the identity 
operator E for any two-dimensional representation must be given by the 
following matrix 
1 0 
E= (0 34 


its character must be +2. Hence from Eq. (9.55) or (9.56) X(C) = — |. 
Thus we have found the set of characters for the two-dimensional repre- 
sentation of Cs». It should be noted that, unlike in the Cs group, this two- 
dimensional representation of Cs, cannot be separated into two one-dimen- 


sional representations. 


9.10 Symmetry Properties and Quantum Mechanics 


The quantum-mechanical applications of the symmetry properties of mole- 
cules are based on the fact that the Schrödinger equation for a molecule is 
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invariant with respect to symmetry operations. Consider the Schródinger 
equation 

Hl, = Eni (9.57) 
for some molecular system. Let R be any symmetry operation belonging to 
the point group of the molecular framework. For example, in H20, R could 
be a reflection in a c,-plane which interchanges the hydrogen atoms. An 
interchange of two hydrogen atoms will not certainly change the potential 
field acting on the electrons, so that the electronic Hamiltonian of H20 
should remain invariant under such an operation. If H is invariant under 
the operation R, then H and R commute, so that 


RH}; = HRY; = E(Rpi) (9.58) 


Thus, the function Ry; is also an eigenfunction of H with the same 
eigenvalue Ej. If #4; is a non-degenerate eigenfunction then Ri; = Ky; where 
K is a constant. In order that Ry; be normalised, i.c. 


K2| i dr =1 
K=+1 (9,59) 


If E; is n-fold degenerate, and suppose 49, uL. ff? 


eigenfunctions of H having the common eigenvalue E;, then 
HYP = Eph”, Hf? = EWP, ... Hif = Epi? (9.60) 
Since H is a linear operator, any linear combination of ‘Se yi”? 
is also a solution of Eq. (9.54) with E = E i.e. 
H(Culi? + Cof? H... Cibi?) 
= ElCulf? + Calf? +... Codi] (9.61) 


Therefore, the operation of R on any member, say 4$, of the degenerate 
set will send it into a linear combination of members of the set, i.e. 


w@ n [0] 
Rh = A aiibi (9.62) 


where aj/'s must satisfy the boundary condition 


are the 


à 
PA ai; = 1 (9.63) 


Similarly, for another operation of S of the group, we also have 
(O) H [7] 


Shi = , bul S (9.64) 


Thus, d matrices formed is the coefficients in the expansion of RYP 
and SY}, etc., form a representation of the group of operations which leave 
the Hamiltonian unchanged. The set of eigenfunctions JC, ics Jf? is 

said to form a basis for a representation of the group, since the E ieu 
tion is generated by the application of operations R, S, etc. Thus, we have 
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established a relation-between the wavefunction of a molecule and its sym- 
metry. The wavefunctions which belong to the energy level E; of a molecule 
form a function space which gives rise to a representation T; of the point 
group of the molecule. The question now should be asked whether I’; is 
reducible or irreducible. It is generally assumed that such representation is 
irreducible. Thus, all possible wavefunctions of a molecule must form bases 
for some irreducible representations of the point group of the molecule. 
Since the character tables give information about all possible irreducible 
representations of the molecular point groups, we can use them to construct 
the possible wavefunctions of a molecule and their properties. 


9.11 Applications 


A. (Construction of molecular orbitals of ammonia) 


We shall now consider an example from the Cs, group and show how the 
molecular orbitals of NH3 can be formed. A first step. is to take a linear 
combination of the hydrogen 1s atomic orbitals which transform like, the 
irreducible representations of the C3, group. We label the three hydrogen 
1s-orbitals (Fig. 9.23) as $a, d» and $c which form bases for a new represen- 
tation, For the identity operator, all three are unchanged and therefore 
X(E) = 3. For a C; rotation, all three orbitals change their positions, ie. 
da — $6, do > 4. and ġe — $a. 


$a ZLxy 


x Fig. 9.23 The hydrogen 1s orbitals in 
Pp NH, and the system of 
axes. 


$c 


In other words, the matrix equation for the C3 rotation is written as 


[^ 0 1 0/5. 
Cj do | =| 9 0 1 Po 
$e A1 0 0/\ be 


Hence X(C3) = 0. For each reflection there is one function that is unchang- 
ed. For example, dra leaves $a unchanged but interchanges d» and $c (see 
Fig. 9.12). Hence, the matrix equation for the ora operation is given by 


ba 1° 0 O0\/ $a 
ed dmi 0x De EA E 
$c Os d EENG 
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and.X(o,) = 1. The character of the new representation I’ is, therefore, 
given as oit 


Maite to 0 1 | 


We shall now find the component irreducible representations in this 
representation I’, For this, we will recall Eq. (9.39) and the Table 9.5. We 
have 

a(A1) = 1/6[3X1 + 20x D) + 3(1x1) = 1 

a(42) = 1/6[3x1 + 2(0x 1) + 3(1x—1)] = 0 

«(E) = 1/6[3x2 + 2(0x —1) + 3(1x0)] = 1 
where a(T';) is the number of times the irreducible representation T; occurs 
in the representation I’ above. Thus P = A; + E. 

The next step is to generate symmetry-adapted functions which transform 

as A; and E. Take one function, say $a of the basis. set and operate on it 
with each of the' operations of the group; multiply the result of each 


operation by the appropriate character of the irreducible representation and 
sum the result. That is, 


fi = z xi(R)(R¢) (9.65) 


where /; is the symmetry-adapted function which transforms like the ith 
irreducible representation. To illustrate this technique, we operate on $c 
with the various operations of the C3, group. 

E, RO SS Grapes NR ARAN His 


Operating on $a: $a po $c $a $c $5 
Therefore, from Eq. (9.65) and Table 9.5, we obtain the wavefunction of 
the 4; symmetry as 
J(A1) = $a + $6 + be + da + pe + $5 


This is an unnormalised function. After normalisation this gives 


WA) = 1V3 (a + do + 4.) — (9.66a) 
It should be noted that the same result is obtained if one works with d» 
or $c. 

For the function of the E symmetry, we need two components. Following 
the same procedure as for Ai, i.e. using Eq. (9.65) and the set of characters 
for E from Table 9.5, we get 

Vi(E) ai 26, gm Po 2. [^ t 0:4, t 0-4. + 0:45 
which after normalisation gives 


P(E) = 1/6 -(2¢2 — $5 — d) (9.66b) 


Symmetry 283 


If we work with dy, the different operations of C3, on d» yields 
ECs C$ Oa “om Oe 
Operating on d:-do $e $a ge Ww ç ġa 
using Eq. (9.65) and the characters of E symmetry (Table 9. 5) we obtain the 
following linear combination 


PE) = 1V/6 «(240 — bc — $0) (9.66c) 
But /, and 42 are not orthogonal. One method of obtaining orthogonal 
functions is to follow Schmidt orthogonalisation procedure described in 
Sec. 2.7.1. 
Consider the furictions %1 and Ví = %2 + Ci; which are orthogonal. 
Hence 


| di(2 + Chi) dr — 0 (9.67) 
ie. [5 dr c{ vae=o 
or K C=- Í Jaja dr (9.68) 


Substituting (9.66b) and (9.66c) for / and V in Eq. (9.68) we obtain 
c = -ije[| cof — 248 + 42 + ahh — 2a 
dide + paupo ny 2bubc s hepa) dr 
= =1/6 [-4[ dà dr — af $i dr + [ae = +4 (9.69) 
where the overlap between two different atomic orbitals is ignored. Hence, 
the { which is orthogonal to 41, is given as 
PIE) = 1/V/6-Qdo — 4. — $a) + EV 116(2$a — dn — $e) 
= 1/V/6 Qd, — Mi — $e — Me — da $a) 
= 1/46 + (3/2$ = 3[24)) 
After normalisation - 
P(E) = 1172 «(9o — $0) (9.70) 


We have thus obtained the following symmetry orbitals of the A1 and E 
symmetries. 
V(41) = 1/V3*(da + d» + $c) 
PiE) = 1/6 Qa — d» — $c) (9.71) 
VE) = 1/V/2 +o — $0) 
and the schematic diagrams of the contours of these orbitals are shown in 
Fig. 9.24. 
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Va (E)=24a-$o—$c 


pi (E) =b ġe 
Fig. 9.24 The schematic diagram of the contours of the orbitals (Ay), Y, (E) and 
VC) of Eg. (9.71). 


Turning to NHs, the above three ligand orbitals given by Eq. (9.71) must 
be combined with the four valence orbitals of the N atom, i.e. 2s, 2px, 2py 
and 2p.. The 2s and 2p: orbitals transform like the totally symmetric 
representation A; as shown below: 


E(2s) = Qs), Caf2s) = 2s, 9.(2s) = 2s 
E(2p:) = 2p:, C3(2p:) = 2p;, o(2pz) = 2p: 


Since the px and py orbitals behave in the same way as x and y, we consider 
the rotation of the x- and y-axes by an arbitrary angle 8 to x' and y' 
(Fig. 9.25). 


Fig. 9.25 The rotation of x- and y-axes 
by an angle @ in the x-y 
plane. 


4 
4 
1 
] 
1 
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i 
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Then, x' = x cosb + y sin 0 
y' = —x cos (90° — 0) + y sin (90° — 6) 
= —x sin 0 + y cos 0 
d prs ( cos 6 mi) di 
ie. = 2 
y —sin@ cos0 J\y 

Therefore an operation of rotation on px or py gives a mixture of p« and py 
hence the 2px and 2p, orbitals must belong to the doubly degenerate repre- 


sentation. Thus X(C3) = 2 cos 120° = —1. A 9,-operation, say o,(xz) on 
Px and py gives the matrix 


o,(x2) ( E ) - ( 5 4% )( 5 ) hence X(o,) = 0 


Thus, we have the following set of characters for 2px and 2p, orbitals 


E 20 ~ 30, 
2 1 0 
Therefore, the 2px, and 2py orbitals transform like the E-representation of 


the C3, group. 

When combining the ligand orbitals with the valence orbitals of the N- 
atom, it should be noted that they must belong to the same symmetry. One 
obtains, thus, bases for the linear combination as given in Table 9.6, The 
choice of axes is shown in Fig. 9.23. Figure 9.24 shows that Ji(E) and 
¥{(E) must combine respectively with 2p, and 2px orbitals. 


TABLE 9.6 Bases of Irreducible Representations of Csu 


Symmetry Ligand orbitals Central atom orbitals 
^ 1/N/3 «(92 $o--49) 2s, 2p: 
E BA “($b — $c) Ope 
IVE Qa — $b — 49) 2py 


It follows therefore from Table 9.6 that the M.O. of the A; symmetry for 
NH; has the form 


di = Cr 1/V3 “(ba + do + $e) + C25 + Cs:2p; (9.72) 


where the coefficients C; could be determined from a 3X3 determinant. 
Similarly, the MOs of the E symmetry have the forms 


$1 = Cil//2 (fo — $e) + Cp. 
da = Ci'l/V/6 Qs — d» — $e) + CH2py 


The coefficients Ci and Ci can be determined from the two 2x2 
determinants. 
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B. Use of symmetry in Huckel theory of organic molecules 


Simple Huckel calculations for 7-electrons in large conjugated systems call 
for solution of n xn determinant. When n is large the work involved becomes 
prohibitive unless a digital computer is employed. However, the work can be 
appreciably reduced whenever the molecule has a symmetry in which case 
the nx n determinant may be replaced by two or more smaller determinants. 

We shall consider naphthalene as an example. This molecule belongs to 
the Do, symmetry. If we disregard the horizontal plane of symmetry for 
the sake of a simplicity, we can assign the molecule to the C2, type. Since 
we deal with the z-electrons only, we are concerned with the 2ps atomic 
orbitals, 4's, of the ten carbon atoms which form bases for a new represen- 
tation. The labelling of atoms and the axes are shown in Fig. 9.26, and the 
character table of the Ca. group is given in Table 9.7. The set of characters 
for the new representation T is shown at the bottom row of Table 9.7. This 


Fig. 9.26 A naphthalene molecule and its axes. 


Taste 9.7 Character Table of the Cov Group 


E Cz) ov ov’ 


A 1 1 1 1 
As 1 1 Sf 1 
B, 1 ea Te 4T EESTI 
B. 1 ET EI 1 
y 10 0 0 2 


representation can be reduced to the component irreducible representations 
of C», following the same procedure as in the case of ammonia. We get 
from Eq. (9.39) and Table 9.7. 


a(d) = 4 (10x1 + 0x1 + 0x1 + 2x1) Eg 
a(A2) = 4 10x1 + 0x1 +0x—1 +2x-1]=2 
«(B) = 4 [10x1 +0x—1 + 0x1 +2x—1]=2 


a) = + [10x1 + 0x—1 +0x—1 + 2x1] =3 
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where a (I) is the number of times the i irreducible representation occurs 
in I above. Thus, we have 


D = 34; + 242 + 2Bi + 3B2 
The next step is to generate symmetry-adapted functions of the 41, 42, Bi 
and B» symmetries. To illustrate this, we operate on the atomic orbitals $1, 
da, etc., which are localised on atoms 1, 2, etc., respectively (Fig. 9.26), 
with the various operations of C2». The result is as follows. Applying 


I onore] nuo gg uid RTT REBEL 
E C,(z) ov ov! 
Operating on 4; dy $s os $s 
Operating on $2 ha de $a da 
Operating on $s $a $r dy $« 
Operating on 4. pa $r $i $5 
Operating on d; $s $h $s $4 
Operating on $e ds $a $r $a 
Operating on $7 dy $i 4s $a 
Operating on 44 ts $i $s $: 
Operating on 4» $o [20 bro bo 
Operating on $o $10 $s $» $10 


Eq. (9.65) and usifig the set of characters for A1 from Table 9.7, we obtain 
the following set of the normalised functions of the 4; symmetry. 
y = I/V Ehi + $4 + ds + $8) 
Jo = 1/4-(b2 + do + ds + do) (9.74) 
bs = 1V2: (f + duo) 


The other combinations are merely the duplicates of these three functions. 
Following similar procedure for the 42, Bı and B2 symmetries, we obtain 
the following results: 


1/N/4- (du + ds — da — 98) 


Js 
A is (9.75) 
Y IVT da + de — $3 — h) 


tl 


ll 


bs = 1V F ($1 — ds + d — $8) 

Zn = INR a — $6 + da — 9) E 
d; = I/V F (i — ds — dà $s) 

Bards = I/V E (2 — de — do + $7) (9.77) 
d» = 1/V/2:(do — dio) 


Thus, we see that instead of solving a 10x10 determinant for the energy 
levels and the molecular orbitals of naphthalene, we need to solve two 
3x3- and two 2x 2- determinants. 
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We shall now set up the determinant for the 41 symmetry. Following the 
Huckel approximations described in Sec. 8.3, we have 


Chl Hl >=4ldhi | Al d1>+< 4411 bs> 
+<¢s|H1¢4s>+< gsl H| ds] 


=a 
Ch H | de> = 2K dl HL E CI HI ds) 
+ <$61 de? + Ch | HI dr) 
+2 21H ¢s>+2¢ 61H g>] 


=a+ 8 
C¥3 | H |>= 4K go |H | do? + Cdio | H1 dio P 
+ 2 <o | H | $10 >] 
=a+8ß 


<i | H| 2 > = H2 <1 | H| b> + 2441 H| de» 
+ 2¢43| H|) + 2 <d7| H1 ds >) 
= 2p 
(Ah | H| ds > = VVAAIV2 [2 < dr | H| do» 
+2¢¢8!H| > +2<¢41H| go> 
+2<¢¢s|H| $1071 
= 22-8 : 
<2 [ HI» —0 
Setting X = (« — E)/B 
The 3X3 determinant is given as 
Ne 2 2/2 
2 X+1 0510 (9.78) 


2/2 0 X1 
Similarly, the determinants for the other symmetry species can be set up 
and solved for the energy level and the molecular orbitals of naphthalene, 
following the same' procedure as described in Sec. 8.4. 


C. The direct product and its importance 
Consider any doubly degenerate function f' which can be expressed as a 
linear combination of the two component functions fi and fa, as 
f = aufi + aif 

Similarly, another doubly degenerate function, g can be written as 

T 8 = bugi + bng 
Multiplication of f" and g' gives 

f£ = anfiX bugi + anfi Xbiag2 
+ anfaxbugi + afa x biaga 
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which is a linear combination of four product functions. Consequently, it 
is to be expected that the transformation matrix of the product f’ xg’ is a 
4x 4 matrix. Such a matrix is the direct product of the two 2x 2 matrices, 
formed by the rule: 


I" aia | [ bu bn 
x 
an an ba bn 
( bı bn ) ( bu bn ) 
au an 
ba bx ba bn 
py bi bn bi bu 
anı an 
1d bu — bn ba bmi] 
[anbu anbi2 anbu abn] 
aubna anbu. abn anba 
anbu abi) anbu anbı2 
anban — anba — anba anba | 
The character of the direct product is obviously 


aub + anba + anbi + azbz2 = (ai + an) (bi + b22), 


i.e. the product of the characters of the two individual matrices. A similar 
method can be applied to species of higher degeneracy. Thus, if a and b are 
two matrices and c is the direct product of a and b then 


x(c) = x(a) X(b) (9.79) 


The representation of the direct product of two irreducible representations 
is, in general, a reducible representation but this can be decomposed into 
the irreducible components according to the method given earlier. For 
example, the direct product EXE of the Cs, group (Table 9.5) has the 
following set of characters 


EXE 4 1 0 
From Eq. (9.39) and Table 9.5, we have 
a(41) = 1/6 [4x1 + 20x1)+ 30x] = 1 
a(4) = 1/6 [4x1 + 2 (1x1) + 3 (0x —1)] = 1 
a(E) = 1/6 14x2 + 2 (1x — D + 3(0x0] — 1 


Thus 
EXE-— Av t ALTE 


The usefulness of the concept of the direct product appears when integrals 
of the type [os dr have to be evaluated where Ó is an operator. Such 
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an integrand is different from zero if it is invariant under all the operations 
of the group. If the integrand changes sign under a symmetry operation, it 
will have a value in one part of space equal and opposite to that in an 
equivalent portion of space. The integral over all space would then be zero. 
Therefore, for the nonzero value of the integral, the direct product of the 
representations I(/;) and TW) must contain an irreducible component 


having the same properties as the operator Ô, i.e. 

Ti) xP) = I(0) (9.80) 
Since the Hamiltonian is totally symmetric and therefore invariant under 
any operation of group, the integral f yi | H| 4 dr is different from zero 


only if I(J)) = Py), because, the product of two anti-symmetric or two 
symmetric functions is symmetric just as -1x —1 = +1 and +1x +1 
= +1. Or the direct product given by 


Th) xT) = z al; (9.81) 


is such that at least one component I; on the right hand side of Eq. (9.81) 
is totally symmetric. 

The most interesting application of the concept of the direct product in 
the context of symmetry is the determination of selection rules in the elec- 
tronic-and vibrational spectroscopy. Application of these rules specifies 
whether a given transition between two states is allowed or forbidden. The 


probability of a transition is proportional to the square of the transition 
moment, which is defined as, 


es f biM by dr (9.82) 


s: 
where p; and // are the initial and final state wavefunctions and M, a dipole 
moment vector with components Mx = 2 ejxj; My, 2 ejyjand M: = Z ej, 
where ej is the charge of the j'^ particle having coordinate xj, yj and z; and 
the summation extends over all nuclei and electrons. The wavefunctions 
i, Jj are functions of the coordinates of all these particles and the integra- 
tion extends over all space in all these particles. 

We shall consider the case of formaldehyde H2CO which belongs to Co» 
and examine how the selection rules for its various electronic transitions 
can be derived from the symmetry considerations. The system of axes for 
the CH;0 molecule is shown in Fig. 9.27. 

The various operations of C2, on the x, y and z axes give us the matrix 
equations 5 


x ESO 0 x 
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XLY,2Z 


oO —nmN 


—————(—— BÓ M9 


z 


CAD Voc E EEE Be X 


Fig. 9.27 The system of axes for the 
formaldehyde molecule. 


x 1 0 0 x 

o(xz)| y |= {oO -t 0] y 
0 0 1 z 

X -1 0 0 x 

eyz)| y = 0 1 0 y 
z 0 0 1 z 


This shows that x belongs to Bi, y to Bz and z to Ai representations. The 
orbitals 2px, 2py and 2p: transform as x, y and z while the 2s-orbitals, being 
spherical, should transform as 41. The ten valence atomic orbitals in CH20 
which form bases for the linear combination are distributed among the 
symmetry classes of C2» in accordance with the scheme given in Table 9.8. 


TasLE9.8 Symmetry Distribution of Ten Valence Orbitals in Formaldehyde 


EEA ESEE EO a en Id 
Symmetry species Carbon orbitals Oxygen orbitals Hydrogen orbitals 


Ay 2s, 2pz 2s, 2pz Ha(1s) + Hb(1s) 
Ay — — — 
B, 2px 2px — 
Bi 2py 2py Ha(1s) — Hb(ls) 


The symmetry of the o and o* orbitals corresponding to the C-O bond 
in CH20 is A1, that of 7 and z* orbitals is Bı while the lone pair orbital, 
n, on oxygen is 2px which has the symmetry Bz. The energy level diagram 
for orbitals of the carbonyl group is shown in Fig. 9.28. 


292 Introductory Quantum Chemistry 


»C:0,0 M 
»c-o,T* 81 
H H 
E g 
2 N 
x 
i 1 
O(2py),n 8? c 
»C:0,TT By 
Fig. 9.28 The energy level diagram for 
>C20,0 M the various orbitals of a car- 


bonyl group. 


The completely filled orbitals are always symmetric with respect to any 
symmetry operation and to find out the overall electronic symmetry of an 
excited state we consider only the orbitals that have unpaired electron. The 
lowest electronic energy transition in CH20 is from n to 7*. Hence in the 
n-* state of CH20, the n and 7* orbitals each have one unpaired electron. 
The overall symmetry of the nz* state is B2X Bı = A2. The ground state 
containing each orbital with paired electrons is totally symmetric, i.e. Ai. 
Therefore, the transition moment for the n — 7* transition in CH20 is 
given by 


f Ai M- Aade = AX AXT (Ñ) = A2x TD) (9.83) 


Since the components of the dipole moment vector M, ie. Mx, My and M: 
transform in the same way as x, y and z and since none of these components 
has the symmetry 45, the integral of Eq. (9.83) is zero. Such a transition is 
therefore forbidden. The second transition is from  — 7* and the overall 
symmetry of the 77* state is Bı X Bı = 41. Since the z component of M has 


the symmetry 4i, the transition moment integral, i.e. [ 49^ dr is non- 


zero and the transition is allowed. Formaldehyde vapour has a strong 
absorption at 185 nm which is due to 7 — 7* transition. 

The above symmetry considerations do not tell us how intense the absorp- 
tion will be. They merely tell us whether or not there is any symmetry 
prohibition on its taking place. The n > 7* transition in CH20 is forbidden 
on the ground of symmetry buta weak band is observed at 270 nm. Why 
does such a transition occur even weakly? It should be remembered that the 
above symmetry arguments are only rigorous if the molecule had the perfect 
C», symmetry in both the ground and excited states. In the ground state 
certain unsymmetrical vibrations can distort the molecule and reduce its 
symmetry. In the excited state it has been shown that even in the nonvibrat- 
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ing state, the CH2O molecule is not quite planar. Both these effects are 
responsible for making the n > n* transition weakly allowed. 


D. Perturbation 


We shall now consider a different kind of application of the theory of sym- 
metry. Let us suppose that a physical system is subjected to a perturbation 
(say, the action of an external electric field). The external field has a certain 
symmetry. The perturbed Hamiltonian is H = Ho + V. It is to be noted 
that the symmetry of the sum of two operators is always the symmetry of 
the lower symmetry operator. If the symmetry of H is same as that of Ho, 
no splitting of the degenerate levels occurs. If, however, the symmetry of 
the perturbation V is lower than that of Ho then the symmetry of H is same 
as that of V. The wavefunctions of Ho, which belonged to some irreducible 
representations, will now form the representations of the symmetry group 
of the perturbed H, but these representations may be reducible due to 
lowering of the symmetry. This means that the degenerate levels are split. 

An important example is the splitting of the five d-levels in a crystal field 
of the O; symmetry. The unperturbed Ho relates to a free atom and it has 
the complete spherical symmetry. If this atom is placed in an electric field 
of the O; symmetry, then from the character table of O; (see Appendix 9), 
the d;; and dx-y: orbitals transform according to the E, representation 
while dxy, dyz and dxz transform according to the 72, representation. The 
da and days orbitals point along the axes while dxy, dyz and d; are direct- 
ed between the axes. If the field of ligands is due to point negative charges, 
then an electron in the dry, dyz and dx: orbitals will have a lower energy than 
one in da and dys_y2. The five previously degenerate d-orbitals of an atom 
are now split in an Oa symmetry, as shown in Fig. 9.29. 


Eg dz?, dxty2 


Tag dxy,dyz,dzx 


Fig. 9.29 The splitting of the five d-orbitals in an 
OQ, symmetry. 


The crystal field transition from T», > E, can now occur if the five d- 
orbitals are not completely filled. This is a very common phenomenon 
among the hexa-coordinated transition metal complexes. On the other hand, 
the three p-orbitals, px, py and pz are still degenerate and belong to Ti, in 
the octahedral complex, because they have exactly equivalent positions with 
respect to ligands. Hence the crystal field transition involving p-orbitals in a 
complex of the O, symmetry cannot be observed. 
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APPENDIX 9 


This appendix lists the character tables of a few important point groups 
that are commonly encountered in real molecules. The procedure for the 
construction of the character tables and the nomenclature for the various 
symmetry species are discussed in Sec. 9.9. The first column of each table 
lists the various symmetry species, the body of the table lists the set of 
characters for each symmetry species, the last but one column lists the three 
coordinate axes x, y, z and the three rotations, Rx, Ry and R. and the last 
column gives the product of the coordinates such as xy, x?, yz, etc. 


C: E Cy(z) 

PE dgio 788 Car A PS x RUINIS OMNI eoo aiie 
A 1 +1 z, Rz xt, y^, z*, xy 
B 1 -1 x, y, Rx, Ry, 


fo^ E C) c 
A 1 +1 +1 z, Rz X* + y%, 2? 
E 1 € e* xy Xy, yz 

1 e* € (Rx, Ry) xy’, xy 


4 1 +1 +1 +1 z, Rz xi. 
B 1 JU =] s pisos. xy 
E 1 RAS EA dna xy 

1 Ed. cd i Rx, Ry (xz, yz) 
Co E Cz) ev(xz) cv'(yz) 
En 1 +1 +1 +1 z xt yt, 2? 
A, 1 TI -1 -1 Rz xy 
B, 1 -1 +1 -1 x, Ry xz 
B. 1 Et d +1 y, Rx yz 
Cw E 2C, 3ov y 
^ 1 +1 +1 z xbpytEz 
Ay 1 +1 -1 Rz — 
E 4 del 0 xy (8-9, x») 


Rx, Ry (xy, yz) 


daria ti 


slt es aco la dS 
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Pos d oe 1 1 z Vals d 

di 1 1 1 ET -1 Rz iL 

niu qe A deer y^ TE 

B. 1 1 LH ey) 1 — xy 

Popa hie oe TO D 9 A» RT 
Rx, Ry 


4k i 1 1 1 Rz d 
Au 1 1 zl I 5 tn 
Bg 1 a E TL Rx, Ry xz, yz 

Cy = Cs xoh 


1 A Rx, Ry, Rz xS ys Bh, Xy yn xz 
Au 1 -1 X, y, Z 


A 1 1 1 1 Rz X+, 
B 1 1 =1 -1 z 
E 1 4 i -i xy Xz,yz 

1 En -i i Rx, Ry x8 — yx 


pec oes ee aqu 
ah lo er M 
ie en ET M 


D, E C2) €) 0 

A, 1 1 1 1 = sz 
E 1 -1 -1 rd DIE. 

Beep d EE 1 -1 » Ry 2 

B, 1 or 2 1 x, Rx yz 

D; E 2C, 3C; 

F. 1 1 = xy 
y 1 1 -1 Riz ae 

E 2 aj 0 [6222] x 92 
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D E ‘Gy 2C42) 2€, 2c 

ig tu ges OEE de vA a 
4, 1 1 1 1 1 — x+y’, zt 
d.i a 1 -1 -1 Z, Rı => 

Bik ck 1 -J 1 -1 — - 

B, 1 1 -1 1 1 — — 

E 2 -2 0 0 0 x,y XZ, yz 


Rx, Ry x*—y*", xy 


——————————————————————————— 


————————————————————————B 


Dh E Cz CÓ) C9) i o(xy) a(xz) of yz) 


Tr aeie p Ju I MIS MEjuE b. ri. PROS 
Au 1 1 1 1 -1 -1 -1 -1 — — 
Bg 1 1 -1 -1 +1 +1 -1 -1 R: xy 

Bu 1 1 -1 -1 -1 -1 T1 +1 z — 

Bg 1 -1 H -l +1 -1 +1 -1 Ry xz 

Byu 1 -1 T1 -1 -1 +1 -1 +1 y — 

Bug 1 -1 -1 T1 +1 -1 -1 +1 Rx yz 

Buu 1 -1 -1 +1 -1 T1 T1 -1 x — 


Dh E exxy) 2€.) 28; 3C, 30v 

Ate 1 1 1 1 1 — x+y, 2 
AN 1 1 1 =1 -1 R: — 

45 1 -1 1 -1 1 =f = = 

E' 2 2 -1 -1 0 0 (x, y) xt-y^ xy 
Hye -2 -1 1 0 0 Rx Ry x» 


Age 017 EEA 1 1 1 1 1 1 1 = x+y, y 
Dip S (hy Seg T 0M 1 -i--1 -1:-1 -1 — = 

A 1 £ Stes eee 1 1 t -1 -=i kz — 
Aut 1 1 qos ep peas Sr 1 1 

Hg Xu IL 1 -1 1.-1 1 1 -1 — x-y 
Bu 1 -1 1 1 -1 -1 1 -1 -1 1 - hu 
Bg 1-1 1 -i 1 1 =i jS xd - xy 
Bu 1-1 1 -1 1 -1 1 -1 1 -1 ES pe 

We 2.0-2 0.0 2.0 —-2 0 O0  }Rx, Ry. 39325 
Rc 2 Se Ox 2 CO Or 2 ee 905. | 2 MOS 0. x = 


Deh E2CQ(z)2Cs C: 


3CJ 3C; i 2Sa 2S.e,09)3e. 30v 


& 
& 
Pee rA ea mm 
ordei 
EQUUS EN aes 
Ll 
E 


oe 
| 
= 


1 Aot 
1 1 1 
-1 -1 1 
-1 —1 -1 
1 —1 1 
1-1 -1 
dude d 
-1 t =i 
0o 0 2 
0:120: —2 
07-0072 
0^0 =2 


1 1 
-1 -1 
Toad 
-1 -i 
-1 1 
1 sl 
-1 1 
1 =1 
1 -1 
-1 
-1 -1 
1 1 


1 
-1 
1 
-l 
-1 
1 
-1 
1 
-2 


1 
i 
-1 

1 

1 
-1 
-1 

1 

0 


0 
0 


1^ — x15 
E ACE V 
cla UuRE DE 
1 2z = 
oe 
1- — 
tise = 
-1 - - 
0 Rx, yz,xz 
Ry 
0 xy 
O° = xy» 
0 °- = 


Td E 8C, 3C, 6S, 60d 
Ay 1 1 1 1 1 - xtA 
Ay 1 1 1 -1 -1 - - 
E 2 -1 2 0 0 - 328— 13, x8 y* 
T. 3 0 -1 1 -1 Rx, Ry, Rz ~ 
3 0 -1 -1 1 X, J, Z XY, YZ, 2X 


Oh E 8€, 6C, 6C, 3C, | 6S, 8S, 3 bod 

egy era duke S A Care Fane unie | 1 1 - 

Sy sea reete tee d d AR usui D. Ta SM 

Mix. d d yel LUE e i rd vedi ud iiie mna 

Wu UE me | Tel appP-i 1 - 

Eg 2 ted eNO sU DOM el 2 0o- 

Eu 2-1 0.0 r AEE IR Fy (ati) 0 = 

358 192 Di sae ab Fr gee TS Orit Lg aime E L7 Ry, 
Rz 

Tieden 20% 1. oh Ms ak See eT | 1 - 

Tu 3 0 -1 i -1 -3 -1 0 1 1 x »2 

T; 3 0 1 et -1:7-3 1 0 1 -—1 = 


C* cov E 2Cp 
pe Ay 1 1 
pa A, 1 1 
Tu Ey 2 2 cos p 
2 2 cos 29 
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D* ah E 2Ce C; i 2iCp iC; 

Smt nc see uet es or Ies aon tonne c SUN NM 
zio Aw 1 1 1 1 1 Li xt+y +z 
EZ; Aw 1 1 1551] E CENTER = 
EZ; Aw 1 1 1 1 1 -1 Rz - 

Zu 4 1 1 -1 -1 -1 iv - 

Tg Eg 2 2cosg 0 2 2 cos p 0 Rx, Ry yz, xz 
nu Eu 2 2:cos p 0 -2 —2 cos 9 0 x,y - 
4g E.g 2  2cos29 0 2 2cos2p 0 — x? =y’, xy 
4u E,u 2 2 cos 2p 0 -2 —2 cos 2g 0 - - 


*The first column for the Coov and Dooh groups gives the spectroscopic symbols 
corresponding to the symmetry symbols. The meaning of the spectroscopic symbols is 
discussed in Sec. 7.8. 


= 


6. 


PROBLEMS 


. What are the point groups of the following molecules or ions? 


ICI,» CHa, C,H, (cyclobutane), C;H5N (pyridine), 
1:3: 5 trichlorobenzene, CO,, CCI,. 


. BrF; belongs to the C4, group. Find the multiplication table for C,,. Divide the 


elements into the possible different classes. Find the number of one- and two- 
dimensional irreducible representations of C4,- 


. Find from the character table the direct product E, X E,,, in the Dg, group. Show 


that its irreducible components are 4,,, 45, and Ezg. 

The methyl radical is planar and has D», symmetry. Give a qualitative account 
of the molecular orbitals of this radical from the symmetry arguments and identify 
the symmetry of the orbital that has the unpaired electron. 


. Ni(CN); has the D,h symmetry. Find how the five d-orbitals of the metal atom 


transform in the D4 symmetry. 
Classify the three x-molecular orbitals of the allyl system (Sec. 8.4) according to 
the irreducible representations of C3,- 


. Methane has the Td symmetry. Find from the character table the possible linear 


combinations of the hydrogen 1s orbitals that transform like the irreducible 
representations of the Td group. 


f 


[Ie 
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Semi-empirical and Ab Initio 
SCF Theories 


10.1 Introduction 


In Chapter 8 we discussed the self-consistent field formulation of thesimple 
molecular orbital theory based on the many-electron hamiltonian according 
to Roothaan's procedure. So far as the z-electrons are concerned this theory 
is quite successful. But in saturated molecules or in general, any polyatomic 
molecule it is usually necessary to invoke several valence atomic orbitals on 
each atom and the situation becomes somewhat more complicated. How- 
ever, various approximations are now known to make the problem look 
less complicated even for fairly large molecules. Some of these theories go 
beyond simple Hiickel-type MO theory in so far as they are based on a full 
quantum-mechanical treatment of the many-electron systems and explicitly 
include electron interactions. There are basically two approaches now 
known as (1) semiempirical MO theories, (2) ab initio- MO theories. Both 
these theories are based on Roothaan’s self consistent field procedure. In 
semiempirical theories many approximations are made in order to achieve 
maximum simplicity by appeal to various experimental data on atoms and 
molecules. In ab initio theories, the various integrals required to set up the 
secular equations are calculated explicitly and after carrying through the 
SCF procedure the molecular orbitals are derived. Obviously, for a given 
size of computation, the semiempirical theories are applicable even to a 
fairly large molecule while the ab initio theories apply to a small-sized 
molecule. Both theories are now so well-established that no introduction 
to valence theory would be complete without some discussion on them. 
First, we shall discuss the semi-empirical theories based on the effective one- 


electron hamiltonian. 


10.2 Extended Huckel Theory 
The extended Hückel theory (EHT) proposed by Hoffmann! is an extension 


gS e v 
1. R. Hoffmann, J. Chem. Phys., 39, 1397, (1963). 
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of the simple Hückel theory allowing a treatment of both c- and z-electrons 
in the same manner. It may be considered as a simple attempt to approxi- 


mate the elements of a self-consistent field matrix F (Fock operator) in 
which only the valence electrons are considered. This method employs an 
effective one-electron hamiltonian but all the overlap integrals are retained. 
The EHT basis set is made up of Slater atomic orbitals for the valence 
electrons. Thus for hydrogen, only the 1s-orbital is considered, for lithium 
through fluorine, in the first row of the periodic table, the 2s- and 2p-orbi- 
tals are included; for the second row elements, one uses 3s, 3p and 3d-orbitals 
and sometimes 4s- and 4p-orbitals also. Each molecular orbital is written 
in the LCAO form as 


$ = Zewg (10.1) 


where c;, are'the LCAO coefficients, $v, $p, etc., are the normalised Slater 
atomic orbitals (AO). On each centre, except the hydrogen atom, there is 
more than one AO such as s, Px Py, Pz, etc. Application of the variation 
theorem leads to a set of secular equations. 


2(Hey nor EiSevew =0 (10.2) 
where i refers to the MOs and v to the AOs; the Spv is the atomic orbital 


overlap integral and €; is the energy of the ith MO. The matrix element 
Hw is defined by 


Hy = ¢ $e | H| dy > (10.3) 
Elimination of ci, in Eq. (10.2) leads to the typical secular determinant: 
Hu — € Hn — Su€ Hi —Sun6... 
Hia — €S2 Hn — E Ha — Su€...| =0 (10.4) 


The diagonal matrix elements Hyp (or «&) are given by the negative of the 
valence state ionisation potential of the appropriate atomic orbital defined 
in Sec. 8.9. The off-diagonal elements Hy are taken proportional to the 
overlap, Sev. A variety of expressions? are known for the off-diagonal ele- 
ments. They are 


Hev = 0.5[Hpp + Hw]SpvK (10.5) 
Hrs = K'S Her Ho) (10.6) 
Hev = Spvl2 = | Spy | 1x 0.5(App + Hw) (10.7) 


Equation (10.5) is usually used with a value of 1.75 for K. Equation (10.6) 
was given by Ballhausen and Gray for calculations of inorganic complexes. 


2. C.J. Ballhausen and H.B. Gray, Inorg. Chem., 1, 111, (1962). 
3. L.C. Cusachs, J, Chem. Phys., 43, 5157, (1965). 
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Equation (10.7) is extensively used and given by Cusachs. The overlap integ- 
rals are calculated using Slater atomic orbitals and then the secular determi- 
nant is solved for the orbital energies and coefficients. The total energy is 
calculated by summing the energies of the occupied orbitals taking into 
account their occupancy numbers. Thus, for a closed shell system, the total 
electronic energy is given as 


occ. 


Eent = 2 e. €i (10.8) 


The EHT is relatively successful in the qualitative prediction of preferred 
conformation of molecules. If the molecule contains several different atoms 
with widely diverse electronegativities, the use of the valence state ionisation 
potential as diagonal matrix elements results in an unbalanced charge distri- 
bution in which too much electron density is shifted toward the more 
electronegative centres. Such effect is not present in the SCF theory since a 
large build up of charge at a centre gives rise to an increase in electron- 
electron repulsion thus causing the electronegativity ofthe atom to decrease. 
Since EHT does not explicitly consider the electron-electron repulsion term, 
one can account for this term in an empirical manner, by allowing the 
diagonal matrix elements to be functions of the charge densities. This gives 
rise to the iterative extended Hückel theory. According to Rein et al* the 
use of output charges from one iteration is the basis for the input matrix 
elements for the next iteration. They assumed a linear dependence of the 
ionisation potential ‘a.’ on the atomic charge density ge of the form 
[^E ay + 4«,q,. Here DA and 4«, are the input parameters. At each itera- 
tion «'s are obtained from those of the previous cycle by equation 


aq? — (1 — aah? + Map? + dr day) (10.9) 
where À = 0.1 and is known as the damping parameter. The use of the 
iterative method has been found to considerably smooth out the distribu- 
tion of electron density leading to better agreement with SCF charge densi- 
ties and good dipole moments. 


10.3 Molecular Orbital Theory of Inorganic Complexes 


One can apply the concept of EHT to the bonding in inorganic complexes. 
Crystal field theory isan incomplete theory of the structure and bonding 
because there are evidences from electron spin resonance spectroscopy that 
the valence electrons of the metal ion drift on to the ligands. Crystal field 
theory neglects the overlap between the ligand and the transition metal orbi- 
tals. If this overlap is taken into account then the LCAO method may be 


Né oP ee 
4. R. Rein, N. Fukuda, H. Win, G.A. Clarke, and F.E. Harris, J. Chem. Phys., 45, 
4743, (1966). 
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used to construct MOs of the complex. These orbitals are of the form 
¢=¢mM+ Zaidi 


where $m is the wavefunction of the metal atom and Z aj; is the linear 
combination of the ligand wavefunctions, both transforming in the molecu- 
lar point group as the same irreducible representation. 

The valence atomic orbitals of the transition metal are usually taken to 
be nd, (n + 1)s, (n + 1)p. In the first transition series n = 3. The ligand 
valence atomic orbitals are usually the 2s and 2p orbitals. The problem of 
constructing MOs is very much simplified by the group theory. As an 
example, we consider an octahedral complex of the O+ symmetry. In order 
to construct molecular orbitals we shall first consider the orbitals of the 
ligands that are of the c-type with respect to the particular M-L axis 
where M is the metal atom and L stands for the ligand atom. We shall label 
the c-orbitals of the ligands with o(i = 1, 2, 3, . . . 6), cı being the orbital 
of the i'^ ligand (see Fig. 10.1) for an octahedral complex. We have seen in 
a previous chapter how the metal d-orbitals transform under the various 
operations of the O,-group. The same procedure can be used for other orbi- 
tals of the metal atom. Thus, for the O;-group, the metal atom orbitals 
transform as 


Aig tw es tag 
(oS ay Silence BSc ls oTa) 
s Px Py pz da day dx, dyz, dzx 


Fig. 10.1 Labelling scheme for the ligand orbitals. 


We now turn to the ligand orbitals of the o-symmetry made up of the 2s and 
2p-orbitals from each ligand pointing towards the metal atom. Using the 
method described in Chap.9 we obtain the following characters of’ the 
representation 


| 
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E [771 3e 6ci 86 i 6s4 
6 2 2 0 0 0 0 
3e, 604 856 

4 2 0 


This reducible representation has components ai; + e; + tiu, The suitable 
linear combination of the ligand o;-orbitals are as follows. 


pilars) = va + 02 + 03 + 04 + os + o6) 


gales) = Jo — 93 + as — o6) 
1 


pales) = V (20, — 02 — o3 + 204 — as — o6) 
)«(ti) = vie — %) 
éstu) = vie — ey) 
diti) = vio - o) 


where the o;-orbitals are shown in Fig. 10.1. These combinations of ligand 
orbitals are shown in Fig. 10.2 along with the atomic ‘orbitals of the central 
metal atom with which they combine to form the MOs of the complex com- 
pounds. On account of the almost zero-overlap of the inter-ligand orbitals 
the energies of the above combinations of the ligand orbitals will be about 
the same and effectively equal to that of o; alone. The resultant MOs will 
be as follows. 


Ais + Xbijan, z 
pidss-y + uada 

pda + wats ^ 

Vips vade 

vipy + vods (fu 


ViP: + vada 
dy 


ds 


The numerical values of the coefficients 4, i, v can be determined by the 
variation method and by calculating. the diagonal and off-diagonal matrix 
elements of H using the EHT-procedure. A typical situation is shown in 
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$s(t) $c (tu) 


Fig. 10.2 Appropriate combination of ligand orbitals with metal orbitals, 


Fig. 10.3 where the metal orbitals are on the left, the ligand group orbitals 
are on the right and in the middle there are full MOs. Since usually the 
ligand orbitals lie lower in energy than the metal orbitals we have drawn 
right hand energy levels below any of-those on the left. 

There are normally two electrons in each ligand orbital o; and according 
to Fig. 10.3 they will completely fill the three lowest levels which accommo- 
date 12 electrons (efaigtf.). Now these electrons can delocalise into the 
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Fig. 10.3 Energy levels of MOs in an octahedral complex related to those of the 
metal AOs (left) and the ligand group orbitals (right). 


metal atom orbitals. Similarly, the pure metal orbitals such as dzs, and 
dxs_ya will now have a fraction of the ligand orbitals, Since t2; orbitals of 
the metal atom do not combine with the ligand orbitals, the separation 4 
between the eg and the (2, orbitals of the metal is not the same as expected 
from crystal field theory alone. However, if the ligand orbitals lie much 
below the metal atom-d-orbitals then the eg and t2, orbitals correspond 
closely to those predicted on the crystal-field basis, because the interaction 
of the ligand orbitals with the metal orbitals becomes then negligible. The 
true deseription of the bonding in inorganic complexes is a mixture of the 
crystal field and molecular orbital descriptions. The theory just described 
is known as the ligand field theory. Although we have dealt with octahedral 
complex, these techniques may be extended to systems of different symmetry. 


10.4 Semi-empirical SCF Theory 


In semi-empirical SCF theories, one employs Roothaan's procedure as des- 
cribed in Chapter 8 to obtain self-consistent field molecular orbitals for 
all valence electrons. Pople, Santry and Segal? (1965) proposed an impor- 
tant method for all valence electron calculations in which they introduced 
zero-differential overlap approximation while some matrix elements of the 
Fock operator were determined by appeal to experimental data. The zero- 
differential overlap (ZDO) approximation means that if $p and ¢y are the. 


IDEM cee 
5. J.A. Pople, D.P. Santry, and G.A. Segal, J. Chem. Phys., 43, 5136, (1965); A 
comprehensive account is found in a book entitled “Approximate Molecular Orbi- 
tal Theory” by J.A. Pople and D. Beveridge, McGraw-Hill (1970). 
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two atomic orbitals centred either on the two nuclei or on the same nucleus 
then 
brody = 0 

wherever they occur, This is a more severe approximation than the neglect 
of the overlap integral. However, Pople et al." gave a theoretical rationale 
for such procedure which led to a variety of semi-empirical theories such as 
complete neglect of differential overlap (CNDO), intermediate neglect of 
differential overlap (INDO) and then modified intermediate neglect of 
differential overlap (MINDO) proposed by Dewar and Baird. These semi- 
empirical SCF theories have been widely used by chemists in the last two 


decades, 
If v, $e, etc., are the atomic orbitals then each MO has the form given 
by Eq. (10.1). The variation method leads to a secular determinant as 


| Fry a | ESpy.| =0 (10.10) 
where the Fock operator Fis given by 


a all electrons 


Bae Bor) + die QJ, — K) (10.11) 


The core hamiltonian Hi (core) for the i electron consists of the kinetic 
energy operator for the i** electron and potential energy between that elec- 
tron and all atomic cores of the molecule. 


Hi (core) = — V1 + ZV ay (10.12) 


where V4, is the electron-nuclear potential energy, i.e., —Za/ra1, Z4 being 
the nuclear charge in atomic unit. We shallwrite the total core hamiltonian 
as 


He = ZH, (core) ——1/2V? + EV, 
A 


= —1/2V?2 + V4 + Z'Vs (10.13) 


where we have separated the core potential of 4 from the remainder of the 
molecule. The prime in the above summation implies that the potential of 
A is excluded. The core hamiltonian integral H;, can be treated as 


Hin = < be | He | de> 
= € $p | —1/2V? + V1 | be > + (d, | Vs] be> 
= Use + 2'¢ $e | Va | $e > (10.14) 
where A # Band 


Ur = facin + Va)be do (10.15) 


pee ee 
6. N.C. Baird and M.J.S, Dewar, J. Chem. Phys., 50, 1262, (1969). 
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can be taken as the energy of the atomic orbital d, for the valence state of 
the isolated atom 4. This energy can be calculated in terms of spectroscopic 
energies. If the atoms A and B are far apart then the integral 

de | Vs | de > = —Za- Rab (in au) (10.16) 


Pople assumed that two-centre electron-repulsion integrals at large separa- 
tions are also given as 


GL LL) = gh = Yan (10.17) 
where $p is centered on atom A and ¢y onatom B. We can write 
< de | Valde > = —ZnYan (10.18) 
Therefore one may write Eq. (10.14) as 
Hi, = Upp — Zeas (10.19) 


The integral over (25; — Kj) [see Eq. 10.11] is given as 


occ 


:MOs 
aa QJ — Kj) | $e > 


1 
= Pervaa + Zp Po Yaa Taa PsYAn (10.20) 


The derivation of Eq. (10.20) is the same as shown in Appendix 8, the . 
difference being that Pople et al. used the notation Pa for electron densities 
on A. ‘P,’ in all valence electron calculations is defined as 
Pa = Per a Pw 
» 


(10.21) 


occ.MOs 

Per = 22 Ci Cis 
where both $p and 4, are centred on A. The one-centre electron repulsion 
integral is defined as 

Yaa = C dado | dodo > 

Pople assumed that one-centre repulsion integral, Y44 had an average value 
characteristic of the atom regardless of the atomic orbitals, while the two- 
centre integral 4p was determined always by the interaction of two spheri- 
cal orbitals (s-type Slater orbitals for the valence shell) located on the two 


nuclei. WE 
Thus FA. where d, is located on atom A is given as 


Fiu = Ure + (P« z LP en) a4 + E (Pa — Zs) Yan (10.22) 
Similarly one obtains 


ES -PAY 
A occ.MOs (10.23) 
Pis = 2E ce 
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where both » and v-orbitals are centred on A, and 


1 
d = Hw FPM Yan 
(10.24) 
occ.MOs 
Ph 2r CipCiv 


where is located on A and v on B. 

In summary the CNDO approximations are as follows: 

(1) Replace the overlap matrix by unit diagonal matrix and neglect all Spy 
in normalising the MOs. 

(2) Neglect the differential overlap in all two-electron integrals, i.e., 


€ duds | dodo > = < pepe | dod 2995. = Yep = Yan 


where $4,» are centred on A, $p, $o on B; and replace all such two-centre 
integrals by the integrals over s-type Slater orbitals, which are evaluated 
using the standard procedure.’ Thus ?45 becomes characteristic of the atom- 
pair for each value of internuclear separation. 

(3) Neglect monoatomic differential overlap, i.e., < p | H° | dv > = 0 if 
g # Y on atom A 

(4) The integral Upp is chosen as the energy of the orbital d, for the 
valence state of the atom on which the orbital is centred. 


(5) Take Hz, to be proportional to the overlap Sy, as Hf, = EXC) t BB) x 
Sy» where d, is centred on ‘A’, and ¢y on B. 
Thus, the CNDO calculations require evaluation of the overlap integrals 
and Y45 while the values of Upp and Y44 as recommended by Sichel and 
Whitehead? are given in Table 10.1. The values of 8% for the atoms of the 
first row in the periodic table were chosen by Pople and Segal.? We deal with 


the CNDO/2 method which is widely used. Values in Table 10.1 refer to 
those used in the CNDO/2 method. 


TABLE 10.1 Some Parameter Values in eV* for the CNDOJ2 Calculations 


Atoms H Li Be B c N o E 
(A) d 

Uppls) | —13.6 —5.00 —15.54 —3037 —5069  —7009 —101 .31 —129.54 

Upp(p) - —3.67 —1228 —24,70 —41.50 —5785  —8428 —108,93 

Bo, — 90 —9.00 —13.00 —17.00 —2100 -2500  —3100  -—3900 

VAA 12.85 3.46 5.95 8.05 10.33 11.31 13.91 15.23 


* (1 eV = 0.0368 au) 


7. See for example, M. Kotani et al., Tables of Molecular Integrals, Maruzen and Co., 
Tokyo, 1955. 


8. J.M. Sichel and M.A. Whitehead, Theo. Chem. Acta., 11, 220, (1968). 
9. J.A. Pople and G.A. Segal, J. Chem. Phys., 44, 3289, (1966). 
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Since the CNDO/2 procedure is an iterative one, an initial estimate of 
the MO's is made by setting F4. = Up», Fá,— 0,and FA — 1/2 (6% +B) x 
Spv. Cycling then proceeds as in the SCF theory until the input and output 
eigenvectors agree to a predetermined accuracy. 


10.5 Some Features and Comments on the CNDO Theory 


In all valence-electron calculations besides the spherical orbitals (s-type), the 
directional atomic orbitals such as px, py, and p:-orbitals are involved in 
addition to the angular dependent d-orbitals. If the full SCF calculations 
are performed without any approximations then the calculated energies and 
charge distributions will be the same whatever be the choice of coordinate 
axes for the basis orbitals. In other words, it should not matter how we 
choose the orientation of the directional orbitals-like p, d, etc. If one wishes 
to make certain approximations to reduce the magnitude of calculations then 
the results of calculations become dependent on the choice of orientation 
of the orbital axes. The assumptions made by Pople et al. (see Sec. 10.4) 
had to be so designed as to make the resulting energies and charge distribu- 
tions invariant to the choice of axes for the basis set atomic orbitals. 

In EHT this is not a major problem even though the theory used both 
spherical and non-spherical atomic orbitals. In EHT the overlap integrals 
are only involved in calculation of the off-diagonal matrix elements of 
hamiltonian. Consider an interaction between an s-erbital on atom A and 
ps-orbital on atom B as shown in Fig. 10.4 where 


es | Px 7) = S 

K s | Pri > =0 
Suppose the pz-orbital on B is rotated by an angle @ in the x — y plane. 
The transformation matrix equation is given as 


xa ( cosÓ sin \ x \ 
= (10.25) 
( yi ) —sinÓ ^ cos yn) 


Now both ps, and py, orbitals overlap with s-orbital on A. 
<s | pa? = cos 0 <s | pa 2 + sin <s | pa? 
¿s | pn) = —sin 8 < s | pa? + cos 8 s] pn? 


hence 
Cs | pad? + Cs | pn? = (cos? 0 + sin? 0) s | px. >” 


+ (cos? 0 + sin? 6) € s | Di = sl pay = S (10.26) 


Thus the sum of the square of the overlap remains the same whatever be 
the value of 8. Now consider the electron repulsion integral between an 


310 introductory Quantum Chemistry 


y 
Py, 
(pem 
Py A 
s 
y 
p 
Before M E 
rotation — ^. Yi 
n o 


x, 


After 
rotation 


Fig. 10.4 Interaction of an s-orbital with px, orbital. The Py and. Py -orbitals 
are directed along the x- and y-axes. On the right hand sda is show the 
change of orientation of the X-Y axes. 


electron in an s-orbital on A and an electron ina p» -orbital on B, i.e., 
€ s4s4 | pipe >. 

If the orientation of the axes is changed by 9, then, following Eq. (10.25), 
we have 


< sts | p p3, > = cos? 0 < s4s4 | p® ph > 
+ sin? 6 ( s4s4 | p? p? > 
+ 2 cos 8 sin 0 < s4s4 | pë p? > re 


* 
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In the ZDO approximation the last term of Eq. (10.27) vanishes because 
px and py are orthogonal. We, therefore, have 


( s^s^ | pE, p3, > = cos? 8 € s4s4 | p2 ps, > 

+ sin? 0 € s4s4 | pP, př, > (10.28) 
In order to make the electron-repulsion integral on the left hand side of 
Eq. (10.28) independent of the orientation of axes Pople et al. assumed 

€ s^s^ | p3p2 > = <s4s4 | pBp? > = < Pape | PyPy >? 

= ¢ s4s4 | s8s® > (10.29) 

where s? is the spherical orbital with the same radial function as pP. In 
other words, both s and p-orbitals of the same atom have the same orbital 
exponent. This ensures that results of the CNDO calculations remain 
invariant not only to choice of coordinate axes of the atomic orbitals but 


also to hybridisation. 
In the CNDO calculations sometimes two-centre repulsion integrals are 


estimated from the Mataga-Nishimoto formula", i.e., 


Yap = 1/(R + aas) (10.30) 
where R is the separation of atoms in atomic units and 
aas = 2| (V44 + Yap) (10.31) 


where the values of Y are to be expressed in atomic.unit. Once again the 
invariance to the choice of axes is ensured by the above equations. 
There is another feature in the CNDO theory that ought to be mentioned. 


The matrix elements of F consist of two parts: the matrix element of Ê 
(core) representing an overall attractive potential and the matrix element of 


QJ, — Ki) offering repulsive potential. Similar degrees of approximation 
ought to be made in both parts of the Fock operator. This is true when the 


diagonal elements of Fare computed according to the method prescribed 
by Pople etal. However, this is not true for the off-diagonal elements F, am 
According to the. CNDO method, Fa” is given by Eq. (10.24) where in 
Hi, the bicentric overlap integral is retained while it is completely neglected 
in the electron-repulsion integrals by enforcing the ZDO approximation. 
This is not a rational approach as far as the theory is concerned. Bhatta- 
charya and Chowdhury!! examined this point and came up with a variable 
B-CNDO method. However, when they tested their method on some hetero- 
nuclear diatomic species they found that the values of B converged to the 
starting values after several iterations. Their results therefore support the 
use of nonvariable B-approximation as prescribed by Pople et al. earlier. 

10. N. Mataga and K. Nishimoto, Z. Physik Chem. (Frankfurt), 12, 335; 13, 140, 


(1957). 


11. S.P. Bhattacharya and M. Chowdhury, J. Phys. Chem., 81, 1598, (1977). 
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In the CNDO calculations average values of *44 and 745 are used irres- 
pective of the atomic orbitals concerned. This is certainly a poor approxi- 
mation. An alternative procedure using hybrid orbitals has been examined 
by Cook, Hollis and McWeeny!?. Since the hybrids tend to be localised in 
different regions of space, the validity of the ZDO approximation is 
enhanced. Calculations using hybrid orbitals and with parameters computed 
non-empirically yield results close to those based on the fitting of experi- 
mental data. This lends a general support to the CNDO type of formalism 
in the MO theory. 

It should be remembered that in all valence electron calculations the 
orbitals of the core electrons in each atom are ignored in the construction 
of the MOs. This means that the coulomb (J) and exchange (K) integrals 
between core and valence electrons are always neglected in the CNDO 
theory. 


10.6 Applications of the CNDO Procedure 


There were various modifications of the CNDO-method so far as the values 
of the parameters were concerned. Wilberg!? adopted the CNDO/2 procedure 
with some modified values of the parameters Upp and Bx to obtain the heats 
of atomisation of some hydrocarbons. While Pople and Segal? predicted 
the equilibrium geometries of some common molecules, Sichel and White- 
head* with their parameters (Table 1) were able to improve on the binding 
energies obtained by Pople and Segal. Attempts to predict electronic spectra 
by the original CNDO/2 method were rather unsuccessful. CNDO/2 method 
gave excitation energies that were too high. Besides, in view ofthe neglect of 
the differential overlap, the singlet and the corresponding triplet states have 
the same energies. Del Bene and Jaffe!* developed a successful CNDO-treat- 
ment of the excited states which involved configuration interaction. The 
results are generally satisfactory. Generally the CNDO-procedures gave 
ionisation potentials that were higher than the experimental values and 
Sometimes predicted an incorrect ordering of orbital energies. This deficiency 
was independent of the parameter sets used. Pople and Gordon!5 have used 
the CNDO method to calculate the dipole moments of a large number of 
organic molecules and achieved a reasonable degree of success. The fact that 
dipole moments are fairly well reproduced by the CNDO method has been 
substantiated by other authors also. In the area of hydrogen bonding the 
CNDO/2 method has achieved some success. Murthy and Rao!® studied 


12. D.B. Cook, P.C. Hollis and R. McWeeny, Mol. Phys., 13, 553, (1967). 

13. K.B. Wilberg, J. Am. Chem. Soc., 90, 59, (1968). 

14. J. Del Bene and H.H. Jaffe, J. Chem. Phys., 48, 1807, 4050, (1968); 49, 1221, (1968). 
15. J.A. Pople and M S. Gordon, J. Am. Chem. Soc., 89, 4253, (1967). 

16, A.S.N. Murthy and C.N.R. Rao, Chem. Phys. Letts., 2, 123, (1968). 
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hydrogen bonding in water dimer using both EHT and CNDO/2 methods 
and concluded that the latter method gave reasonable results. Hoyland and 
Kier! have studied hydrogen bonding in other molecules with encouraging 
esults. Hermann!? considered electrophilic substitution reaction in pyrrole, 
indole, furan, and benzofuran utilising both EHT and CNDO/2 procedures. 
He considered a proton as the electrophile. Both methods predict the 
preferred position of attack, but only CNDO/2 accounts well for the relative 
basicity of various positions of indole. 


10.7 INDO and MINDO Methods 


Dixon? and Pople et al? have proposed a modification of the CNDO 
method, They have called it INDO (intermediate neglect of differential 
overlap) which uses the basic assumptions of CNDO but differs from it in 
the non-neglect of one-centre electron repulsion integrals of the form < pv[pv > 
where both p and v-orbitals are centred on the same atom. This modi- 
fication was prompted by. the fact that one could not obtain any singlet- 
triplet splittings in the excited states by the CNDO method. The inclusion 
of the above type one-centre integrals means that more integrals are to be 
considered in the INDO method. These integrals were expressed by Pople 
et al. in terms of the Slater-Condon parameters (FN, GN), which could be 
obtained from spectral data. The INDO method predicts molecular geomet- 
ries as good as, if not better than, CNDO/2 method and the computed 
dipole moments are also improved. 

A method similar to INDO was later developed by Dewar and coworkers$ 
for computing heats of formation. This method has been designated as 
MINDO (modified INDO), whose aim was to get the best fit to experi- 
mental data, while the objective of Pople’s CNDO methods was to reproduce 
the results of ab initio SCF calculations using the same set of atomic orbitals. 
The MINDO method was subsequently improved by Dewar and his 
coworkers and known in the literature as MINDO/2 and MINDO/3 
methods. A detailed discussion is outside the scope of this book. The inte- 
rested readers are advised to consult the original papers?!. 


10.8 Use of Gaussian Orbitals in Non-Empirical Methods 


iempirical MO methods were used for the treatment 


For many years the sem 
s. They certainly provided an understanding of 


of polyatomic molecule 


LUN TL m 
17. J.R. Hoyland and L.B. Kier, Theo. Chim. Acta., 15, 1, (1969). 

18. R.B. Herman, Int. J. Quantum. Chem., 2, 165, (1968). 

19. R.N. Dixon, Mol. Phys., 12, 83, (1967). 

20. J.A. Pople, D.L. Beveridge and P.A. Dobosh, J. Chem. Phys., 47, 2026, (1967). 

21. M.J.S. Dewar and E. Haselbach, J. Am. Chem. Soc., 92, 590, (1970); R.C. Bingham, 
M.J.S. Dewar and D.H. Lo, J. ‘Am. Chem. Soc., 97, 1285, 1294, 1302, 1307, (1975). 
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chemical phenomena and gave a conceptual framework. But a carefully 
parameterised theory may give results whose agreement with experimental 
data may be fortuitous. In view of the large scale use and the availability: of 
computers one may be tempted to attempt at the nonempirical or ab initio 
calculations of molecules. By ab initio it means that no approximation is 
involved in the SCF calculations though the method itself is a mere approxi- 
mation to the solution of the Schródinger equation. 

Ab initio calculations using Slater-type of atomic orbitals were reported 
in the literature for many diatomic molecules. Extension of these calcula- 
tions to polyatomic molecules is time consuming because of the difficulty of 
the evaluation of the two-electron integrals. Boys? proposed the use of 
Gaussian type of atomic orbitals which are given in the Cartesian form as 

Xn,,m (S, y, Z, %) = Naxly"z" exp (—ar?) (10.32) 
where the spherical harmonics are replaced by the cubic harmonics. Boys 
suggested that each MO can be constructed from a linear combination of 
Gaussian atomic orbitals. The advantage of such functions is that the 
multicentre integrals which we come across in treatment of polyatomic mole- 
cules can be easily evaluated, 

In a MO calculation of polyatomic molecules the most difficult integral 
to evaluate is the four-centre two-electron repulsion integrals like 


< Pehy | tobe > 


where p, v, p and c are the different nuclear centres. If the atomic orbitals 
are of the Gaussian forms, i.e., exp (—ar?) then the product of two 
Gaussians on different centres is a Gaussian about the third centre. For 
example, we suppose a Gaussianorbital centred at the origin and another 
Gaussian orbital at a distance ‘s’ from the origin. The product of the two 
Gaussian orbitals may be given as 1 


exp (—ar?) exp [—a'(s — 7] 
= exp [—(a? + a's? + a'r? — 2a'sr)] 
= exp [—(« + «")r? — 2a'sr + a's?] 
Ex 
a+ a’ 
exp [—(@ + a") ((r? — 2Asr + A252) — (Ns? — As)}] 
exp [—(« + «^)(r — ds)*]-exp [(@ + @’)s2A(A — 1)] 
exp [—(@ + a’)(r — As?]-exp [s*x'{—a/(% + «^1 
A exp [—(« + «’)(r — As] (10.33) 


exp [-25] 


22. S.F. Boys, Proc. Roy. Soc. A., 200, 542, (1950). 


= exp [—(« + a’) {r? — 2Asr + As?}] where A = 


Il 


ll 


Il 


where A 


A oe aoo 
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Above equation shows that the product of two Gaussians is a new Gaussian 
whose centre is displaced by As from the origin. It follows therefore that in 
a Gaussian expansion all the multicentred integrals can be reduced to two- 
centre integrals which are relatively easy to evaluate and much less time- 
consuming. 

However, there are disadvantages. Boys prescribed that many Gaussian- 
type of orbitals (GTO) were needed to obtain for atoms the same degree of 
accuracy as the Slater-type of orbitals (STO). Another disadvantage of the 
GTO is the absence of cusps in the orbital. For the 1s-type function 
l= m = n = 0 in Eq. (10.32), one obtains ^ 


dt — Ny exp (o 2er) = 0 (at r = 0) (10.34) 
while for the 13—STO a 
dx = Na exp (—4r)(—2) # 0 (at r = 0) (10.35) 


Since STOs are the natural solutions of the central-field problem, GTOs 
cannot describe properties relying on wavefunctions close to the nucleus. 
But the advantage of evaluating the multicentred integrals outweighs 
the disadvantages mentioned above and the ab initio calculations involving 
GTOs are now widely used in molecular physics. 


10.9 Ab Initio MO Methods 


Pople et al.3 arrived at well defined ab initio methods at different levels of 
accuracy which are simple enough to be applied systematically to mode- 
rately large organic molecules. The basic premise of their method is that 
each STO is replaced by a finite Gaussian expansion. The results approach 
those of the-full Slater-type calculations as the size of the Gaussian set 
increases. 

Consider a Is Slater type of atomic orbital of à hydrogen atom, i.e., 
Js e I/V exp (—r). The corresponding energy is -0.5a.u. A normalised 
Gaussian orbital of a hydrogen atom is given as 

yı = Na exp (—«7) (10.36) 
If the energy is minimised by varying « by the variation method then one 
obtains 


a = 0.283 
pı = 0.2765 exp (—0.283/7) 
Ei = — 0.424 au 


a on 
23. W.J. Hehre, R.F. Stewart and J.A. Pople, J. Chem. Phys., Sl, 2657, (1969); 
R. Ditchfield, W.J. Hehre and J.A. Pople, J. Chem. Phys., 54, 724, (1971). 
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In Fig. 10.5 are shown the variations of %s and ¥ with r. It shows that Yı 
does not fit 4, properly both at small and large values of r. The best way to 
improve this approximate function ¥; is to add new Gaussian functions at 
places where / behaves poorly. Consider %2 


%2 = cN, exp (— ar?) + c2Ng exp (—Br?) (10.37) 


Wavefunctions 


0 1.0 2.0 3.0 4.0 


r(a.u.) 


Fig. 10.5 Variation with r of py V, V and py. All quantities are in 
atomic unit. 


The energy of #2 is again given by Hd» = E»/» where the linear coefficients 
€i, c2 and the nonlinear coefficients « and f are varied to minimise the 
energy. Pople et al. found the following values 


cy = 0.2744, ¢2 = 0.8212 
a = 1.33 B = 0.201 


and E» = —0.4858 au which is better than Ej. Later, Pople et al. chose 
three Gaussians in the expansion as 


¥3 = cia exp (—ar?) + c2Ng exp (—Br?) 
+ cN exp (—Yr?) (10.38) 


They minimised the energy by varying both the linear and nonlinear coeffi- 
cients. The optimum values of the parameters of Eq. (10.38) are 


a = 2.2216, B — 0.4058, Y = 0.1098 
cı = 0.1543, — 02 = 0.5353, c3 = 0.4446 


The energy obtained for the hydrogen atom is —0.4949 au which is closer 
to the exact value. Figure (10.5) also shows that / fits well with ¥; both 
. near the nucleus and far away from it. 
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Pople et al. used a convention for basis sets. Their basis sets at the 
minimum level are called STO-NG meaning any STO is fitted by N-Gaus- 
sians on each atom. The most popular in the MO calculations is the STO- 
3G basis set. Pople et al. later extended the basis sets at the double zeta 
level through the use of STO-/mnG where /, m, n indicate respectively the 
number of Gaussian functions fitting the core orbitals, the inner valence, and 
the outer valence orbitals of the atom. For example, the 4-31G basis of carbon 
contains 4-Gaussians describing the 1s orbital, 3-Gaussians describing a set 
of 2s- and 2p-orbitals while the second set of 2s and 2p-orbitals contains a 
single Gaussian function. The 6-31G basis set differs from the 4-31G basis 
in improvement of the core orbitals of the atom. Further, polarisation of 
the basis set of atomic orbitals is indicated by an asterisk(*) when a set of 
d-functions are added to the heavy atom. When the double asterisk(**) is 
used it means a set of d-functions for the heavy atom and a set of p-func- 
tions for the hydrogen atoms. Examples are STO-3G*, 4-31G*, 6-31G*, 
6-31G**. An extensive review of ab initio methods and its applications can 
be found in reference 24 and 25. 


gm — o 
ap, Carsky and M. Urban, “Ab Initio Calculations. Methods and Applications in 


Chemistry", Springer Verlag, Berlin, (1980). y 
*Shavitt in “Methods of Computational Physics”, edited by B. Alder etal., 


Academic Press, New York, Vol. 2, (1965). 
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-Hellmann-Feynman Theorem 
and Its Chemical Applications 


11.1 Introduction 


Chemists are generally familiar with the energy concept in molecular 
quantum mechanics. As a result, almost every phenomenon in chemistry is 
discussed in terms of the energy, such as, potential energy diagrams, correla- 
tion diagrams, activation energy, etc. But such concepts have not always 
proved to be very satisfactory in chemistry because they lack the simplicity 
and the elegant nature. Chemists always look for a simpler concept to work 
with. Such concepts or any model based on such concept should not only 
be capable of explaining, without much efforts, the various chemical pheno~ 
mena such as the nature of chemical bonding, change of shape of molecules 
on excitation, chemical reactions, etc., but also withstand the critical 
examination of a theorist. One such concept was provided by the two 
physicists, namely, H. Hellmann! and R.P. Feynman? who discovered that 
if the three dimensional charge distribution in a system of electrons and 
nuclei were known from a quantum mechanical procedure, the actual force 
on any nucleus can be interpreted in terms of the classical electrostatics. Or 
in terms of fields, the force on a nucleus is the charge on that nucleus times 
the electric field due to all electrons and other nuclei. Feynman? further 
says “a three dimensional electron cloud in a molecule is prevented from 
collapsing by obeying the Schrödinger equation". 

The above statement (or statements) in regard to the force on a nucleus 
in a molecule was challenged by Coulson and Bell? but Berlin* showed that 
this challenge arose from a misunderstanding and gave a further proof of 
the theorem and a more clear interpretation of the electrostatic approach. 
Hurley? gave the best theoretical justification of the actual use of such 


1. H. Hellmann, Einfurhrung in die Quanten Chemie, 285, Leipzig, (1937). 

2. R.P. Feynman, Physical Review, 56, 340, (1939). 

3. C.A. Coulson and R.P. Bell, Trans, Farad. Soc., 41, 141, (1945). 

4. T. Berlin, J. Chem. Phys., 19, 208, (1951). 

5. A.C. Hurley, Proc. Roy, Soc. A, 226, 170, 179. (1954): Proc. Roy. Soc. A, 235, 224. 
(1956). 
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electrostatic approach. He shows that the force calculations are valid even 
for approximate wavefunctions. That is why the force approach has been 
extensively used by various authors in the last two decades to derive infor- 
mations of chemical interest. Our primary motivation for studying the force 
concept in this chapter is to see what gains in physical insight result from 
an application of this conceptually simple tool. 


11.2 The Hellmann-Feynman Theorem 


This theorem states that if / is an exact (unnormalised) wavefunction of a 
Hamiltonian H and E the corresponding eigenvalue then for any parameter 
æ on which the Hamiltonian depends 
dH 
ca 


dE 
mom OmU? (11.1) 


Thus, depending on the nature of the parameter « which may be nuclear 
charge, nuclear coordinate, etc. we obtain valuable’ information about the 
variations ir energy during molecular processes. The proof of the above 
theorem is simple. We start by writing 


EC IVO — OH MILI (11.2) 
and then differentiate Eq. (11.2) with respect to « getting 
dE di d 
dE yoy EC LO + BSD 
di 


dH dd | a A^ 
- opo dero eco ra 


Since H is hermitian and is an exact solution of Ap = Ep, we have 
de ror diat, id: dj 
o Hmm E ly AEL ; Ste 


Equation (11.1) follows immediately. Although the theorem is derived for 
exact wavefunctions it can be shown to be valid for approximate wave- 
functions. Hurley5 assumed a dependence of the approximate wavefunction 
y on « through some parameters Xi, Aa, . . . Ane Suppose we have an approxi- 
mate wavefunction / given as 

p = Pt, Aa, M, cM) (11.5) 
Examples of these parameters X; for the LCAO type of wavefunctions are 
the linear coefficients of atomic orbitals, orbital exponents, etc. The- value 
of these parameters may depend on « (nuclear coordinate) as 

ài = M9) (11.6) 

Then the dependence of # on « is reflected in the way A's change with c. 
We may therefore write the energy of the system calculated from # as 


Ele) = A, @) = (402 | HG) | V02? - (11.7) 
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Differentiating Eq. (11.7) with respect to « gives 


EO Fu, 0) + 2 SE Or 0) SA 
=< 90) El a> a Zen) ag 


If the second part on the right hand side of Eq. (11.8) vanishes we obtain 
the Hellmann-Feynman (H-F) theorem. 
This shows that the H-F theorem is valid for approximate wavefunċtions 


y.) if 


^ de at 
either 2x Qi, 4) =0 (11.9) 
any 
or 26 L0 (11.10) 


For floating type of wavefunctions OA//Ó« = 0 as the parameters Ai, Jo, 
As. , . etc., are independent of the nuclear coordinate æ. Equation (11.9) 
suggests that if the parameters Jj, etc., in the approximate function / are 
adjusted to minimise e(à;, a) for any particular value of « the H-F theorem 
is obeyed. This means that the approximate wavefunctions which are 
obtained using the variation principle satisfy the H—F theorem. 


11.3 Electrostatic Force and Its Advantages 


We shall now show how the net force on a nucleus in a molecule is 
obtained. Consider a diatomic molecule AB. We assume that we shall be 
working within the Born-Oppenheimer approximation, i.e. we shall take 
the nuclear and electronic coordinates to be mutually independent. 1f X4 be 
the x-coordinate of the 4'^ nucleus, then the x-component of the force on 


the same nucleus wlll be given by —E/OX4. Since H = T + V, where the 


electronic kinetic energy operator T is independent of nuclear coordinates, 
one can write for a normalised wavefunction /, (using the H-F theorem 
Eq. 11.1), 


CUL LESTIE q1.1) 


where the potential function. V consists of three parts, i.e. 


y= Vee + Van + Ven 
The electronic repulsion term, Vee is independent of the nuclear coordinates. 
The nuclear repulsion term Vna and the electron nuclear interaction term, 
Ven are given by (in atomic unit) 


= ZaZn 


Van = (11.12) 
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ERE ET b (11.13) 
i l'Ai i FBi 
where Z's are the nuclear charges, R, the internuclear distance, r4; and ra; 
are the distances of an it? electron from nuclei A and B respectively. Let us 
assume that the direction of the bond A—B is along the x-axis (Fig. 11.1). 


P Ou) i (Xp) 
+Zpe 


Fig. 11.1 The coordinates of electron and nuclei in a molecule AB. 


+Zpe 


Then 


ral Fal — oos [7T] A =0 
oe sis (11.14) 
ELAS stud p24) nr» 
Xa OX4 \ i TAi r4 0X4 
= 24 5 OSM (11.15) 


| T Ai 
where 04; is the angle between the x-axis and the vector from electron i to 


nucleus A. 
Therefore, the net force on a nucleus A along the bond follows from 


Eqs. (11.11), (11.14) and (11.15) 


aE T2 NIA 
Fae pr ee e 3X, * Xa 4) 
ZaZe * cos 04i 
nis: — Za < Y E 4> 
Z2 e a a] dri (11.19) 
R Fra 


gration over the coordinates of all electrons 


where dr’ refers to the inte i 
refers to the coordinates of the i'™ electron. 


| except the i'^ electron and dri 
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Let there be n electrons in a molecule. For each electron the term 
cos 64;/r4; in the summation of Eq. (11.16) is the same. Therefore, 


Fay e; adr - Za | n SPA a, (11.17) 
R TAi 
where the one-electron density function p(i) is defined as 
ati) = [war (11.18) 
Since the total three-dimensional electron density p is given by 
P = np(i) (11.19) 


we have 


Pe d "ale Í pea Ai) (11.20) 
R rai 

Equation (11.20) is sometimes called the electrostatic Hellmann-Feynman 

theorem. 

Thus, the net force on a nucleus is simply the resultant of the repulsive 
forces due to the other nuclei [the first term in Eq. (11.20)] and the attrac- 
tive forces due to the surrounding electronic distribution [the second term 
in Eq. (11.20)]. These forces are obtained by the classical electrostatic 
method if the charge distributions in a molecule are accurately known. If 
the wavefunctions of a diatomic molecule are known for various inter- 
nuclear separations, Eq. (11.20) permits one to calculate the corresponding 
forces on a nucleus and determine the equilibrium Separation where there 
is no net force on a nucleus. Since F4. = — (&EJ0 X.) it is easy to visualise 
that the configuration where the net force is zero corresponds to the energy 
minimum. Although we have derived the electrostatic Hellmann-Feynman 
theorem for diatomic molecules the derivation can be extended to the case 
of polyatomic molecules. 

The concept of electrostatic force has certain advantages over the concept 
of total energy even though calculation of force always involves an approxi- 
mate density function. One is the computational advantage. If we use the 
molecular orbital method for obtaining the charge density, the total density 
is given by 


p(r) -T nii (11.21) 


where y; is the i't MO and n; is its occupation number, One can write 
Eq. (11.20) as 


Z, occ P 
Fa = zn Í 7008 Oat g (11.22) 
TAi 


Equation (11.22) shows that the total force on a nucleus is a simple sum 
_ Of the orbital contributions. But the total energy is not a sum of the orbital 
energies. 
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The second advantage is that force is an expectation value of an one- 
electron operator. It is more sensitive to any change in wavefunctions than 
the energy. Hence, the force varies more drastically with the change in 
molecular geometry than does the energy which is relatively insensitive to 
change in the molecular shape. The prediction of molecular shapes is likely 
to be more accurate on the basis of the electrostatic force than on the total 
energy. 

In spite of these advantages, the concept of the electrostatic force did not 
receive in the past as much attention in chemistry as it deserved. This is 
mainly because the force is not an observable quantity like the energy and 
not even a quantum mechanical constant of motion. Besides, the force on 
a nucleus in a. molecule is not always invariant with respect to coordinate 
transformation whereas the energy is. So, it was always looked upon merely 
as a gradient of the potential energy rather than a quantity capable of being 
derived independently. 


11.4 A Physical Picture of the Chemical Bond from the Force 
Concept: Binding and Antibinding Regions 


The chemical application of the concept of force was started by Berlin‘ in 
1951. He was the first to distinguish between the use of words ‘binding’ and 
‘bonding’ in the formation of a molecule. The word ‘binding’ relates to the 
forces acting on the nuclei and ‘bonding’ to the corresponding changes in 
energy. He gave a simple picture of chemical binding by dividing the three 
dimensional space of electrons into binding, antibinding and nonbinding 
regions. 

Consider a diatomic molecule AB with R being the distance between A 
and B. The repulsive force between the nuclei with charges +-Zae on A 
and +Zpe on B is of magnitude Z4Za/R? (in a.u.). Suppose, there is a bit 
of electronic charge of —q at a point, say į (Fig. 11.1). This charge exerts 
an attractive force —Zaqlra on A in the direction Ai and an attractive 
force of Zaalrh on B in the direction Bi. Only the force exerted along 4B 
axis has any effect on binding. We can break these forces into components 
parallel to the A-B axis (x-axis) and perpendicular to it, i.e., y-axis which 
is not useful. The net classical binding force on the nuclei due to charge 
—q at a point (i) in the direction of the bond is therefore 


Za cos 441 _ Zpcos ^) 
foinding ELT (e y z ri ai (11.23) 
To obtain the total binding we have to sum Eq. (11.23) over the entire 
electron distribution. This is obtained by solving the Schrédinger equation 
for the system AB. Without solving the Schrödinger equation it is possible 
to get insight into the nature of the forces. If the point ‘i’ lies between A 
and B (i.e. xa < xi < xs) we have 04 <7/2 and65 > 7/2, hence cos 04; > 0 


and cos 8g; < 0. For binding, f must be negative, when it means that 
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electrons located near ‘i’ tend to pull the two nuclei toward each other. 
Thus the region between the two nuclei is a binding region. 

If the point ‘i’ lies beyond the nuclei, say behind B, then x; > xz, cos 04; 
and cos 65; are both positive, and rai < rà. Then Zp cos Énilrbi > Za cos bail 
ru (for Zs = Z4) and according to Eq. (11.23) f binding becomes positive, 
Such a charge pulls A toward B and B away from A. Since the latter pull 
is greater when Z4 = Zp, the two nuclei move away from each other. For 
equal nuclear charges, any negative charge on the x-axis to the right of B or 
the left of A is antibinding. The boundary surfaces that separate the binding 
region from the antibinding region are obtained by solving the equation 

Za cos 94; _ Zpcos | 
rai rh 

=0 (11.24) 
These surfaces are called the nonbinding surfaces and are shown in 
Fig. 11.2 for a homonuclear diatomic. These boundary surfaces are hyper- 
bolic contours. Any charge residing on these surfaces will not lead to any 
attraction or repulsion between the nuclei, On the other hand, removal of 
charge from the binding region results in an increase of bond length while 
charge removal from the antibinding region leads to a shortening of bond 
length. 


Soinging = — 


Binding 
region 


Antibinding 
region 


Antibinding 
region 


Fig. 11.2. Berlin's binding and antibinding regions in a hamo-nuclear 
diatomic molecule. 


Let us now consider the case where Z4 and Zg are different. Consider 
HCl, where Z4 = 17, Zs = 1 and Fig. 11.3. For the point ‘i’, cos 64; and 
cos 93; are positive. Since Zg = 1, and even rg; is smaller than r4 i, the first 
term of Eq. (11.23) dominates. So the force becomes binding. However, the 
region close to the H-nucleus will be antibinding. Therefore, for the elec- 
tronic force to be binding along the bond, we have 


rai? Za 
i) ss ZB 
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Using these arguments of Berlin one can show the binding (unshaded) and 
antibinding (shaded) regions (Fig. 11.3) for HCI. 


Fig. 11.3 Binding (unshaded) and 
antibinding (shaded) regions of HCl. 


Zas 17, Zg 


Since the net force on a nucleus, i.e. Fax (Eq. 11.20) which includes 
nuclear repulsion and electron-nuclear attraction is always zero for the 
equilibrium bond length, whether the bond is weak or strong, how can we 
then speak of a strong or a weak chemical bond from the force concept? We 
calculate the net force on the nucleus A, i.e. Fax along the bond-direction 
from Eq. (11.20) using the quantum mechanically calculated densities of 
AB. If this force is plotted as a function of R one obtains the curves shown 
schematically in Fig. 11.4 where Fax is zero when R mu and R=R 
(equilibrium bond length). The bond dissociation energy is given by the 
integral 


Í * F(R) dR 


Fig. 11.4 Schematic diagrams of the force curves of a strong 
_ and a weak bonds. 


i han that by the curve (a) 
The area encompassed by the curve (b) is greater t 
in Fig 11.4. One can therefore say that the bond represented by the force 
curve (b) is stronger than the bond given by the force curve (a). Thus in 
a strong bond the net attractive force on a nucleus is larger than in a 


326 Introductory Quantum Chemistry 


"weak bond before their equilibrium bond lengths are reached in the bond- 
formation process. 

The occurrence of the strong and weak bonds as well as that of short and 
Tong bonds in molecules can be understood readily from such consideration 
of the electrostatic force on a nucleus. Consider a C-C e-bond and a C-C 
7-bond in a hydrocarbon. The electron distributions are shown in Fig. 11.5. 
In both the cases there are electron clouds in the internuclear region which, 
is the binding region. In a o-bond electrons are mostly concentrated along 


o-bond x -bond 


Fig. 11.5. A schematic diagram of the electron distributions in a 
C-C c-bond and a C-C x-bond. 


_ the internuclear axis and therefore they exert a stronger attractive force on 
each nucleus than in a 7-bond where electrons are above and below the 
internuclear axis but nothing on this axis. This means that a C-C o-bond 
is stronger than a C-C z-bond. Since the overall electron clouds are more 
in the binding region of a multiple bond than in a single bond, a nucleus in 
a multiple bond experiences a greater attractive force in the direction of the 
bond than in a single bond and hence a multiple bond is stronger than a 
single bond. Since stronger the attractive electronic force on a nucleus in a 
bond, closer the two nuclei come towards each other before the attractive 
force is balanced by the nuclear repulsion, the bond length of a multiple 
bond is expected to be shorter than that of the corresponding single bond. 
One therefore expects the bond length to vary in the order single bond > 
double bond > triple bond while the bond energy to vary in the reverse 
order. Some typical values of bond energy and bond lengths are given in 
Table 11.1. 


TABLE 11.1 BOND ENERGIES AND BOND LENGTHS - 


Bonds uw C-N N-N c-o 
A RSE eet CASEI ON Neng sets O^ dl 
Bond length (A) 1.54 1.47 1.47 1.43 
Bond energy (Kcal/mole) 82 70 38 84 
Bonds C= Cc C=N N=N c=0 
oT e T 
Bond length (A) 1,33 122 1.25 1.23 
Bond energy (Kcal/mole) 147 147 100 170 
Bonds Cac CaN N=N c=0 
: 
Bond length (À) 121 145 1.09 1.13 
Bond energy (Kcal/mole) 194 210 226 262 


(1 Kcal/mole — 4.184 KJ/mole) 
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11.5 Formation of Covalent and Ionic Bonds 


Each MO makes a separate contribution to the density and thus total elec- 
tronic force can be broken up into a sum of orbital contributions. One can 
write from Eq. (11.21) 


[po 5% a ES Fn [ee ee d (1125) 


If we multiply both sides of Eq. (11.25) by R? we obtain the charge equiva- 
lent of the net electronic force on nucleus A. Thus, we define a quantity 


fia as 


fia = Ren | y € dr (11.26) 
Hence 
rf a g T iD, (11.27) 
TA 


One may now obtain from Eq. (11.20) the total force acting on A as$ 
occ 
Fa = e» ly z sa] (11.28) 
When R = œ or R= Re, ie the equilibrium value, Fa — 0 and 
2 fia = Zs. In a homonuclear diatomic molecule each MO can be 
i 


written as 


($4 + da) 


PETIT D 

uous 
where S is the overlap between the atomic orbitals $4 and $s. For large 
R,S-90, 

J£ = Mola + din E 2$i4b.0) 

Since at large R, $445 © 0, we have 

p? = dL + 45) (11.29) 
Since d;4 and is are the centrosymmetric atomic orbitals on atoms A and 
B with which the MO V. correlates for the separated atoms, the integrals 


faar =0 [ aia SSM dr = ga (ina) 


because as R-> œ, ra > R and cos 64> 1 


Wh mM. 
6. This was introduced by Bader: See R.F.W. Bader and A.K. Chandra, Cam. J. 
Chem., 46, 953, (1968). 
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So from Eq. (11.26) and (11.29) one obtains 


; ni 1 n 
fi(R = 0) = Ru; = 7 (11.30) 
For double occupation of a nondegenerate MO, the limiting value of fia is 
1. For Ho, there is only one MO with two electrons and from Eq. (11.28) 
the force on a H-nucleus, A at large R(R = ©) is 


F= gil-1-0 


If fia > 1 for R < œ, the net force on the nucleus A is attractive, the 
MO y, is then called the binding MO. If fia < 1 for R < ©, the net force 
on the nucleus A is repulsive and the MO /; may be then called the anti- 
binding MO. If fia ~ 1, we have the nonbinding MO, as the density in 
such MO plays the same role in the molecule as in the separated atoms. 
This classification of the various MOs in terms of the electronic force which 
the orbital densities exert on the nuclei is complementary to the definitions 
of bonding and antibonding orbitals introduced by Mulliken’. The latter 
set of definitions is associated with the nodal characteristics and energies 
of MOs. They have been discussed in Chap. 7. 

We shall consider the formation of the singlet and triplet states of H2 
from atoms in terms of the electronic force acting on a nucleus. In Fig. 11.6 
is shown the variation of fi4(127) and fia@2i) for the singlet and triplet 
states with R. They are obtained from the ab initio wavefunctions given by 
Bowman et al. (1970)*. Figure 11.6 shows that at large R the singlet and triplet 
states of H2 behave identically and such situation persists till R œ 7ao. For 


Electronic force (a.u) 


1.0 3.0 5.0 7.0 9.0 
~ R(au) 


Fig. 11.6 Variation with R of fi a (IZ?) and f, 4 G23) 


7. R.S. Mulliken, Rev. Mod. Phys., 4, 1, (1932); Phys. Rev., 56, 778, (1939); and 
Quantum Theory of Atoms and Molecules and the Solid State, ed. P.O. Lowdin, 
Academic Press, (1966). 

J.D. Bowman, J.L. Hirschfelder, and A.C. Wahl, J. Chem. Phys., 53, 2743, (1970). 
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R < lao, the density in the singlet state bécomes more and more binding 
corresponding to a net force of attraction and the eventual formation of.a 
stable bond. While in the triplet state the density becomes more and more 
antibinding corresponding to a net force of repulsion. The variation of fia 
with R further shows that in the formation of the stable H2 (17) molecule, 
fia becomes again equal to unity at R = R-(1.4ao) and the electrostatic 
equilibrium is attained. 5 

Tt is possible to partition the charge density P; in each MO of a diatomic 
molecule AB as : 


P, = Pia + Pip + Pip 


where pia and pis are the atomic populations and Pip is the component of 
density which is delocalised over the molecule as a result of atomic inter- 
action. Therefore fra can be split into three parts as 


fa — fft fff e f 


where Hie is called the charge-equivalent of the force on nucleus A by the 
atomic density on A. If this density is undeformed from that of atoms it 
exerts no force on A. So at R = ©, this force becomes zero. However, 
‘deformation of atomic distribution for R < © as described by s — p or 
p — d mixing results in a force on A. 

fif is called the charge equivalent of the force on A by the density 
centered on B. It is a measure of shielding of nucleus B from A by electrons 
on B. When R = ©, ff? = fia = 1 for double occupation of the i^ MO, 
(see Eq. 11.30). For R < co ju is generally less than unity resulting in 
unshielded nucleus, because the nucleus A penetrates into the spherical 
charge density on the nucleus B. 

fee is the charge equivalent of the force on either nucleus by the overlap 

' density. If the atomic interaction results in the transfer of density into the 
overlap region this density provides an attractive force on both nuclei lead- 
ing to binding. However for large R(R= o), fia = 0. 

In Fig. 11.7 are shown the variations of fi? with R for the (IZ7) and 
(327) states of Ha. Results show that feP increases in the singlet state as R 
is decreased implying a transfer of density in the binding region until it 
reaches a maximum. On further decrease of R, the charge density is trans- 
ferred behind the. nuclei, causing a decrease of fh. On the other hand, in 
the triplet state, the variation of fie with R implies a charge-transfer from 
the binding region to the antibinding region (i.e. the region behind the 
nuclei). Such density can cause the nuclei to move away from one another. 
This effect in the triplet state of H2 arises from the fact that the two elect- 
rons with their parallel spins cannot simultaneously occupy. the same region 
of space. ] i 

The variation of fü with R are also shown. in Fig. 11.7 for the singlet 
and triplet states. As expected, in the singlet state the nucleus A penetrates 
into the charge cloud of the other atom causing a decrease of fir 027) 
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Fig. 11.7 Variation with R of f f and f PP for the GZS) and CE) states. 


below the limiting value of unity. On the other hand, in the triplet state 
there is no evidence of such penetration for R < co. The increased screening 
of the nucleus B means that more and more densities are transferred to the 
site of the nucleus. This arises from occupation of the antibonding c, MO 
in the triplet state. The atomic population in a c, MO is proportional to 
1/1—S. As R is decreased, S tends to approach unity and thereby causes a 
large increase of density on the nucleus. This increase of the screening term 
beyond the limiting value implies an attraction between the atoms in the 
triplet state. However, this increase is small and more than offset by the 
highly repulsive overlap term. 

The variation of the atomic term f// with R is shown in Fig. 11.8 for 
both the singlet and triplet states. At large R, say R > Sao, the overlap is 
negligible. In the singlet state the atomic density is polarised towards the 
internuclear region resulting in an attractive force on each nucleus. In the 
triplet state the electron cloud around each nucleus is polarised behind 
the nucleus resulting in repulsion. For both states fit must converge to 
zero at R — 0, because in the united atom the electron cloud becomes again 
centrosymmetric. 4 

These resufts derived from electrostatic forces can be readily visualised 
through the variation of the three-dimensional density difference with R. For 
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Fig. 11.8 Variation of the atomic term, i.e. J pa with R. 


a diatomic molecule the density difference 4P is defined as 
AP(f) = Psi (F) — Patoms () 
where Pao (r) is the molecular electron density at a point r in space and 


Putoms (r) is that obtained by the overlap of the unperturbed atomic densities. 


The atomic distribution Patoms (F) is the sum of contributions from each 
atom, the nucleus of which occupies a position identical to that found in 
the molecular system. The contours of this difference density, when plotted 
as functions of R, would reveal pictorially the reorganisation of charge which 
accompanies the formation of a stable bond in the singlet state and an 
unstable bond in the triplet state. They are shown in Figs. (11.9) and (11.10) 
for the singlet and triplet states, respectively. 

Figure (11.9) reveals that when R = 8 ao the overlap js negligible but 
each atomic densities are polarised towards the other atom, The result of 
this polarisation is that each nucleus experiences a binding force by its own 
distorted density towards the other atom. This is the electrostatic description 
of Van der Waal's force as foreseen by Feynman’. It is not the interaction 
of the two created dipoles at the two centres that leads to Van der Waal’s 
force. 

When R is decreased. the overlap of the atomic distributions become 
appreciable and an increasing amount of charge is transferred from the 
antibinding to the binding region in the singlet state. But, a surprising fact 
also emerges from Fig. 11.9. At the equilibrium configuration (R — 1.4 ao) 
there is also a charge build-up behind the nuclei. And at distances less than 
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Fig. 11.9 Density difference contour maps 4p (R) for the singlet 
H, at the indicated Values of R (a.u). The maps of R =8.0 a.u 
and 6.0 a.u are drawn to half the scale of others (with permission 
of the National Research Council of Canada, from R.F.W. Bader 
and A.K. Chandra, Canad. J Chem., 46, 953-966, 1968). 


1.4 ao this accumulation of charge in the antibinding region increases. 
This is responsible for the steep repulsive part of the potential energy curve. 

Figure (11.10) shows how the charge redistribution takes place in the 
triplet state. These diagrams are the approximate opposites of the 4P-maps 
for the singlet state of H». Here, the densities increase in the region behind 
the nuclei as well as in the vicinity around each nucleus at the expense of 
densities in the internuclear region as R is decreased. At R — 1.4 ao 
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Fig. 11.10 The 4p (R) contour maps for the triplet H, at the indicated 
valués of R. [With permission of the Indian Academy of Sciences from 
K.L. Sebastian and A.K. Chandra, Proc. Ind. Acad. Sci. A, 88, 445-552, 
(1979)]. The lower half is the mirror image of the upper half due to 
symmetry. 
Fig. (11.10) shows that there is an indication of slight increase of density in 
the internuclear region. But this increase is not large enough to offset nuclear 
repulsion, and the triplet state is unstable. 
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Figure (11.11) shows the plot of 4P. defined as 
Ap, = PEX) — PEs) 

for R = 1.4 ao. PEF) and P(1Z7) are the molecular charge densities of the 
(427) and (122) states of H2 respectively for the same value of R. 1 

This figure shows clearly that charge density in the internuclear region is 
greater in the singlet state than in the triplet state. Hence, the singlet state 
is more stable. Figure (11.11) also reveals that the covalent bonding arises 
from the transfer of charge from atoms and from behind the atoms to the 
internuclear region. 


Fig. 11.11 The 4pe map for R= 1.4 a.u [with 
permission of Indian Academy of Sciences from 
K.L. Sebastian and A.K. Chandra, Proc. Ind. Acad. 
Sci., A, 88, 452-552 (1979)]. 


In an ionic bond the electrostatic equilibrium is achieved through an 
asymmetric charge distribution, as such bond results from the transfer of 
charge from one atom to the other atom. In terms of forces this causes the 
Screening of the cationic nucleus to decrease and that of the anion to 
increase. In Fig. (11.12) is shown the density difference contours in LiF (an 
example of ionic bond) to point out the distinguishing features in chemical 
binding. These densities are obtained from the Hartree-Fock wavefunctions 
of LiF at its equilibrium bond length. The Fig. (11.12) shows that while 
there is a slight preponderance of charge density on the Li-side of F, an 
almost equal amount of density has been transferred to the region behind the 
F-nucleus. Thus the primary contribution to the attractive force in theionic 
bond in LiF arises from the electronic force on the Li nucleus by the density 
centered on F. The transferred density on the anion atom (F in LiF) is 
almost symmetrically placed around it rather than between the nuclei. In a 
covalent bond the primary contribution to the attractive force that binds 
the two nuclei arises from the overlap density. 

These revelations do neither contradict the earlier concept of chemical 
bonding nor lead to any exciting discovery. But this analysis certainly pro- 
vides a deeper insight into the nature of the process and gives chemists enough 
confidence to employ this classical concept in chemistry. 


4 
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0.000 


Fig. 11.12 The molecular minus the atomic densities 
for the density distributions in LiF [with permission of 
the American Chemical Society, from R.F.W. Bader and 
W.H. Henneker, J. Am. Chem. Soc., 87, 3063, (1965). 


11.6 Change of Molecular Structures and Shapes 


' The gain in physical insight that results from the application of the concept 
of the electrostatic force to chemical bonding becomes more apparent when 
we turn our attention to the change of the structure and shape of molecules 
on excitation or ionisation. 

Consider an example of CO where the electron density in the top occupied 
molecular orbital lies behind the carbon nucleus and remote from the oxygen 
nucleus. An electron in such a cloud attracts both the nuclei as shown by 
the arrow heads in Fig. 11.13(a) but the force on the C-nucleus is greater 
than that on the O-nucleus. If this electron is removed by ionisation the 
previous equilibrium configuration will be modified by a net force pushing 
the C-nucleus toward the O-nucleus until the net electrostatic force becomes 
zero when we have a new equilibrium configuration. The bond length in 
CO? should drop. This is precisely what is found. The observed C-O dis- 
tance in CO drops from 1.13 A to 1-11 A in CO". Similarly, if one of the A 
lone pair electrons is removed from ammonia, the pyramidal shape of 
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(b) : 
Fig. 11.13 (a) A schematic diagram for electron distribution in the top occupied MO 
of CO. The direction and the length of the arrows indicate qualitatively the direction and 
magnitude of the force the nuclei experiences on retention and removal of the lone pair 
density, (b) A similar diagram for change of shape of NH; on removal of the lone pair 
density. 


ammonia becomes modified by a net force which pushes the N-nucleus 
toward the plane containing the three H-nuclei (Fig. 11.13b) causing NH3 
to assume a planar structure. 

One can extend this kind of argument to predict the change of molecular 
shapes on excitation. Consider a non-linear triatomic molecule (Fig. 11.14). 
On excitation, suppose, electrons are transferred to the different regions as 
shown in Fig. (11.14). Such a change in electron distributions will now 
induce the nuclear movement as shown by the arrow heads in Fig. (11.14) 
until these forces become zero and the molecule becomes linear. Thus, the 
ground and excited states have the different nuclear shapes. During such 
movement of nuclei the orbitals of the central atom are likely to be polaris- 
ed. This is important so far as the force concept is concerned. When we 
have a pure p-orbital as the non-bonding orbital on an atom with a pair of 
electrons in it, they exert equal force on the nucleus in the opposite direct- 
ions as shown by the arrows in Fig. (11.15). On the other hand, if the 
p-orbital is mixed with an s-orbital to form any kind ofthe s-p hybridisation, 
the electron distribution becomes more on one side than on the other result- 
ing in a net force on the nucleus in the direction of the largest density. 
Nakatsuji? called this force the driving force (or the atomic dipole force) 
which causes the molecule to change its shape. 


9. H. Nakatsuji, J. 4m. Chem. Soc., 95, 345, 354, (1973) 
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p-orbital $-p orbital 
Fig, 11.15 Electron distribution in a pure p- and a hybrid sp-orbitals. 


Let us now see how it works. The ground state of formaldehyde is planar. 
In its lowest n-7* state, an electron from the lone pair orbital of the O-atom 
goes to the 7*-orbital which is mostly localised on the C-atom. The bending 
of the molecule will cause the mixing of the pure 2pz orbital of the C-atom 
with some amount of 2s-orbital. Thus, a driving force is rapidly generated and 
pulls the C-nucleus away from the previous plane (Fig. 11.16) until the net 
force on the C-nucleus vanishes. Hence, the equilibrium structure of CH20 
in itsz7* state is non-planar. A similar argument predicts the bent structure 
of HCN in its excited state while HCN is linear in its ground state. 


Fig. 11.16 The change of shape in formaldehyde on the 
n — z* excitation. 


We shall now examine the molecular shapes of the CHF, CH and CH; 
systems. The CH} system is planar and has the Ds symmetry with an 
empty 2p-orbital on the C-nucleus. If CH3 is bent, the mixing of this 
2p-orbital with a 2s-orbital will not create any driving force as long as such 
hybrid orbital remains empty. If, however, a pair of electrons is assumed 
to occupy such orbital as in CH3, the driving force will rapidly develop 
and pull the C-nucleus away from the previous plane (Fig. 11.17), and make 
it pyramidal as in NH;. In the CH; radical, magnitude of such driving 
force is not sufficient to cause any large deviation from the planar configura- 
tion. However, the CF$ radical is nonplanar because each F-atom is 7-dona- 
ting to the half filled nonbonding orbital on carbon. 
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Fig. 11.17 An empty p-orbital in CH} and a doubly 


occupied p-orbital in CH3 causing a difference in their 
molecular shapes. 


The change of shape of molecules and the structure of the product formed 
during chemical reaction can also be understood from the consideration of 
the electrostatic force. Though methyl radical in its ground state is planar, 
during reaction between two such radicals leading to the formation of 
ethane, the structure of each methyl fragment changes (Fig. 11.18). When 
a new chemical bond is formed between two methyl radicals the density 
from the backlobe of each p-orbital on the C-nucleus of each CHÌ radical 
migrates into the inter-nuclear region, as it happens during the formation 
of Hz. This build-up of density in the internuclear region, mostly on the 
internuclear axis, will draw the two C-nuclei towards each other and away 
from the planes containing the H-nuclei. Thus, each methyl fragment 
assumes the non-planar structure as in ethane. A similar phenomenon is 
noticed in the acid-base reaction between BF; and NH3. In the adduct, 
BF;-NH;, the FBF angle is 111° while in free BF; it is 120°. It should be 
noted that the redistribution of electrons and the change of hybridisation 
during reaction are different manifestations of the same origin. 

Deb!? used a postulate that the highest occupied molecular orbital 
(HOMO) determines the shape of a molecule. With this postulate he was 
able to predict the change of shape of many molecules on excitation and 
ionisation. The geometry predictions made on the basis of the HOMO- 
postulate are remarkably consistent with known geometries. The question 
arises; why is the HOMO so important for molecular geometry? Among 
the MOs, electrons in the HOMO are most loosely bound. The density due 
to other occupied MOs tends to follow the nuclear motion and has therefore 
less influence on molecular shape. In HOMO, electrons are loosely bound 
with the nuclei. So when the nuclei move electrons do not follow the nuclear 


Eu ecu coc 
10. B.M. Deb, J. Am. Chem. Soc., 96, 2030, (1974). 
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motion but relax. This incomplete following of the HOMO-electrons is 
responsible for the change of shape and the success of the HOMO postulate. 

One can apply the Hellmann-Feynman theorem to the problem of 
configurational instability in molecules or the static Jahn-Teller (J-T) effect!!. 
The J-T theorem may be stated as follows: a poly-atomic molecular confi- 
guration in which the electronic state is orbitally (or spin) degenerate cannot 
be stable except when (a) the configuration involved is linear and (b) the 
system contains an odd number of electrons. The polyatomic molecule will 
tend to distort to a lower symmetry so as to remove as much degeneracy 
as possible. The J-T theorem provides a powerful tool for discussing geo- 
metry of distortions in certain inorganic complexes, although in such cases 
the theorem seems to have been used somewhat indiscriminately in the past. 
In the following we shall consider very briefly the J-T distortion in the ground 
state of VCl4. 

VC, differs from the hypothetical VCH,, a tetrahedral molecule, only in 
the presence of one electron. The two-fold orbital degeneracy in the ground 
state of VCl4 arises because this electron may be regarded as occupying 
either a non-bonding da or a non-bonding day: orbital of the vanadium 
atom (Fig. 11.19) both orbitals having the same energy. A J-T distortion 
will result because of the following considerations: In the equilibrium nuclear 
configurations of VCl4 (regular tetrahedron) there is no net force on any 
chlorine nucleus. Now, when the non-bonding electron is introduced in the 
VCl4 framework every chlorine nucleus will experience an extra force and, 
therefore, will move to a new equilibrium position. If we assume that the 
electronic distribution in VCl¢ remains unaltered in VCl4, then this extra 
force on each chlorine nucleus is just the electron-nuclear attraction due to 
the extra electron. The new equilibrium positions will obviously depend 
upon whether the extra electron goes into a dor a dis ys orbital. 

In view of the above considerations, a close look at Fig. (11.19) leads to 
the following logical conclusions: (i) the extra electron will cause an equal 
decrease in each V-Cl bond length (relative to VClZ ); but, this by itself will 
not reduce the molecular symmetry; (ii) the J-T distortion, viz. a flattening 
or an elongation of the tetrahedron, will occur only in the plane defined by 
the metal z-axis and the relevant V-Cl bond; (iii) if the extra electron is in the 
d? orbital [Fig. 11.19(a)] then the circumscribing cube would be elongated 
in the z-direction (obviously, there will be three such equivalent distorted 
forms since there is no unique choice for the z-direction); on the other hand, 
if the electron’ goes into the dxs_,s orbital [Fig. 11.19(b)] the cube will be 
flattened; and (iv) since the two orbitals, d» and d,» 4, lead to opposite 
types of distortion the extra electron is more likely to be in either of them 
than in a linear combination of the two; clearly, the latter situation would 
result in less stabilisation energy due to a J-T distortion. Numerical calcu- 
lations of Coulson and Deb!?, however, do not indicate any preference of 


11. H.A. Jahn and E.D. Teller, Proc. Roy. Soc., 161A, 220, (1937). 


12. C.A. Coulson and B.M. Deb, Molec. Phys., 16, 545, (1969). 
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(b) 


Fig. 11.19 The static Jahn-Teller effect in VCI, using (a) metal dz 
atomic orbital and (b) metal dx 3—ys atomic orbital. The arrows on 

ligand atoms indicate the directions of distortion. Arrows 1, 2, 3 and 
4 lie in the planes defined by the metal z-axis and the releyant V-Cl 
bonds. 


the extra electron for one orbital or the other. This means that, according 
to the simple. qualitative approach outlined here, both the flattened and 
elongated tetrahedra are equally likely for VCls. This conclusion agrees very 
well with recent electron spin resonance experiments. 


11.7 An Examination of the Gillespie-Nyholm Model of the 
Molecular Structure 


In 1950, Lennard-Jones and Pople!? pointed out that water and ammonia 
could be described in terms of sp?-hybrid orbitals on the central atom, 
which are occupied by two bonding and two lone pairs of electrons in water 
and three bonding and one lone pair in ammonia. Gillespie and Nyholm'* 
have shown that these ideas can be extended to account for the general 
shapes and bond angles of most inorganic molecules. They pointed out that 
the arrangement of electron-pairs in a valence shell of the central atom ina 
molecule could be regarded as arising from the mutual repulsions between 
the electron-pairs. These repulsions are not coulombic but arise from 
operation of the Pauli exclusion principle. The physical basis of the Gillespie 
and Nyholm model is that the Pauli principle forces electron pairs to occupy 
different regions of space. When some of the valence electron pairs are non- 
bonding whilst others are bonding as in H20, then the lack of equivalence 
is reflected in a distortion of the molecular structure. Gillespie and Nyholm 
assumed that the inter-electron pair repulsions vary in the order; non-bond- 
ing—non-bonding > non-bonding—bonding > bonding—bonding. Thus, 
in the series, CHa, NH and H20 the successive replacement of bonding 
pairs by lone pairs causes the bond angle to decrease from 109.5° in CH4 
to 107.2? in NH; and to 104.5° in H20. 


13. J.E. Lennard Jones and J.A. Pople, Proc. Roy. Soc. A, 202, 166, (1950). 
14. R J. Gillespie and R.S. Nyholm, Quart. Revs., 339, (1957). 
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Bader and Preston! have critically examined this electron-pair repulsion 
concept. These authors demonstrate that interpretations of such repulsions 
in terms of colliding orbitals in real space is misleading. Also, by consi- 
dering the molecules like H2O and NH; they have shown that the shifts in 
the electron density arising from the Pauli principle do not lead to a 
decrease in the tetrahedral bond angle in H2O and NH; and furthermore, 
the interactions between the bonding orbitals are larger than those involving 
lone-pair orbitals. Therefore, the basis of the Gillespie-Nyholm model 
becomes doubtful. Bill and Snow! have also examined the electron-pair 
repulsion concept and concluded that the Pauli principle is not really res- 
ponsible for the geometry change in molecules. Hall" has made another 
assessment of the role of the Pauli repulsion in determining the geometry 
of molecules. Hé examined the energy of water as function of the bond 
angle using the Hartree-product functions and the Hartree-Fock functions. 
The strong similarity between these two results, so far as the shape of the 
molecule is concerned, strongly suggest that the exchange terms are not 
critical in determining the gross geometry of molecules, as long as the 
orbitals are orthogonal. When the orthogonality restrictions are removed, 
it means a severe violation of the Pauli principle, the bond angle in water 
decreases to 45°. This behaviour indicates that the Pauli repulsions in H20 
are between bond pairs and not between lone pairs or betweeu a lone-pair 
and a bond-pair. 1 

The lack of proper theoretical basis of the electron-pair repulsion concept 
manifests itself in its failure to explain the change of bond length when the 
bond pair is replaced by the lone pair. For example, NHi is a regular 
tetrahedron.with four equivalent N-H bonds. If an N-H bond is replaced 
by a lone-pair of electrons as in NH3, the N-nucleus experiences a driving 
force in the direction of lone-pair until the net force on N is zero. This will 
cause the N-àtom to move in the direction of the arrow (Fig. 11.20) while 
the three H-atoms remain approximately in the same positions as they were 
in NH¢. Thus, the N-H bond length increases and the H-N-H bond angle 
decreases. Similarly, if, in CH4 which is a regular tetrahedron a C-H bond 
is replaced by a vacant orbital to form CH}, the carbon nucleus will experi- 
ence a force to cause it to move towards the plane containing the three 
hydrogen nuclei until the net force on carbon is zero. This will cause the 
equilibrium bond angle H-C-H to increase and the C-H bond length to 
decrease. In Table 11.2 are listed values of bond angles and bond lengths 
of a few molecules to demonstrate the possibility of determining the equili- 
brium geometry of polyatomic molecules from the classical concept of 
electrostatic force. It is to be noted that although the electron-pair repulsion 
theory of Gillespie and Nyholm explains the change of bond angles when 


15. R.F.W. Bader and H.J.T. Preston, Canad. J. Chem., 43, 1131, (1966). 
16. J. Bills and R.L. Snow, J. Am. Chem. Soc., 97, 6340, (1975). 
17. M.B. Hall, J. Am. Chem. Soc., 100, 6333, (1978). 
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Fig. 11.20 Change of bond angle and bond length when a bond-pair is 
replaced by a lone-pair. The size of the arrow is proportional to the 
magnitude of the displacement of the central atom. 


TaBLE 11.2. Bond angles and bond lengths of a few molecules 


Molecules Bond angles (6) Bond, lengths 
(degrees) A 
NH; - 109.5 0.94 + 0.03 
NH, 107.0 1.012 
PHI 109.5 1.420 
PH, 933 1437 
CH, 109.5 1.094 
CH}/ CH; 120.0 1.078 
BH; 120.0 1.220 
BH, 102.0 1.243 


the bond-pair is replaced by the lone-pair or vice-versa it does not explain 
the change of bond length which is small but significant. 

A systematic analysis of electronic distributions in terms of the electro- 
static force they exert on a nucleus in a molecule thus becomes a powerful 
tool for gaining insight in numerous chemical problems. However, it is 


— 
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important to emphasise that this approach is neither a contradiction of, nor 
a substitute for, calculations made by the traditional methods. Although the 
traditional approach generally provides more accurate numbers, the quanti- 
tative consequence of the force approach can be improved with increasing 
accuracy of the wavefunctions without affecting the underlying conceptual 
simplicity and visuality. Besides, the force approach seems to have a high 
pedagogic value in chemistry. Hence, it deserves wider use and further 
development. 


PROBLEMS 


1. Consider a hydrogen bond of an acid HA with a base B (i.e. A-H... . B). If we 
assume that the electronic charges centered on A and B are spherical, show that, 
on formation of a stable hydrogen bond, the bond length in H-A is increased over 
the free acid value. 

2. Find from the force concept that a non-planar molecule DA, with four equivalent 
D-A bonds is a regular tetrahedron. If, however, one D-A bond is broken and 
DA} is formed without any lone-pair of electrons, the molecule becomes planar. 

3. According toa semiempirical calculation the lone-pair orbital on nitrogen in 
ammonia is given by ýy œ C1 (25x) + Ca (2px) where 2C,C, = 1.063 compared 
with 0.866 for sp* hybrid orbital. Find the atomic dipole force on the nitrogen 
nucleus. Use the Slater 2s- and 2p-atomic orbitals of nitrogen. 

4. Calculate the net force on a helium nucleus in He, using the simple 1 ,- and 
1 oy- MOs made up of the Slater 1s-atomic orbitals (x = 1.69), when the inter- 
nuclear separation is in the range of 4.0 ~ 8.0 a.u. 
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3. Expressing the exponential factor in terms of sine and cosine functions, we obtain 
exp (+ 7 x) = cos A i sin A 


When ^ 4x — X, 
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* Ax = c2n 


Thus, the argument of the sine and cosine terms changes by 27, As each term goes 
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Chapter 2 


1. This can be proved in a way analogous to the proof for hermitian operators. See 
Theorem in Sec. 2.7.1. 
2. Consider the equation 
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Let k = 25, then exp (ikx) is the eigenfunction with eigenvalue KA/2r. Since 


there is no restriction in the value of k, the eigenvalue ot z can form a 


continuous spectrum. 


3. Ay = ab 
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Hence Ay = Ala) = a(Ay) = ay 
Similarly, Aw = AAA... Ab = anb 
Since exp (4) = 1 + A + A32! + Æ+... 
1 
eA 
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7. See Eqs. (2.49) for definition of Éz and f? in polar coordinates. Since 6 and $ are 
independent of each other and a/a¢ commutes with 2*/2$* one proves that Êz com- 


mutes with Z?. 
8. If this function is integrated with respect to x between + oo we obtain 


BORET 


348 Introductory Quantum Chemistry 
us H 

= (3) fé 4 exp(—mx*)dx t 

T -0 r 


-Gr Gr =! 


A standard integral is given as, 


je exp (—a*x*) dx = ve 
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The function also shows that as m increases at x = 0, the value of the function 
increases as shown in the following figure. 
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When n becomes infinite the function is zero everywhere except at x = 0 where it 
is infinite in such a way that the area under the curve is unity. ! 
9. (a) Yes (b) —2x + 1. j 
10. 0,1 1 
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1. Consider the following potential barrier, 
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Then the wave equations for the two regions are 
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ad) + kê, = 0 where ki = js 
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+ ki, =0 where kj = TE -= y) 


Their solutions are 
yı = A exp (ik,x) + B exp (—ik,x) 
Ya = C exp (ik,x) + D exp (—ik,x) 
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Since there is nothing to cause reflection in the region 2, D = 0, we have 
ya = C exp (iksx) 
Since ý and aj//2x are single valued and continuous we have, at x = 0 
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These give rise to the following equations 
A+B=C 
A — B= Chik, 
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The reflection coefficient is defined by H where 
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Hence the mean deviation p? -( px)? Æ 0. Therefore px is not definitely known. 
. The energy spectrum of a particle in a three dimensional box of unequal length (a, 


b, c) is given by 
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. For a box of length /, the classical probability for the square of the positional co- 


ordinate, x is given by 


a= f, x dx/ f; = PBI = PB 
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Quantum mechanically x* is given by 
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The result shows that for a very large value of n [ 
» = [7/3 


which is the classical result. This is an example of Bohr’s correspondence principle. 
5. The energy of an electron moving in a ring of zero potential field with a linear 
velocity » is given by 
E= jm." 
L 
= mor? = Hot = 3r 


where w is the angular velocity, and L( = w/) the angular momentum. Therefore, 
the hamiltonian 
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“ga [sin aT » zr EE a Sino 28 s] 
[See Eq. (2.49)] 
The wave equation is 
Aw = Ey. 
Since we are dealing with an electron moving in a ring, v of such a system is 
independent of 6, @ = 90° for the ring. We have therefore 
Lost ey 
Tgm] ai 
d z I 
PR 
The well-behaved solutions of this equation must obey the condition 
WO = H + 4) 
As a result, we have for the acceptable solutions 
y = exp (im¢) 


= EY 


or =r Ev =0 


where m? = at E and m = 0, +1, +2, +3.... The energy spectrum is given 
by 
mh 
E= eT 


` Each energy level except for m = 0, is doubly degenerate. It is possible to write 
the solution ¥ as 


S y = Asin mé + B cos mẹ. 
6. The energy spectrum according to Eq. (3.70) is given as 


Id 3 3) a 


UY [7] 
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where 


The first few energy levels are: 


1-0 E-0 mg -—1 
mgr = 80 
1-1 p ru = 1424 
1 4n a f 
3 ihk 
1-2 EL 
3n 
AUR B= 73 aT 


Since for each value of /, m can take values of 0,+1,+2...-+/, except for 
1 = 0, all the levels are degenerate. Thus, the level with / = 1 is three-fold degene- 
rate, the level with / = 2, five-fold degenerate, etc. 

The lowest transition energy (i.e. for the transition / = 0 to / = 1) is given by 

h? 
4E — A] 
The reader is asked to do the numerical calculations and to find out AE in A. 
7. We assume that the centre of mass is located at the origin of the coordinate sys- 

tem shown in the following figure for H,O. 


y 


105° 


Let ro, rHs, rH, be the distances of oxygen and two hydrogen from the centre of 
mass, Then | 


Zma = 0 
a 


ie; 5 l6r, + 2x1XrH = 0 (because rg, = rH, = rH) 
From simple trigonometry one derives 2 
73, = [0.96 cos 52.5* — r]? + [0.96 sin 52.5*]* 
= [0.58 — ro]? + [0.76]* 
= [0.58 — ro? + 0.58 
16ra + 2- 4/0.58 + (0.58 — ro}? = 
ié, ro = 041 rH = 0.89 
The (x, y) coordinates of the atoms are as follows 
0(0.0, —0.11) — H,(—0.76, —0.47) (0.76, —0.47) 


) 
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We now compute the moment of inertia tensor of water about its centre of mass. 
Since the molecule is in the x-y plane, the z-coordinates of all atoms are zero. We 


have 
Tyg = E mg(r2 — xg) = Emalyy + 22) 
a a 

= 16x(0.11)* + 1x(0.47)* + 1x (0.47)* 

= 0.63 
Since ma —167x10-*g — (IÀ) = 10 cm: 

I,, = 1.05x107* g cm* 

By a similar procedure 


"by 1.94x 10-4 g cm? 


1,, = 3.00x 107? g cm? 


Ly = —LmgkqVq = —[16x1x0.11 + 1x0.76x 047 


4-1x0.76x0.47] = 0 
In a similar function one obtains the following diagonal matrix 


1.05x 10-« 0 0 
I= 0 1.94x 10-6 0 
0 0 3.00x 10-€ 


The O-C-S is a linear molecule. Considering the masses of the atoms the centre of 
mass will be located somewhere betweer carbon and sulphur. Let us assume that 
the x-axis is the molecular axis and the centre of mass is at the origin. 


y 
146À 1.56A 
Xx 
o C (0,0) S 
(71.69) (-0.53) (1.03) 


Let xo, x, and x, be the coordinates of the indicated atoms. We then have 
16(— | xo | + 12(— | x, | )+ 32. | x,1 — 0 
: From the figure 
| xe | xe] = 1.56 À 
Ix | +| xsl = 272 Å 
—16. (2.72— | x, |) — 12(1.56 — 1x, -321x,1— 0 


| x, | = 1.03 
| x | = 1.69 
| x, | = 0.53 


The x-coordinates of the atoms are shown in the figure. We now compute the 
moment of intertia tensor 


I= Za + 2) =o 
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Iy = zma? Tz 


= 16x (1.69)* + 12x (0.53)? + 32(1.03)* 
= 83 
In gm-cm? units 
Iyy = 83% 67x 10-9 — 1.38% 10- g cm? 


I,, = 1.38X 107** g cm? 


jy DW ESO) 
We have then the following matrix 
1.38 x 10-** 0 0 
UE 0 1.38x 10- 0 
0 0 0 
s 2 = = 106 cm [see Ea. (3.109)] 
c Sn*lhc 
h = 6.624x 10 J s 
n= Ë = 1054x 10 Js 
c = 2,998 x 10% cm/s 
Li 1.054 x 107** 


I= —— FS js! 
4nc x 10.6 4x3.14x 2,998 x 101? x 10.6 


= 0.3x 10-56 J s? 
The angular velocity o is given by 


L? = Pot 


Since eigenvalues of Leis IO + Ih? 


we have om Me nh 
2r 27l 
Period of rotation Se 
'eri Trot P. V = D 


| _ _2x3.14x 0.3 x 1075* J s* 
Trot Vax5 X1054x 107 T's 


= 2.7x10-" s 
9, (a) 1 (b) 6 ©) 4 
10. E(KJ/M) 0 2.9 8.7 17.5 29.1 
Orientations 1 3 5 T 9 


Chapter 4 


1. The zero-point energy of a harmonic oscillator is given by 
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where 
k = 10* dyne/cm 
m = 1.67 x 10-* gm 
Hence 
E, = 10- erg. 
2. The mean value of the potential energy ofanelectron in the 1s-orbital of a H- 
atom is given by 


- = -f ipi 1 +1s r* dr sin 0 d0 dé 


1 
Is = —= ut 
where s enc r) 


Hence 


zn I i= EN exp (-27)r dr J sino ao fi^ a9 


= -1.0(a.u.) 
The total energy of an electron in 1s-orbital is —0.5 a.u. [Eq. (4.110)]. Thus, the 
mean kinetic energy is +0.5 a.u. and the theorem is proved. This theorem is 


known as the Virial theorem. 
3. The normalisation integral for $; is 


f isesi 
2 (9 a 2m 
lei Ni l2 exp (—2r) rdr. f. sin 0 dð if dé-1 
ie 4nnt Ó exp ( 2n dr. 1 
ie. 4zNi la =1 


r Niels or N, = V7 
Similarly 


f $žġdr=1 
ie Ax Ni E exp (—2r) r^ dr = 1 
? TESSA iui] 
ie. 4r Ni a= 1, or N= Pid 


According to the Schmidt orthogonalisation procedure (described in Sec. 2.6) the 
pair of orthogonal functions is given by r 


w= 
h-6- 


Lise: 
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where 


1 
f $9. dr = Nas f exp (—2r)r? dr = NN 4n gj 
EVER 
2 


4. This is a statement of the Unsold theorem. 
We shall show that | Yi [* + | Yin |? + | Yanal? and | Yool?+ | Yan l? 
+ | Yn- l? + | Yael? +| Ya-a|? where Y's are the spherical harmonics are 
independent of 0 and ¢. 


| Yvo + | Yia l? + 1 Yas l? 


-( AJ cos a+ XJ sin* 0 4- vs m) sin? 0 


2V7 24/2. 24/27 
e szy (cos? 0 + sin? @) = z 


| Yow |] Yon P Yo PE Yoo PE YS 


^ ME vis 
(GE J (3 cos? 0 — D* + « A) sin? 20-2 (43 z) sint à 
= r3] [(3 cos? 8 — 1)? + 3 sin? 0 (3 cos? 0 + 1)] 
Aei 
AV | 


5. We write Eq. (4.120) in wave number o [E = /ice] as 
w = (n + 1/2)a, — (n d 1/2)* xo% 
So, for the 0 > 1 transition 
w, = 3917.44 — 1331.80 = 2585.6 cm~ 
= 3/2% — (3/2) xow — 1/2% + (1/2) xow 
= a — 2x pa 
For the 0 — 2 transition 
€, = 6398.94 — 1331.84 = 5067.1 cm~! 
= 20, — XoWo 
Thus, from the two equations 
2586 = a(1 — 2x») 
5067 = 2e(1 — 3x9) 
We get é 
@» = 2693 cm 
= 0.0198 
At the dissociation limit Ei is maximum. Differentiating Eq. (4.120) with 


respect to n and setting the corresponding derivative equal to zero. 
` We have 


dE vin 
dn 


(n + 1/2) = 


= hw — 2(n + 1/2)xphvo = 0 
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Substituting this back into Eq. (4.120) and setting the corresponding E,j, equal to 
D, we obtain 


- hean _ 6.624 10-77 X 2,99 X10? x 2693 
dn 7 4x0.0198 z 


= 4.2 eV [1 erg = 6.24x 10! eV] 


7. HF (0.967 N cm), HCI (0.516 N cm), HBr (0.412 N cm-)), HI (0.314 N cm™). 


Chapter 5 


1. We have to find out, at first, the normalisation factor, N in the. trial wave 
function. The normalisation condition gives 


1 
N* f, xlaq — x3)? dx —1 


1 
i.e. N’ lí x24 dx + T x2a+4 dx — 2f x2a+2 a] ex] 
0 o 0 
1 1 2 
pl sets Cl ETE T FT M 
9 gh pew umm x3] : 


dr ye = Ca + 10a + 52a + 3) 
8 


The energy is given by 


E= AES ms 2 d* 2 
—Á— Goal N'x? (1 ~ x) qa = x*) dx 


Lp LIE waBa(a — 1) = 8a(2a — 1) - 4Qa - 1) 
Sm, Qa + 32a + 1)2a — 1) 


h? (2a + 1)(2a + 5)(2a + 3) (—8a* — 8a + 4) 


=T Brim, 8 ~* Qa 3)2a + Da = 1) 
zb e [dm seti 
8x'm, 4a —2 
_ _ 1 [402 — Ma - 8a + 5 
DE er me 2 ]e» a) 
: aE 
Setting ur 0, we get 


82 + 8a" —14a 4-1 —0 
or a = 0.862 
Substituting this value of a in Eq. (1), we get the lowest energy 


= 1 [=4(0.862)* — 14(0.862) — 8(0.862) + 5 
£f 2 [ 4(0.862) — 2 x1] (a.u.) 


= +5.13 a.u, 
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. The energy is given by 


ju X [- BA tae ex (—ax*) dx 
i exp (—ax?) a a x p (—ax' 


Ez 5 (2) 
f exp (—2ax*) dx 
=) 
The integral in the denominator of Eq. (2) may be written as 
o o 
f exp (—2ax?) dx = 2- Í exp (—2ax!) dx 
-0 0 
sil eL. fs 
T3 A p" z 
where use is made of the following standard integral: 
o _ 1:3-5+... Qn —1) [^s 
jj x2n exp (—ax*) dx = —— — zayi ——— TET 
The numerator in Eq. (2) may be simplified as follows: 
h? aya 
exp an|- He - EM Je - 2a] exp (— ax?) dx 
o h lón*v* 
rud 2 as (e - Be - 2a} exp (—2«x*) dx 
ht l6nv? | (o ha fo 
= — Fae Shae f exp (—2ax*)x* dx + Bl. exp (—2ax*) dx 
LM (ae ley e eg fe 
(t =F) gel oed 
W h'a? 4n*?y* h'a TANE 
F [- ita” Ba + Fells 
iy! ha] fe 
cos ARE p o 
Then Eqs. (1) and (3) give 
nit h'a (4) 


Tm het 
me ^ 
The equation E = Ogivesa = =. 


When this value of « is substituted in Eq. (4) we get the lowest energy, i.c. 
Ey = Mv 


. The perturbation hamiltonian: 


At = ecx 


=e 
oe AB 

where the variable x is changed to £. (See Sec. 4.1) 

The first-order correction to the energy of the ntb quantum state of a harmonic 

oscillator is 


<n] H' | o >= ees eal el ved 
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ee 1 


- Selma yell, cem ems © ae 


= 0 [according to Eq. (4.41)] 
The second-order correction to the energy is given by 


Jm | H' | jn 
FE. 
Consider the integral, for m s n 
r ee aTe IU. 
Com | H' | $n» Vi < bm | Elha) 


' 1 
s VF [5 TTA zz f, exp Cotton B (o 4t 


= 0, unless m = n + 1 [see Eq. (4.41)] 
This is an application of Eq. (5.110), where r,,, in a.u. is given by 


ry - Or rest E20) = (3). Fe 


where is- and 2p, are the wave functions of the 1s and 2p,-orbitals of the 
hydrogen atom. 1 a.u. of electric dipole = 2.4x 107? e.s.u. 

Jf a hydrogen atom is placed in a small uniform electric field | E, | acting in the 
z-direction, then the perturbation on the electron is 


P-e|EIz 
= e | E, | rcosô 


According to the first-order perturbation theory the 1s-wave-function of the 
hydrogen atom js given by - 


€ 15 | r cos @ | 2s* < 13° | r cos 0 | 2p». 
Is = 13° el E [Se ay + Oe ee ant 
<1 | r cos 0 | 3p?» 
ede MU cem v ec 
+ A, p9) ] 


Similarly the 2s-wavefunction in the perturbation field is given by 


aaa] [CR aa AER 
The integral < 19° |rcos 0 | 2s°>=0 [see Eq. (5.35)]. 
The nonvanishing terms are Ç 1s? | rcos 8 | 2p9, (2s* | rcos 0 | 2p? y, 
C 18° | r cos 0 | 3p? >, etc. One may write 

is = 1° + Mp9 + Y3pD A 

2s = 289 + 2p) + 9300 +... 


where MN, mq and ? are non-zero Constants proportional to | E, |. We shall now 
consider the transition dipole integral between the perturbed 1s and 2s states of 
the-hydrogen atom SAI 


C1s| rcos 01 255 = Ç 13° | r cos 0|2s* 5 +4. 1° | r cos 0 | 259 5 
TAC2s | rcos 0 | 259» +4... 


| 
| 
4 
| 
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Except the first term on the right hand side of the above equation, which is zero, 
the other terms are nonvanishing. One of them is shown in the Problem 4. Thus a 
transition from the 1s-state to the 2s-state is possible in the presence of an electric 


field; 
. To obtain the second-order correction we start with Eq. (5.8) 


(HO) — EOK) = HD + EDHO + EC 


Let us now specify an eigenvalue E% and its corresponding eigenfunction 
V? of the unperturbed equation 
() 
HOYO -= FO) pO 
with i = 1, 2,3,4,... = 
E( is nondegenerate. Equation (5.8) for the itb level is 
(HX — EO — — Py 4 ED y 4. BAL) y(t) @ 
We now expand yf) in terms of the complete set of the orthonormal functions 
yp 
YP) = z bu ej? Q) 
jži 
Substituting Eq. (2) in Eq. (1) we obtain 


(Ho — E) Z bi yp des yy) ay E® p $ EP yi 
Jai 


Multiplying both sides by 4{®* and integrating 
z by CHO” | HO [yy — z by E C P | YD 
jæi jai 


- - (9 | PL > + EP Ca 149 > + BPC HP 19 


Since Jf), 9 are orthonormal, we have 


bi EO ú E() Bly D) | ?| rA »4 EO < yn | 4) B) 
; y V EPI o sea 
Since P= 2 EOE 4j) [see Eq. (5.27)] 
EP =< 9 | FL 9 [sce Eq. (5.24)] 


we write Eq. (3) as 


3 RU) l P149 »«99 | Y | o9 » 


bi EO — E() = — 
jal EO — gj 


(0) 4^ (9» 
(0) | Py ylors 7 40 VOS LY pui 
eNi | VIRO >< de | uj > a EU Bm 


bie = = SPOIL PLY >< HOP THD > 
jži (EP — EN ?— ED 
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CHOPPY » up 11H > 
Aare ne es 


Therefore one may write 
4 — z buy 
kal 


ki P199 >< HO LP Lu > 


Tu = EE — EP) 
jal 
— SAPPY uL P» | yo 
(Œ - 


7. C = 8/97, E = —0.424 (a.u.) 


Chapter 6 


We may write the unperturbed hamiltonian as 
HO = HO + gf? 


where Hj? = -39} - a 6 — 1,2) 
and Hp) = E) Ve 


with E = —2, 0 (a.u.) [see Eqs. (4.113) and (4.114)] 


(4) 


We may suppose that the eigenfunction of the unperturbed hamiltonian H() can be 


written as the simple product 


0) 
Y» = "(599 


where 9 is the wavefunction of the ith electron for a hydrogen-like-atom with 


Z=2. We may write then 


Y= HCO pla 40) 4 O yO) yo 
HO) (o) = Hj? (0) + HE) V Y) 


= -2 + 299 yi 


a) 


2) 


(2) 
= A00 

The first-order perturbation energy using the electron repulsion as the perturbation 
is given by 

EOD =< Q 2 lz re ral WP. 22? 

- c8 | | ua» 
For the ground state of helium 
9-29 = [E] exp cao for exp Cor 


| 
| 
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The integral in Eq. (2) can therefore, be written as 


EW = E [f secto expla exp (—4r,) exp (— exp (âr) exp (4ra) 4, H; o 


Tha 
where dr, = r dr, sin 0 d6, dd, 
dr, — 8 dr, sin 0, dô, dọ, 
An jeet similar to that of Eq. (3) is worked out in Appendix 6. Thus v we have 
EQ) 5 i (4) 
Therefore, the ground state energy of helium follows from Eqs. (1) and (4) 
E= E0) + EQ) 
= — 4.04 + = —2-75 a.u. 
= —74-80 eV 
. oy [Le LH = CH, [Ly + Ly >= CHILLY > +1 HAL, I y> 
Since Ê, and 1 are hermitian, according to turn-over rule we have 
CHILLY >= CHE Eyl it + EC; | D, | vtt (1) 


Now 
Cw LLL Le = CUTE, | 945* — ECL E, 1 (2) 


So from Eqs. (1) and (2) 
CH Lely ACH l Ls l 79 


Similarly, L. is also not hermitian. 
But Lis +B +d 
13 adi 


Since T3 i, and jr are hermitian, the product operators DE and Ip are 


hermitian. 
. From Eqs. (6.82a) and (6.82b), we may write 


Loo = A640) 
r% sey = V6 (2,1) 
Lpa,- = 260: 


^ 
Lpa, —1) = 24(2,-2) 
But 


A 
£44(2,2) = 0 


^ 
L_$(2,-2) = 0 
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Since we are dealing with a two-electron problem, we have 
= 1.) + 0) 
L=20)+2@ 
Therefore, 
Loo = 0) + Oo 
=m + Laie vea | Goo | + | bai | + 1 49 -1 I} 
Operating on term by term, we obtain 
LÂ) + 2,2) | fo 1 = V/Z (ifo + 1609 D 
(hd) + £I | bati |= y7: l botal 
(because /,(2)$3(2) = 0) 
t + AOI 4.61 = VT 1991 
[because f,(1)¢,(1) = 0). 


Leda = [EGU ttl + L8 1D 
= A31 $9, | + 1559, D 
But we have seen that 


Lo = yatan 


Hence 
V») = vg esl E9811 


We now operate on /(,o) with Ê, term by:term 


thd) + OE | = VC b |+ 1950 


LO) + 1:221 649: | = VZ] 65891 
(because I + (1)$-1(1) = 0) 


t.a) + LO $$ |=V2 i. | 
(because 7_(2)¢-1(2) =.0) 
Thus Léco- [204381 Hil D 


= V3LI $2) | + 16931] 
But we have seen that 


LG) = VE (5-2 
1 I = 
Hence Hy) = VE {| -10 | + | ot- |} 


pes 
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Carrying on like this we obtain 

tod = | 4,41 | 

ta -D= 16594] 
It is to be noted that the normalisation factor in front of each determinant is 
omitted in this problem. 


. For an electron in a d-orbital (/ = 2) there are two values of j, j = 3/2, 5/2. 


The operator Vs is given as 
fra ht Stabe 4 he 4 208 


or LS =a Fe — Ê — 34} 
The first-order perturbation energy is given by 


E' = <d | e£. S | d» 
=HICd| P| d>-<d| 14» - 4| $945] 


where d is written for the wave function of a d-orbital. 


Since 
«4| Sla» 2jG +D 
«4|d214»- K + 1) =2:3=6 
«4|$14»- S54) 74 $= 
We have 


E' = HIG + 1) - 6 — 3/4) 
There are two values of j, so that 


E'CDyj) = £ 
E’@Daix) = —3/2(€) 


2 

m. - 2 S2 
2p, 2 ee e 
oom h% 

dem 
^s 2p 
32 
Before the spin-orbit After the spin-orbit 

interaction interaction: 


The energy difference is 5/2(£). This example shows that for a given value of J, the 
state having smaller j is more stable. 


For a closed shell configuration it can be easily proved that 
M,=M,=0 


Therefore, the electronic state is represented by 4S. 


. Saa 
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Chapter 7 
1. C,+ and B,+ have the following electron configurations (see Table 7.1) 
Cyt [LiísY(o,2s)*(2,2p)* 
B+ -[LizYs,25)*(7,2p)* 


There are three electrons in the 4,25 shell of C,+ and one electron in the (7,25) 
shell of B,+. They give rise to same states, namely, *x,. 

2. Let us assume that the molecular orbitals of HeH+ are formed from a linear 
combination of a 1s-atomic orbital of He and 1s-atomic orbital of H. Then the 
wave function of a molecular orbital of HeH+ may be written as 


y= Cylstte + CilsH 
The secular equation is 
tHe — E B — SE 
B- SE an- E 
where 
&He = Ç IsHe | H | 1sHe > 
aH = < Iso |H | 1sx > (1) 
B = (isu |H | Ise > 
S = Ç isn | Ise > 
and Ñ is the effective hamiltonian of the HeH -+ system. For the sake of simplicity 
we neglect the overlap integral S in Eq. (1) as this is not going to affect the conclu- 
sion. The energy is given by 
E = Gye + ep) + ng, — 2p)? + 48°F} 
For the bonding orbital one obtains 


Cy _ _ ae — H(eHe + au) — [(aHe — aH)? + 48713} 
n B 


_ tHe — aH (ate — an)? ]!* 
eX ST PEM [ SEE Ji | 


In this simple treatment as are assumed equal to the ionisation potential of elec- 
tron in the corresponding atomic orbitals of the isolated atoms. 


-aHe = —24.6 eV, aH = —13.6 eV 
According to Mulliken’s approximation 


P = Slate + an) = —3825, (k = 2.0) 
Thus 


One obtains 


The ratio C,/C, can be shown to be less than unity for any value of S, hence, 
C> C: 
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This means that the bond-electrons are clustered round the helium nucleus. Since 
the ionisation potential of He is greater than that of H, HeH+ is expected to 
dissociate more readily into He + H+ than into H + He+ 
. One obtains the following expression for the electronic energy by the procedure 
described in Sec. 7.6. 
E= 2E, + Ey + Ju, + 278 — Ky 
where 


1 
Ju7 € osls(1)os iol 2,15(1)o,15(2) > 


Ja=< artstotsoE e,1s(1)o,15(2) > 


Ky = ¢ 915(1)o,1s(2) BA Suls(1)osls(2) > 
. The electronic configuration of NH: 
(1s0)*(2s0)%(2po)*(2pn)*, *z— 
. According to Sec. 7.8, p = 2(1) 
(1) = (0.323) (65) + (0.231)4H5))* + (0.685) (911 
+2x 0.323 x 0.685(633- 415) + 20.231 x 0.685(91L . gH) 
--2x0.323x 0.231 (4L. 4E) 
p = 2p(1) = 0.208(97)* + 0.106(615* + 0.938(4H)* 
` ` +0.886(83/61%) + 0.632(6 51412) + 0.208 (Lal) 


Since f P. dr = 2, we have the charge distribution in LiH as 


qi = 0.208 + 0.106 = 0.314 
% = 0.938 


Ge ii = 0.886 (953 | dis ) + 0.632 < 435 | ft > 
= 0.886x 0.5 + 0.632x0.5 
= 0.759 
where gg ; ; means the distribution of electrons in the overlap region. It should be 
noted that 95; and 473 are orthogonal. 
If we use Mulliken’s gross populations then we regard the overlap density as 


belonging half to Li and half to H. The gross populations of valence electrons on 
the two atoms are 


Oy; = 0.314 + 1/2x0.759 
= 0.693 

Op = 0.938 + 1/2x0.759 
= 1317 


If we consider that the MO of LiH is built up from overlapping a pair of orbitals 
on each atom, then we define a hybrid type of atomic orbitals of Li as 


$1i = agg} + boli 
A linear combination of ¢1i and oH gives the MO 
ymo = M4; + 0.6856]; 
Mad + bé) = 0.32365) + 0231913 
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Since a? + b° = 1 because the Li-orbital must be normalised, we have Aq=0.323, 
àb = 0,231. 
One easily gets | 
a=0.813 b=0.582 A= 0,397 | 
Thus the hybrid atomic orbital of Li is given by 
$E = 0.81364! + 0.582457 

This means that in Li itself, 0.34 electrons are promoted from 2s-orbital to 2p- 
orbital before the bond is formed with H. This is possible because the 2s-2p | 
energy separation in'Li is small. 

1f qz; and gy were equal the bond would have been completely covalent. The 
bond would have become completely ionic as in Lit H^ if qj; = 0, gg = 2 corres- 
ponding to transfer of one electron from Li to H. McWeeny* (1965) introduced 
A/2(q4 — 4p) as a measure of the fractional ionic character of the bond AB. So for | 
LiH the fractional ionic character is given by 


Qe - qu) = 40.938 — 0314) = 0.312 


If we use Mulliken’s gross populations of valence electrons this measure remains 
invariant. Thus, one may say that LiH has 31% ionic character. 
Li:?313.—H]-9:317 
The two core electrons in Li simply screen two units of its nuclear charge. 
6. Na*Cl- (R = 9.26x 10-* cm), Li*F- (R = 7.7x10^* cm), 
Na*F- (R = 8.8x 10-* cm) Li*Cl- (R = 7.9 10-* cm.) 


Chapter 8 
E 1 ¢ 
è 


4 3 
The secular determinant is 
x 1 0 1 
1 x 1 0 j 
=0 l 
0 1 23 1 
1 0 1 x | | 
which expands to 
x-4 =O 
M x= 0,0,+2 
Therefore, the energy levels in the order of increasing energy are 
E,— «4-28 
E,=F,=« 
E,y=a — 28 


Se 
1, M. Klessinger and R. McWeeny, J. Chem. Phys., 42, 3343, (1965) 
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Hence 
Ex = 4a + AB 
D-E=0 


Since the highest occupied orbital in cyclobutadiene is doubly degenerate, one can 
construct both the singlet and triplet states. According to Hund’s rule the lowest 
state is triplet. 
. See Eqs. (8.53) for -molecular orbitals of butadiene. For lowest excited configu- 
ration (i.e. 909b. 
Pis = Pa = 2x0.375x 0.607 + 10.607 x0.375 + 1x 0.607 x (—0.375) 
= 0.456 
Pas = 2X0.607 0.607 = 1x0.375x 0.375 + 10.375 x 0.375 
= 0.720. 
The results show that the central bond is shorter than the end bonds. 


For the butadiene anion with the configuration VA. 
Pis = Pu = 2x0.375x 0.607 + 2x0.315x 0.607 + 1x:0.607 x (—0.375) 
= 0.684 
Das = 2X:0.607 0.607 + 2x 0.375 x (—0.375) + 1x (—0.375) x (70.375) 
= 0.547 


This shows that the bond-orders are nearly equal. 

. Inthe conversion of cyclopropyl to allyl systems (radical or ions) and o* orbi- 
tals of 1-3 bond and z-orbital on 2-position in cyclopropyl pass adiabatically to 
three m-molecular orbitals of allyl [i.e. VV and Vs; see Eqs. (8.47) and (8.48)] 


H H 
l | 
c c 
H a H ix H 
“N c 3 c ^ c 
B^. SH H^ SH 
: C2-axis Op-plane 


Fia. 1 


How these two sets of orbitals are correlated depend on whether the reaction pro- 
ceeds in conrotatory or disrotatory mode. For the conrotatory route, both the 
reactant and product maintain a two-fold axis (C.-axis) of symmetry while in the 
disrotatory mode, a symmetry plane (s;-plane) perpendicular to the molecular 
plane is maintained (see Fig. 1). By a similar procedure described in Sec. 8.5 one 
obtains the following correlation diagrams for the conrotatory and disrotatory 
modes, where the symbols S and A refer to ‘symmetric’ and ‘antisymmetric’ with 
respect to whatever symmetry operation is applicable. 3 
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For disrotatory mode 4 


Clearly, the lowest energy configuration c? of cyclopropyl cation correlates with 
the ground state configuration 4 of allyl cation for disrotatory mode and with | 
higher-energy configuration 8 of allyl cation for conrotatory mode, It seems, 
therefore, that the disrotatory route is energetically favourable for thermal inter- 
conversion of cyclopropyl cation to allyl cation, As to the photochemical trans- 
formations, the first excited state ox correlates more favourably with vivi for the | 
conrotatory route than with less stable configuration vis for the disrotatory 
route. From similar arguments using the same correlation diagrams one expects | 
that the thermal and photochemical interconversions of cyclopropyl anion to allyl 4 
anion follow the opposite routes. This establishes the Woodward-Hoffmann rule. | 

4. The two x-MOs of ethylene are : 


‘= vie: +4) 


WE E A Bee Sec/85] 


V2 

The corresponding energies are 
ER=atp 
Raa p 


The wayefunctions of the ground singlet, the first excited singlet and the lowest 
triplet states are 


$- v nomo | 


1 a p 
Sy = UI ET 031] 


1 Due Ea 
T= 3L I diel + Es |] [see Sec. 7.10] 
The energies of these states are 
E(S)) = 2E, - Jy Y 
E(S) = E, + E, + Ju + Ky se » 


E(T) = E, + E, + Ja — Ky 
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Ja = f f eno [=] si dra dra 


= MO A2 Ch | fate DI 


where the differential overlap (4143 = 0) is neglected. One obtains 


Jn = Sen = Jan = MCA | diti) Ch EA] 


Ky = HOS | its > 7 Chh L8] 


The two-centre integrals is obtained for R < 2.8 A by Eq. (8.88) 
< bids | 4:6: > = 10.53 eV 
€] $262 > = 7.38 eV 
Ka = 1.57 eV 
AE = E(S) — E(S) = Es — Ei + Jn — Ju + Kn 
= E, — E, + Ku —28 + Ku 


= +7.6 eV 
4E = E(T) - E(S) = Ex — Ev- Ku = -28 — Kn 
= 44eV 


5. The energy levels are given by [Sec. 8.6] 


E = a + 28 cos 2 


For N = 6, the possible values of J are 
J=0, £1, £2, +3 
When J = 0, E, =a + 28 
J=+1 E,=«-+ 2p cos 27 [cos (—8) = cos 6] 


= a + B (doubly degenerate) 


4x 
6 
= a — B (doubly degenerate) 


J— +2 E,-—«-t2pcos 


J=43 E= at pcos =a 28 
The normalised wavefunctions are given by 
ES, , ant 
EEK 


where ¢, is the atomic orbital on the rth atom 
Since J can be positive and negative integers we write 


4j= ve exp (e 


t= ee oo (-175") +, 
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In terms of the real coefficients 


by = EC (0 
r 


One can write 
ý; = Ap; + BP, (2) 


where 4 and B are arbitrary constants. 
By comparing Eq. (1) and (2), one writes 


2n, 2nJ 
El = A e(t) + Bexp (5) 


= A [o E + i sin 225] 


2nJ 
+ Bl cos 7 er — isin a] 


= (4 + B)cos E + (4 — B)i sin T. 


2 2rJ 
= " cos A, -+ Dž sin =r 


where Di = (A + B), Di = (A — B)i and now only positive values of J need to 
be considered. When J = 0, only Di coefficients need to be considered. While for 


-J = 1,2, etc., we obtain’ HUE MOs and their coefficients are determined 


from both Di and Di. 
J=0; WI = 0) = D} (bi d bet dat bs + be) 
Since fea E ENE 


we have 
(DY HIII IE 


p? 
Di = 


1 
vē 
1 

W = 0) = vele + bat bs + bat de + $e] 


«a = 1) = Df{ (con er) (eos Z-2)44 (eos s) 


(cos = 4a + (cos = D + (cos > -6) +4] 
= Dj(1/24, — 1/26, — 4, — 1/244 M26, -l éd 


Since fw = 1)? dr = 1, we have 
(1) 
(Dt yf tS 265 Deka A ides = 
»[ 4 Pepe ri]: 


XD = 1 


Jd 
Vi 


(1) 
pip. s 


^ 
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1 
yJ =1)= iyi — $a — 26, — da + $s 29] 


The other component of the degenerate MO is given as 
2 22 
yg 2a) = pf? | (sing 3) 4, + (sin eje E (sin s 3)e 
2 2 . 2m 
+ (sin 4) $e WE (sin 55) ts ae (sin $:9«] 
= D(P[0.8664, + 0.8669, — 0.8664, — 0186604] 
= 0.866DfP[4; + d — $a — $s] 


After normalisation we obtain 


YU =1) = LA h-h- Hl 


The other three MOs are given as 


1 
JU = 2)= or - 4$: ba — $5) 


Wd = 2) = Fels + ha — Bhat dat TO 


HI == Fel - A = ht bee 


The total x-electron energy.in benzene is (2E, + 4F,), i.e., 6a + 88. 
The total z-electron energy of three ethylene molecules is 6« + 68. 
The delocalisation energy (DE) for neutral benzene is 


DE = 6a + 88 — 6a — 68 = 28 
The total x-electron energy of benzene cation is 
QE, + 3Ej), i.e., 5a + 7B 
The total z-electron energy of two neutral ethylene and one ethylene cation is 


Sa + 58. Hence, 


DE = 5x + 7B — 5a — 5B = 28 
The total 7-electron energy of benzene anion is 


(2E, + 4E, + Ey), 


i.e., 7a + 7B 


The total z-electron energy of two neutral ethylene and one ethylene anion is 


DE = Ta 4.78 — Ta — 58 = 28 


Ta + Sp. 

Chapter 9 

1. IC Dih 

CHa Deh 
C.Hs Dih 
C,H;N Cry 
1:3: 5 Trichlorobenzene 
CO. 


CCl, 
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Multiplication table for C4, 


First operation 


Cee 
E E C. ic 
€, Cos Ci E 
Q QUE [^ 
1 [oj 
€, [o^ C; 4 
Sy LA od od’ 
o; ci haad scod Jie nt e Cy Es Gj >? Cl 
od od oj o, od’ Ci [^ ing C, 
od' od’ og, o si ted CU ORC. E 


That elements like o, and of form a class can be shown as 
EA ES c, 
C sic, = Ciod = oy 
(C3)7s, C$ = Ced’ = o. 
odo od = odC} = c, 
C;loC, = ov 
6, lov ov = av 
(ov) tov av’ = ov'C, = av 
(ed’)0v od = od’C} =v’ 
Similarly, one can show that od’ and od form a class, C, and (cH form another 


class, and C, forms a class by itself while E forms a class for all groups. 
There are therefore five classes as: 


E, C, and CÌ, Ca, ed and ad’, ov and ov’ 
One can write the Cap group as 
: E, 2C,, Cs, 2ov, 2od 


The number of classes is equal to the number of the irreducible representations. 
Suppose, 4, J, ls, la and Is are the dimensions of the five representations, then 


G+6+8+8+2=8 
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Therefore, there are four representations of dimension one and one of dimension 


two. 
3. From the Dei character table we have 


E; 2G gn 2Csy Cu 3615 3C lC. 
WE, XE, 4 +1 +1 44 0 0 44 41 
2S8. ch, 30d, 30v 
+1 +4 0 0 
Following the usual treatment shown in the text. 
1 
(Ay) = 94 [4x1 +2x1xł + 2x1x1 + 4x1 + 3x0%1 + 3x0x1 
+4x1%1 4-2x1x1 4-2xIx1 + 4x1x1 4- 3x0x1 4- 3x 0x 1] 


=1 


aAa) = 1244+ 2424444424244) =1 
4(Ey) = 1/248 -2-24+8+8-2-2+8) =1 
EjuX Eju = Aig + Ang + Ezg 


4, In methyl radical, there are three hydrogen Is orbitals, one carbon 2s-orbital and 
three carbon 2p-orbitals, i.e., 2px, 2py and 2pz. 


z 
C3 
Ha aT 
I | 
LN I 
H c 7$ Hc 
I 

I We 1 

b 


There is usually no need to write the full matrix representation. It is sufficient 
to be able to write down the character. If a symmetry operator completely moves 
a function away. from its original position this will correspond to a zero on the 
diagonal of the matrix and therefore does not contribute to the character. We can 
therefore construct the following table which shows the bases for the representa- 
tions. And the reducible one is decomposed into irreducible components by the 
usual procedure. It is to be noted, however, that a C, operation on 2p, or 2p, gives 
a mixture of these two orbitals. 


TABLE 
Bases E ch 2C, . 2S, 2C 3e 
ese sera Ne Aa IA E Sd A pr Ces ee DE ee 
Isa, 1sb,1sc T, 3 3 0 0 1 1 D—ADEE 
2s Ti 1 1 1 1 1 1 T= At 
2pz Ts dato 1 -1° = 1 Tj = 43 
2px, 2py p,» 2 eroi cun 0 o| =k 
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This table shows that the 2s-orbital of carbon forms bonding and antibonding 
molecular orbitals with the Aj combination of the hydrogen orbitals. Similarly, 
the 2px and 2py and the E' combination of the hydrogen orbitals give bonding and 
antibonding E' molecular orbitals while the 2pz-orbital will be nonbonding. The 
methyl radical has seven valence electrons, six of them fill the bonding molecular 


orbitals and the seventh one occupies the nonbonding orbital which has the 47 
symmetry. 

5. We shall first consider how the five d-orbitals transform under the D, operation. 
The 3d-orbitals are characterised by the quantum numbers n = 3, / = 2 and 
m= +2, 4-1, 0, —1, —2. The orbitals are given as 

elms 
Vy = Rasl)P3" (cos O75 


Let us consider a d-orbital centred on a metal atom in a square configuration as 


shown in the figure. 
The most general rotation is that around any arbitrary axis by an angle, say p. 


C(P asx = Rsa(r)P2 (cos O)1/4/ Jre (4+) 
—el2e «dass. 
COW. = el? aa 
Clp): hano = e" 9 s.n. 
C(p)ls i-i = CHP pan- 
C(P)ar2.-2 = eios -a 
The C(p) matrix is given by 


ei2p 0 0 0 0 
0 elp 0 0 0 
0 0 ep 0 0 
0 0 0 eie 0 
0 0 0 0 eio 


Hence the character, 
X — eip + elo + eip + eip + ele 
=2cos2p --2cosgp +1 [since eip + e~ = 2 cos p] 
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For the C, operation, ? = x2, 4C) = -1 

For the C, operation, 9 = =, 2(C:) = +1 

The characters of the representations spanned by the five d-orbitals under the ope- 
rations of D, are given by 


E pron 6. 2C? 2C; 
r 5 -1 +1 +1 +1 


The above reducible representation T is decomposed into irreducible components 
of D, by the-usual procedure: 


T= A, + Bit B+ E 


The group Dyk has in addition to the above clements of Da the inversion, i, 
2ix Ca ix Cs, EK C5 and 2i x C2 elements. Since all the five d-orbitals are symme- 
tric under reflection in their symmetry centre, we can get only the symmetric 
representations in the Dh group. Therefore, in the Dj point group, the five 
d-orbitals have the symmetries, Aig Bie, B» E, 

6. The three z-MOs of the allyl system are shown in the figure 


y, = 12-4, + V2 +b + 1/246 

Ws = Wa/2-41 = 12-45 

Ya = 124, — IV ha + 1/245 
Cathy = —1/2-4s — 1//2:4; — 12-4, = — s 
Cath, = IV 2:4. + 1/20. = Ys 
CJ, = —1/26. + I/V T$: — 1/276) = — s 


ew xz)), = i ow yz)b, = Ya 
ow(xz)), = — ha ol yz)_ = Yo 
o(xz)y = — ha or(y2)¥a = Hs 


VE 


V4: «-/2 A (antibonding) 
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We therefore classify the z-MOs of the allyl system as 


E C,(z) ov(xz) ov'(yz) 
RARA -1 -1 1 B, 
Wh rud H y zi Ay 
h 1 =i 24 +1 B, 


7. Td has 4C, and 4c} which make members of a class 8C; three C, axes, i.e. 3C;, 
35, and 383 make another class 65,. Besides the above, it has six planes of reflec- 
tion which are od rather than ov, With the four hydrogen 1s orbitals as bases, we 
find the following reducible representation. \ 

E 6S, 3C, 6cd 8C, 
r 4 0 0 2 1 
r= A tT, 


Let 41, $a ds and 4, be the four hydrogen orbitals, 
Operating on ¢, we get 


E 68, 3C, €ed 8C; 
$145 /— 24 26; + 204, $i pato 34 4 ds 24, + 26, 
T2465 + 264 


Obviously, the orbital with 4, symmetry has the combination 
$1 + 4 d ba d- be 
€2 


eo 
c 


C2 


Hà 


H2 H3 


After normalisation it becomes 
Vi(4) = M6, + 4, + 4, + ta) 
A combination which transforms like T, is given by 
36; — Qi + 264 + 26) — (d, -t $a + 4) + O6 + 4. + $i 4-49 
+ 0.09, + 26, + 26; + 28) = 6$, — 2bs + $5 4- 4) (1) 


To find the other two combinations which transform like T, 
other orbitals, say 4, and $s. H 
Operating on $a: 64, — 2(4, + $4 + 4) 2) 
Operating on $5: 66, — 2 + $4 + $) (3) 
Functions (1), (2).and (3) after normalisation arc: 


t = VIIE Gh, — hr — 4 — 4) 
h = VITIZ-G8 — 4; — 4, — 4) 


Ja = V TIZ- GA, — 4, — $ - 4) 


But these functions are not orthogonal. According to Schmidt orthogonalisation 
procedure, we assume 


WC operate on two 


amma ni 
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where /4 is orthogonal fo yz, i.e. 
Clee >= XY l Ya) HOLH 48» —0 
< ha | Ya X = —1/3; hence C = 1/3 
44 = 4.13. = 1/-V/12- Bea — ba — he — Aa] 
+ IV 12-6; — 433 — 4843 — 443] 
= 1/V T2-4/3[2$, — $s — da] 
On normalisation, 
4 = 11-76-24, — $a — 49 
Lastly, we can orthogonalise y, to ¥, and [A and obtain 
44 = IV D (s — 99 


Therefore, the three mutually orthogonal and normalised functions of T, sym- 
metry are given as: 


j, = 1/V12: (B$, — $: — 4 — 40 
ý= 1/6: (2$: — $3 — $4) 
44 = WV 2s — $0 


Chapter 11 


1, The hydrogen bonded species is shown in the following figure. 


The total force on H in the z direction is given by 


ZA cos 6’ ZB cos 0’ 
Fg" RO Juma dr — RE + fos p dr 


where p4 and pg are the electron densities on A and B, Z,and Zp are their 
nuclear charges respectively. We assume that the density on ,H is symmetrically 
placed and exerts no force on the proton. For spherical charges Q, and Q5 on A 
and B respectively. 


cos 0^ Qa 
PA AT 


cose’, Oo 
Ba UR 


1 1 
Fu,z = gU = Qa) = gi n- QB) 


Initially, for the free acid molecule HA of bond length R} we have 


Za — Q4 
Fiz zu R? 
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Since there is no net force when the molecule has the equilibrium bond length, 
Z4 = Q4. However, when R; is finite the density dn B exerts a resultant force on 
H away from A. This means that the value of (Zp — OR? becomes a negative 
number. In order that Fg,: = 0 for. the equilibrium geometry of the hydrogen 
bonded system, R, must be greater than R}. Thus, hydrogen bonding with base B 
leads to an increase of the bond length in HA over the free acid value. 

2. Consider DA, as shown in the figure. 


oe Wa 
ws 


where one DA bond lies on the z axis and makes an angle ¢ with the other DA 
bonds. The net force on D in the z-direction is given by 


ois ZD ZA Z Z 
z + Rr (—3 cos ¢) + De y ze. *3 cos $ 


Fo. = — 


Zi 
= Ar + 3cos 9XQ — Za) 


When Z stands for the nuclear charge and Q is the charge equivalent of the elec- 
tronic force (see Eq. 11.27) on the nucleus D per unit positive charge by the 
clectron-pair in DA. In a diatomic molecule DA, the net force on D is given by 


Fo = T (Z4 - Q) 


and for the equilibrium bond length Fp — 0, we have Z4 — Q. But for polyatomic 
. molecules Q # Za for the equilibrium geometries. 
We should have 
1+3cos¢=0 
cosó = —1/3 ¢ = 109.5* 


Therefore, a non-planar molecule DA, with four equivalent DA bonds is a regular 


tetrahedron. 
For DA » Without any lone pair electrons but with three equivalent DA bonds 
we have 


ZD Z4 
Fo,z = a7 3 cos (180 — 4) + 20.3 cos $ 


= e cos $(Q — Za) 


Since Q + Za, for the equilibrium geometry cos ¢ = 0 hence $ = 90°. This means 
that all the three DA bonds must lie in the same plane. 
3. The atomic force on nitrogen due to its lone pair is given as 


femi = -zu [nou 
TN 
where 


ME) = Wy = A$H, + C343, + 206,64, bap] 
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é D 
(ec -n[a [4 dr + C2 | 43, 


cos 6; 
+2C,C3 [iino 3 - ] 
TN 


= -2ZNx1.063 jj dadas EN de 
N 


where the first two integral vanish because the atomic orbitals are centro- 


symmetric. 
The Slater orbitals are 
a^ LI 
$2; = [x] +r exp (~ar) 
m 
aë 1/2 
$2p = [=] -r cos 6 exp (—ar) 
a = 1.95 


Consider the integral 


cos ÔN ab 
IL d dr = Vite a ff exp (—2ar)r**cos 0 


x S050 dr sin à di dé 


a (9 : Kien aie 2m 
a - . 0 sin 6 di 
AE ifs exp (—2ar)r?+dr f cos! 0 sin a f $ 


ae 2 2 
—RJPUQ 377 
= 0.73 (au) 


fgiomie — —2ZNx 1.063% 0.73 
= —10.86 (au) [if Zw = 7.0 (au)] 
1 au. of force = e%/4negag = 8.2388x 10-* N 


4. The log and lou MO's of He, are given as 


lo, : 4c 35. : 
P MET v2-2s 


where é's are the Is atomic orbitals and s = Ç $a | $b > 


p = Alog)*-+ 2 (lou)* 


UII EE I NE Eu, Ata AD 
Is l-s 


. 262 + 20$ — 4($a-$8)s 
GS 1-5 


= 242 + 242 — dardos + 25902 + 95} +... 
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where we neglect terms higher than second-order in the overlap. The electronic 
force on He in - is given as 


Zu. [oa LENTUM za |o Se 
-45 | «e ct dr + 23 { fe es i 
«jas 

= zw [e + 299 [44 95 : 


+ f 5$. zs z "e (Using Mulliken's approximation) 


2 nsa $e a rof cos $a 


Oa ig a 


cosg ii 
2 zd d: 


= mafa 


= a - (1 + 20 + 20% exp (-20))] 


where Q = £R, B being the orbital exponent of the 1s-orbital [see R.F.W. Bader 
and G. Joncs, Canad. J. Chem., 39, 1253, 1961] 


& = [E] exp cor 


For the He-atom, 8 — 1.69 [see Chapter 6, Sec. 6.2]. The net force on He is 
given by 


ZHeZHc cos LP 


Fue = — p — ZHe e f 09 977 


" 4 um 2x2[ pf! - (1 + 20 + 20% exp (-20)}] 


= + Full + 20 + 20%-exp (- 20) 


This net force is thus positive hence, repulsive at all values of R 


R(au) Fite(au) 
4.0 3.4x107* 
5.0 1.18x 10-* 
6.0 4.0x 10-* 
7.0 4.4x10-* 
8.0 4.4x 10-2 


1 au of force = 8.2388 x 10-* N 


, 
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Energy Conversion Table 


a.u. eV cm~! kcal/mole erg 
1 a.u. 1 27.2 2.1947 x 10* 6277x10* — 4358x107 
1eV 0.0367 1 8.066 x 10* 23.07 1.602 x 10-78 
1 cm~! 4.556x10-* 1.2398x107* 1 2.86 x 107* 1.9862 x 10-1 
1 kcal/mole 1593x107? — 0.0433 3.4964 x 10* 1 6.9446 x 107* 
‘1 erg mole- 1 
cule 2.294 10%  624x10" 5.035 x 105 1.44x 108 1 

Fundamental Constants 

Charge on electron c = 4,8x 1071? csu 


Velocity of light 
Planck's constant 
Mass of electron 
Mass of proton 
Boltzmann constant 
Rydberg constant 
Bohr radius 

Bohr magneton 


c = 2.998x 10 cm/sec 

h = 6.624x 107?! crg sec 
m, = 9.107 x 10-** gm 
m, = 1.673x 10-** gm 

k =1.4x10-" erg degree! 

R = 109737 cm” (for infinite nuclear mass) 
qs = 0.529 x 10-5 cm 

B = 0.927 x 10-* crg gauss-* 


Conversion Table in SI Units 
Physical quantity Old unit Value in SI units 
Distance Centimetre Metre, m 
] cm — 107* metre 
Energy Calorie (thermo-chemical) 4.184 J (joule) 
Electron volt—eV 1.602 x 10!*J 
Erg 10773 
Wave number, cm~} 1.986 x 10-*J 
Force Dyne 107*N (Newton) 
Pressure Atmosphere 1.013 x 10* Pa (Pascal) 
torr = mm Hg 133.3 Pa 
Frequency Cycle per second 1 Hz (hertz) 
Relative permittivity Dielectric constant Ai 
Temperature *C and °K ] K (kelvin) 
0°C = 2732K 
Mass Gram 107? kg (kilogram) 
Charge of an electron 4.8 x 10-esu 1.6021 x 10-*C 


Dipole moment 


Debye-D 3.334x 107 C. m. 


Index 


Abelian 259 regions 324, 325 
Ab initio method - 315 Biot and Savart law 81 
Adiabatic principle 153 Black body radiation 
Allyl system, Orbitals of 224 formula 111 
Ammonia Bohr magneton 81 
molecular orbital treatment 281 Bohr radius 74 
Angular correlation 132 Bonds, see chemical bonds, 
Angular momentum 17-18 Bond-angle 215, 218 
in atoms 133 Bond-order 221 
in molecules 189 Bonding orbital 220 
in photons 118 Bond-order—Bond length 
operators. 17-18 relation 222 
commutation relations of 133- 135 Born interpretation 6 
eigenfunctions and eigenvalues of Born-Oppenheimer 
18, 19, 133 Approx. 152 
quantisation of 19, 82, 133 breakdown of 154 
spin 83 Bound system 7 
total 140 Boundary conditions 7 
Angular velocity 46, 53 Bondary contours of the molecular orbitals 
Anharmonic oscillator 68, 87 188 
Anharmonicity constant 87 Branch, P,Q,R 89 
Antibinding orbitals 328 Butadiene 


regions 324 molecular orbitals of 227 


Antibonding orbital 164, 220 


Antisymmetric wavefunctions 122 Carbonyl group 
Aromaticity 229 energies and orbitals of 292 

Craig’s rule of 234 Character 273 

Huckel rule of 233 Character tables, 294-298 
Associated Laguerre Polynomials 75 Charge-correlation 132 
Associated Legendre equations 59 Charge density 173 

polynomials 58, 59 Chemical binding © 323 
Asymmetric top 55 Chemical bonds 
Atomic dipole force 336 angles 215, 218, 344 
Atomic orbitals 78 double 221, 326 

angular part of 76° triple 221, 326 

radial part of 75 Chemical bonds 
Atomic units 74 molecular orbital theory of 159-169 
Average values 20 physical picture of 323 

valence bond theory of 169-173 

Benzene, Closed shell 194 

molecular orbitals of 370-371 CNDO theory 305-312 
Berlin’s diagram 324 applications of 312-313 
Binding energy 163, 173 Colour, quantum theory of 37 


orbitals 328 Commutator 11, 24 


384 Index 


Compton effect 2 
Conduction band 237 
Configuration-interaction 132, 177 
Conjugate elements 267 
Conjugated systems 218 

cyclic 229 

linear 236 
Conrotatory mode 240 
Constant of motion 22 
Contour diagrams of density 332-335 
Correlation of electrons 131-132 
Conservation of orbital 

symmetry 239 
Correlation diagrams 

chemical reactions 242 

diatomic molecules 197-199, 204 

non-crossing rule in 198 
Correlation energy 132, 207 
Correspondence principle 350 
Coulomb force 323-324 
Coulomb integral 219 
Coulomb operator 244 
Coupling of spin and 

orbital motion 142-145 
Covalent bond 159, 165, 169, 327 
Crystal field theory 293, 301 
Crystal field splitting’ 293, 305 
Cubic point group 264 
Cyclobutadiene, m.o theory of 230 
Cyclobutene, m.o theory of 240-241 
Cyclopentadiene, m.o theory of 230 
Cyclopropenyl system 230-231 
Cyclooctatetraene 232 
Cylindrical coordinate . 190 


de-Broglic wave 2,3 
Debye unit 208 
Degeneracy 23, 146 
Delocalisation energy 218, 227, 231-233 
Density (electron)—difference 
diagrams 332, 333, 334-335 
Density of states 109. 
Determinantal wavefunction 122, 123 
Diagonal hybridisation 216 
Diatomic molecules 
electron config. of 194 
m,o theory of. 187 
states of 196, 200 
V.B. theory of 207 
Diels-Alder reaction 228 
Dihedral groups 262 
Dipole moment 208 
of transition 38, 107, 290 
Dirac delta function 28 


Direct product 288-289 
Directed valence 211-212 
Direction cosines 60 
Disrotatory mode 240 


Dissociation energy 194, 325-326 _ 


d-orbitals 293, 304, 374 
Double bond 216, 326 
Dynamical variable 15 


Effective nuclear charge 128 
Eigen functions 12 
Eigen values 12 
Einstein transition 
probability 110 ` 
A, B, coefficients 110, 111 
Electrocyclic reactions 239 
Electromagnetic waves 1 v 
Electron affinity 207 
Electron 
correlation 131 
densities 220 
in-a-box 34, 40 
in-a-ring 44 
magnetic moment of 81 
orbitals of 81-82 
spin of 83 
spin resonance 84 
transition in H, 185 
Electronegativity 
Mulliken’s scale 208 
Pauling’s scale 208 
Electron-pair repulsion 217-218, 
342-343 
Electrostatic force 320 
Elliptical coordinates 209 
Ethylene 
orbitals of 222-224 
Exchange integral 172 
Exchange operator 244 
Exchange repulsion 217 
Excited states of H, 181 
Extended Huckel theory 299-301 


Fermi's golden rule 109 
Fine-structure component 148 
Fock operator 245 

Forbidden transitions 39, 40, 292 
Force concept 320-323 

Force constant 65 

Free electrons 35 

Free-valence 222 


Gaussian orbitals 314 
Gillespie-Nyholm rule 217,.342 


1 
1 
i 
{ 


Group theory 258 
Gyromagnetic ratio 84 


Hamiltonian 16 
Harmonic oscillator 64 
classical treatment of 64 
eigenfunctions of 67 
eigen values of 68 
hamiltonian of 65 
selection rules of 70 
zero-point energy of 67 
Harmonic perturbation 106 
Hartree method 128 
Hartree-Fock method 128 
Heisenberg uncertainty principle 6-7 
Heitler-London theory 170 
Helium atom 124 
Hellmann-Feynman theorem 319 
Hermite polynomials 67 
normalisation of 68 
recursion formula of 69 
Hermitian operator 13-14 
Hook’s law 64 
Huckel’s rule 233 
Huckel theory 218 
Hund’s rule 148, 185 
Hybridisation 212 
Hydrogen-like atoms 70, 85 
Hydrogen molecule 
excited states of 181 
m.o treatment of 165 
V.B treatment of 169 
Hydrogen molecule ion 159 
Hydrogenic orbitals 79 
Hyperfine structure , 148 


Icosahedral groups 267 
Identity operation 253 
Improper rotation 256 

Infinite rotation group 261, 264 
Inversion 257 

Tonic bond 208, 334 

Tonic character 208 

Ionic structure 177 

Tonisation potential 208 
Irreducible representation 271, 274 
Isoelectronic ions 85 
Isomorphism 268 


J-J coupling 145 
Jahn-Teller effect 43, 339 


Kronecker's delta 24, 61 
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LCAO-method 155 

Laguerre polynomial 75 
Laplacian 12 

Laporte rule 118 

Laser 112 

Legendre polynomial 58 

L.S. coupling 144 
Ligand-field theory 301-305 
Linear momentum operator 16 
Lone-pair orbital 217, 338, 342 
Linear operator 11 
Line-widths 116 


Magnetic dipole 81-82 
transition 118-119 

Magnetic quantum number 82 

Magneton 81 

Many-electron atom 127 

Molecular orbital theory 155 

Molecular orbitals of 
heteronuclear diatomics 199 
homonuclear diatomics 187 

Moment of inertia 53 

Morse potential 87 

Mulliken population 175, 202 

Multiplet structure 145 


Naphthalene 

molecular orbitals of 287 
Nitric oxide 151 
Node 37 
Non-binding m.o 328 
Non-bonding m.o 220 
Non-crossing rule 197 
Normalisation 7, 35 
Nuclear spin 145 


Observables 9, 15 
Octahedral group 266 
Operators 9 
angular momentum 17 
commutation of 24 
electron spin 139 
hamiltonian 16 
laplacian 12 
linear 11 
momentum 16 
permutation 122 
symmetry 253 
unitary 14 
vector 12 
Orbitals, atomic 78 
contraction of 179 
Orthogonal functions 23 


386 Index 


Overlap integral 209 
Oxygen 
excited states 195-196 
ground state 195 


Paramagnetism 197 
Pariser-Parr-Pole (P-P-P) approx. 246 
Pauli principle 122 
repulsion. 217 
P-branch 88 
Permutation operator 123 
Perturbation theory 
time-independent 93 
time-dependent 103 
Photoelectric effect 1-2 
Photo electron spectroscopy 193 
Photons 112, 118 
Pi-bond 216 
Pi-orbitals 216 
Planck’s constant 1,2 
Point groups 258 
Polar vectors 118 
Polarisability 59, 99 
Polar coordinates 30 
Polynomials 
Hermite 67 
Laguerre 75 
Legendre 59 
Population inversion 113 
Position operator 26 
Postulates of quantum mechanics 
9, 13, 19, 20 
Potential barrier 49, 51 
Potential energy curves 87, 163, 174 
Principal quantum number 73 
Probability density 76 
Pseudo-aromatic 234 


Q-branch 89 
Quantisation of 
angular momentum 19 
energy 2 
: space 82 
Quadrupole moment 115 


R-branch 89 
Radial correlation 132 
functions 75 
Radiation 
wave and particle nature of 1-2 
interaction with matter 104 
density of 110 
Reflection coefficient 50 
Relativistic equation 2 


Representation of groups 269 

Resonance integral 162,219 

Rigid rotator 46 

Rotation.of molecules 53 

Rotational constant 57 

Russell-Saunders coupling 
(see L.S. coupling) 


Schmidt orthogonalisation 23 

Schrodinger equation 5 

Schurr's lemma 272 

Screening constant 128 

Secular determinant 157 
equations 157 

Selectionrules 117 

Self consistent field method 243 

Semi-empirical m.o theories 305 

Separation of variables 21, 41 

Sigma bond 216 

Similarity transformation 267 

Single valued functions 7 

Singlet state 182 

Slater atomic orbitals 128 

Slater determinant 123 

Slater rules 128 

s-orbital 78 

Space quantisation 82 

Spherical coordinates 30 

Spherical harmonics 48 

Spherical top 54 

Spin angular momentum 83-84 

Spin-function 83 

Spin-orbit coupling 142 

Spin quantum number 83 

Stark effect 188 

Step-down operator 135 

Step-up operator 135 

Symmetric top 54 

Symmetry 253 

Symmetry orbitals 206 


Tensor 59 

Tetrahedral group 264, 265 
Tetrahedral hybridisation 215 
Time-dependent perturbation 103 
Transition probabilities 109, 110 
Transmission coefficient 50, 52 
Trigonal hybridisation 215 
Triple bond 216, 326 

Triplet state 182 

Tunnell effect 52 


Uncertainty principle 6, 25 
Unitary operator 14 


Valence bond theory 169, 207 
Valence state 246 

Valence state ionisation potential 246 
“Van der Waal’s repulsion 217, 342 
Variation method 99 

Vector model 145 

Vector operator 12 

Virial theorem 354 


Wave equation 3 


Index 387 


Wave function 6 

Wave length 1 

Wave-particle duality 3 
Well behaved function 8 
Woodward-Hoffmann rule 239 


Zero-differential overlap 305 
Zero-point energy 35 
Zeroth-order approx. 94 
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iier ABDUCTORY AUAN YOM CHEMISTRY 
Third Edition 


A thoroughly revised and updated editior of a successful text. 
The book meets the requirements for a complete course on quantum 
chemistry/chemical bonding for graduate students of chemistry. Using a 
< simple apptoach, it uses both mathematical techniques and physical 
concepts for a clearer understanding of the subject. 

E 


« * Most of the chapters in this edition have been revised and new material 


ki 


1 has been added to keep pace with the revised curriculum in various 


universities. A new chapter on semiempirical and ab initio molecular 


* orbital theories is included. Its relationship to chemical bonding and 


role-in understanding molecular physics have been emphasised. Lasers 
'and other mechanisms of electronic transitions are also introduced. 

This will help the students in understanding the recent trends in se 
spectroscopy and the use of lasers in chemistry. A brief outline of the 
concept of tensors s is given and its application in rotational spantroscany 
discussed. 


The new edition has more problems at the end of each chapter than the 
previous editions. Most problems are worked out in details at the end of 3 
the book for better learning of the subject. " 


The book is primarily intended to serve as a basic text for students of 

Chemistry for courses on quantum chemistry and chemical bonding at the 

postgraduate level. It will also be useful for research workers in physical 
_ chemistry. 
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